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The compressed sensing formulation

Let € IRY be a given signal.

Suppose we obtain vector b € IR™ of noisy linear measurements
b= Ax + e,

where A € IR™" is the measurement matrix and e is noise.

We assume
B n < N — underdetermined system

B g sparse with k£ < n non-zeros
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Algorithms for sparse approximation

B The problem: Find (approximate) k-sparse x from an
underdetermined system of linear equations.

®m Frame as the nonconvex nonsmooth problem

minimize i||Ay — b||7 subjectto ||y|lo < k
yeRY

solve by gradient projection
when Ax = b, we seek the global solution

Typically, ||y|lo < kisrelaxed to ||y||1 < T
—> convex problem
But here, we solve the original ly-formulation.
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lterative Hard Thresholding (IHT) algorithm

minimize i||Ay — b||7 subjectto ||y|lo < k
yeRN
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lterative Hard Thresholding (IHT) algorithm

minimize i||Ay — b||7 subjectto ||y|lo < k
yeRN
lterative Hard Thresholding (IHT): [Blumensath and Davies, 2007]
Inputs: A, b, kand a € (0,1).
Initialize: = = 0and m = 0.
While some termination criterion is not satisfied, do:

™ = H {z™ + a A" (b — Amm)}(*)
Output: £ = a™. O

(x) where H,,(x) : RY — IRY keeps the k largest entries of x.
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State-of-the-art analyses

m Restricted Isometry Property (RIP)

Ayl|? Ayl|3
L,=1— min |4yl and U; = max |4yll, —1
1<llylio<s ||y]|2 1<|lyllo<s ||y
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State-of-the-art analyses

m Restricted Isometry Property (RIP)

Ayl|? Ayl|3
L,=1— min |4yl and U; = max |4yll, —1
1<llylio<s ||y]|2 1<|lyllo<s ||y

® Prove that IHT moves closer to « In each iteration:

le™ ™ — x|l2 < p(Lak, Us) l2™ — (|2 + €(Uzr) lle]l2

NAIS Workshobp on Advances in Larae-Scale Optimization. Edinburah. Mav 24. 2012 — p. 5/24



State-of-the-art analyses

m Restricted Isometry Property (RIP)

Ayl|? Ayl|3
L,=1— min |4yl and U; = max |4yll, —1
1<llylio<s ||y]|2 1<|lyllo<s ||y

® Prove that IHT moves closer to « In each iteration:
|e™ T — x||2 < p(Lsk, Usk) ||l2™ — x||2 + £(U2k) | €]|2

B — If p(Lsk, Usk) < 1,

U
z™ — z* suchthat |z* — z|» < $(Uze)
1 — p(Lsk, Usy)

[Blumensath & Davies (2007); Blanchard, CC, Tanner & AT (2010)]

lell2
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The proportional-growth asymptotic framework

m Claim of compressed sensing: it is possible to sample
proportional to the information content (sparsity):

guaranteed recovery of x forn > C - kln ().
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The proportional-growth asymptotic framework

m Claim of compressed sensing: it is possible to sample
proportional to the information content (sparsity):

guaranteed recovery of x forn > C - kln ().

m Proportional-growth asymptotic: for (4, p) € (0, 1]?,
let (k,n, N) — oo such that

..n .k
lim — =0 and lim — = p.
n—oco [\ n—oo N,
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The proportional-growth asymptotic framework

m Claim of compressed sensing: it is possible to sample
proportional to the information content (sparsity):

guaranteed recovery of x forn > C - kln ().

m Proportional-growth asymptotic: for (4, p) € (0, 1]?,
let (k,n, N) — oo such that

..n .k
lim — =0 and lim — = p.
n—oco [\ n—oo N,

m Defines a phase space for asymptotic analysis.
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The proportional-growth asymptotic framework

m Claim of compressed sensing: it is possible to sample
proportional to the information content (sparsity):

guaranteed recovery of x forn > C - kln ().

m Proportional-growth asymptotic: for (4, p) € (0, 1]?,
let (k,n, N) — oo such that

. n -k
lim — =0 and lim — = p.
n—oo [\ n—oo M,

m Defines a phase space for asymptotic analysis.

m For example, RIP bounds for Gaussian matrices
L, — ﬁ(d, p) and U, — £(5, p) [Bah and Tanner 2010]
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RIP phase transition for IHT
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®m Recovery guaranteed beneath the phase transition curve

B n > 907k measurements needed to guarantee recovery
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Empirical phase transitions for IHT
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IHT NIHT

Hmp~ 10~4 for RIP results
B Large gap between theory and average-case behaviour

m NIHT attains the same phase transition as for i,-relaxation
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Recovery guarantees: our approach

Aim: improve sparse-vector recovery guarantees.
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Recovery guarantees: our approach

Aim: Improve sparse-vector recovery guarantees.
Assumptions:
m Noiselesscase : e =0 — b = Ax and x is k-sparse

m Any 2k columns of A are linearly independent: Lo, < 1.
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Recovery guarantees: our approach

Aim: improve sparse-vector recovery guarantees.
Assumptions:
m Noiselesscase : e =0 — b = Ax and x is k-sparse
m Any 2k columns of A are linearly independent: Lo, < 1.

Convergence condition: Suppose that a1 4+ Uy, < 1.
Then the IHT iterates converge to a fixed point of IHT.
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Recovery guarantees: our approach

Aim: improve sparse-vector recovery guarantees.
Assumptions:
m Noiselesscase : e =0 — b = Ax and x is k-sparse
m Any 2k columns of A are linearly independent: Lo, < 1.

Convergence condition: Suppose that a1 4+ Uy, < 1.
Then the IHT iterates converge to a fixed point of IHT.

Approach: derive conditions guaranteeing that

m |[HT converges to some fixed point
m x Is the only fixed point

— |IHT converges to .
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Fixed point analysis

A fixed point condition: [Blumensath & Davies]
Let & be k-sparse and supported on I'. Then

T is a fixed point of IHT <= Al(b— AZ) =0 and

. _ T _
min |z;| > am?§| {AY (b — A:I:)}j .
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Fixed point analysis

A fixed point condition: [Blumensath & Davies]
Let & be k-sparse and supported on I'. Then

T is a fixed point of IHT <= Al(b— AZ) =0 and
. — T - _
min |z;| > am?§| {AY(b A:I:)}j .

Thus Zr = ALb and so

m Any fixed point is a minimum-norm solution on
some k-subspace.
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Fixed point analysis

A fixed point condition: [Blumensath & Davies]
Let & be k-sparse and supported on I'. Then

T is a fixed point of IHT <= Al(b— AZ) =0 and
. — T - _
min |z;| > am?§| {AY(b A:I:)}j .

Thus Zr = ALb and so

m Any fixed point is a minimum-norm solution on
some k-subspace.

® But a minimum-norm solution is not necessarily
a fixed point...
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Single fixed point condition

Suppose
m T is a fixed point supported on T" with |I'| = k

® The original signal « Is supported on A
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Single fixed point condition

Suppose
m T is a fixed point supported on T" with |I'| = k

®m The original signal « Is supported on A
. — T —
min |Z;| > cmax | {A"(b— AZ)}, |

— NlZrall: > all {AT(b — AZ)} ., |1
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Single fixed point condition

Suppose
m T is a fixed point supported on T" with |I'| = k

®m The original signal « Is supported on A
. — T . —
min |Z;| > cmax | {A"(b— AZ)}, |
= |Zr\allz > af {AT(b - AZ)}, |-

—> ||AfAxrzavrll; > ®|| AL (I — ArAL) Apyrzanrll3-
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Single fixed point condition

Suppose
m T is a fixed point supported on T" with |I'| = k
®m The original signal « Is supported on A
min |Z;| > cmax | {A"(b— AZ)}, |
= ||Zr\all2 > al {AT(b - AD)}, |l2
—> [[AfAxrzarl; > o?[| AT (I — ArAf) Axrzar|l3.

Theorem: Suppose
IAL Anrzavrlls < o?|| AT\ (I — ArAL) Axyrzavrll3

forallT' £ A. Then x is the only fixed point of IHT.
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Analysis for Gaussian matrices

Suppose A € R™ ™ with entries distributed i.i.d. N(0,1/n)

and suppose x is independent of A. Let I' be an index set
such that [I'| = kand I" # A. Then

AL A 2 k
| AR AT z;\F”z — Fv, where Fp ~ F(k,n —k+ 1);
[ERCE n—k+1

A+ — ArAL)Aprzarll3 S (n — k>2R2
pul 9

lza\r I3 n g

1

n—k

where Rr ~ X fo-
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Analysis for Gaussian matrices

Suppose A € R™ ™ with entries distributed i.i.d. N(0,1/n)

and suppose x is independent of A. Let I' be an index set
such that [I'| = kand I" # A. Then

|AT A x a2
[EINVNIE n—k+1

AR\ (T — ArAL)Aprzarll3 S (n — k>2R2
pul 9

lza\r I3 n g

1

n—k

where Rr ~ X fo-

n —k

n

2
Single FP condition: Fr < a2< ) RZ forall T # A.

k
= Fr, where Fr ~ F(k,n —k + 1);
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Asymptotic large deviations analysis

Recall the proportional-growth asymptotic:
(k,n, N) — oo such that

n
lim — =46 and lim — = p.
n—oo [\ n—o0o N
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Asymptotic large deviations analysis

Recall the proportional-growth asymptotic:
(k,n, N) — oo such that

n
lim — =46 and lim — = p.
n—oo [\ n—o0o N

Upper tail bound for F'-distribution:

3 . N
Let X! ~ n_’;+1 F(k,n—k—|—1)forz:1,2,...,< . )

Then there exists a numerically computable function
ZF (6, p) such that for any e > 0,

P{n; [ X! <ZIF(,p)+e} —1as n— oo
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Asymptotic large deviations analysis ...

Recall the proportional-growth asymptotic:
(k,n, N) — oo such that

n
lim — =46 and lim — = p.
n—oo [\ n—o0o N
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Asymptotic large deviations analysis ...

Recall the proportional-growth asymptotic:
(k,n, N) — oo such that

n
lim — =46 and lim — = p.
n—oo [\ n—o0o N

Lower tail bound for normalized x2-distribution:

zN_ N
Let X' X_kforz_12 <k>

Then there exists a numerically computable function
TL(6, p) such that for any € > 0,

IP{ﬂz- [X:;> 1—I£(5,p)—e}} — 1 as n — oo.
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Comparison with RIP

For A € R™" Gaussian and y € R" k-sparse independent

of A,
lAyll; 1

|y |2 n

2
n.
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Comparison with RIP

For A € R™" Gaussian and y € R" k-sparse independent

of A,
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Comparison with RIP

For A € R™" Gaussian and y € R" k-sparse independent
of A,
||Ay||§ L,
2 7~ Xne
lyll3 n

U, p) — ZU(9, p)

T T T T T T T T T T T
©
0.9f d B 0.9f
N
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Main recovery result for IHT

n

2
Single FP condition: Fr < a2< ) RZ forall T' # A

(k,mn N)—)oo

VIF(4,p) < a(l — p)[1 — IL(S,p)].
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Main recovery result for IHT

2
Single FP condition: Fr < a2< ) RZ forall T' # A

n

(k,mn N)—)oo

VIF(S,p) < (L~ p)[L — TL(Sp)]-

Convergence condition: o
all + Uzl <1
a[l +U(6,2p)] < 1.

[Bah and Tanner, 2010]

O | | | | | | | | |
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
p
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Main recovery result for IHT

2
Single FP condition: Fr < a2< ) RZ forall T' # A

n

(k,mn N)—)oo

VIF(S,p) < (L~ p)[L — TL(Sp)]-

Convergence condition:
all + Uy < 1 .
a[l +U(6,2p)] < 1.

[Bah and Tanner, 2010]

0

| | | | | | | | |
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

VIF (9, p) ]
— G- p -z " T+ u.2p)
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Main recovery result for IHT...

Theorem: Let A € R™*" be a Gaussian matrix independent
of  and consider the proportional growth asymptotic when
n/N — 6 and k/n — p as (k,n, N) — oo. Define

ZF (9, 1
\/ (9, p) and a™?**(é, p) =

amin(é, p) —

|f
amzn(5’ p) < amam(é’ p),

then IHT converges to « for any o« satisfying
o € (a™"(8, p), a™**(8, p)) ,

with probabillity tending to 1 exponentially in n.

(1—p)[1 —ZL(S,p)] 14+ U(5,2p)
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Phase transition for IHT

our analysis

previous analysis

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
)

— Improvement by a factor of 7 on previous results.
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Extension |: the noise case

Gaussian noise model : b= Ax + e, e; ~ N(0,0%/n).
We show that any fixed point x satisfies

|z — |2 < £(3, p) - o

x107°
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Extension Il: IHT variants

Normalised IHT (variable step-size)

®m when '+ = 1™

AR (b — Axm)|3
[ A AL (b — Azm)|3

m

—— exact linesearch on the I'™ face

m otherwise employ a ‘sufficient decrease’ strategy.

Fixed points are not well-defined for NIHT
— Iintroduce concept of a-stable point.

A similar analysis gives an average phase transition for NIHT.
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Recovery phase transitions

x 10

IHT
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Inverse of the phase transitions

400 T T T T T T T T

IHT

NIHT

350
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Summary and future work

®m A new recovery analysis of IHT which considers its fixed
points.

® An improved asymptotic recovery phase transition for
Gaussian matrices.
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Summary and future work

®m A new recovery analysis of IHT which considers its fixed
points.

® An improved asymptotic recovery phase transition for
Gaussian matrices.

but...

m it still remains to fully close the gap between worst-case
guarantees and average-case performance.
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Summary and future work

®m A new recovery analysis of IHT which considers its fixed
points.

® An improved asymptotic recovery phase transition for
Gaussian matrices.

but...

m it still remains to fully close the gap between worst-case
guarantees and average-case performance.

Extension lIl. An even higher phase transition for wavelet
trees, recovery if n > 50k (binary).

NAIS Workshobp on Advances in Larae-Scale Optimization. Edinburah. Mav 24. 2012 — pn. 23/24



References

B A new and improved recovery analysis for iterative hard thresholding algorithms
in compressed sensing; CC, AT (in preparation)

B Quantitative recovery conditions for iterative tree projection;
CC, AT (in preparation)

B Phase transitions for greedy sparse approximation algorithms;
J.Blanchard, CC, J.Tanner, AT (Applied & Comp. Harm. Anal., 2011)

B Improved bounds on restricted isometry constants for Gaussian matrices;
B.Bah, J.Tanner (SIAM J. on Matrix Analysis, 2010)

M |terative thresholding for sparse approximations;
T.Blumensath, M.Davies (J. of Fourier Anal. and Appl, 2008)

B Normalised iterative hard thresholding; guaranteed stability and performance;
T.Blumensath, M.Davies (IEEE J. of Selected Topics in Sig. Proc, 2010)

B Model-based compressive sensing; R.Baraniuk, V.Cevher, M. Duarte, C. Hegde
(IEEE Trans. in Inform. Theory, 2010)

B Compressive single-pixel imaging; A. Thompson
(Technical report ERGO 11-006, 2011)

NAIS Workshobp on Advances in Larae-Scale Optimization. Edinburah. Mav 24. 2012 — n. 24/24



	The compressed sensing formulation
	Algorithms for sparse approximation
	Iterative Hard Thresholding (IHT) algorithm
	Iterative Hard Thresholding (IHT)
algorithm

	State-of-the-art analyses
	State-of-the-art analyses
	State-of-the-art analyses

	The proportional-growth asymptotic framework
	The proportional-growth asymptotic framework
	The proportional-growth asymptotic framework
	The proportional-growth asymptotic framework

	RIP phase transition for IHT
	Empirical phase transitions for IHT
	Recovery guarantees: our approach
	Recovery guarantees: our approach
	Recovery guarantees: our approach
	Recovery guarantees: our approach

	Fixed point analysis
	Fixed point analysis
	Fixed point analysis

	Single fixed point condition
	Single fixed point condition
	Single fixed point condition
	Single fixed point condition

	Analysis for Gaussian matrices
	Analysis for Gaussian matrices

	Asymptotic large deviations analysis
	Asymptotic large deviations analysis

	Asymptotic large deviations analysis ...
	Asymptotic large deviations analysis ...

	Comparison with RIP
	Comparison with RIP
	Comparison with RIP

	Main recovery result for IHT
	Main recovery result for IHT
	Main recovery result for IHT

	Main recovery result for IHT...
	Phase transition for IHT
	Extension I: the noise case
	Extension II: IHT variants
	Recovery phase transitions
	Inverse of the phase transitions
	large Summary and future work
	large Summary and future work
	large Summary and future work

	large References

