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Abstract
Training of deep neural networks is a computa-
tional challenge in machine learning applications.
The most successful training methods are online al-
gorithms, like stochastic gradient descent (SGD).
Online methods can take advantage of parallel
computing only on the step design; thus, we look
for algorithms that converge in fewer steps at the
cost of extra parallelizable work on each step.

We introduce the Affine Invariant Stochastic Gra-
dient Descent (AISGD), an online algorithm with a
built-in approximation of the Hessian matrix of the
objective function. Moreover, most of the work on
each step of this algorithm is plain matrix multipli-
cation, and therefore full parallelization is feasible.
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Problem setup
The problem at hand is to find θ∗ minimizing f(θ)
when we have samples Wθ; such that,

∇f(θ) = E[Wθ] . (1)

A general Robbins-Monro iteration takes the form

θ̂n+1 = θ̂n −
1

n
K Wn , (2)

The optimal K is the inverse of the Hessian of f at
the optimal θ∗. We follow Bottou and aim to mini-
mize

L = E[f(θ̂n)− f(θ∗)]. (3)

The numerical analysis is based on the spectral de-
compositions with increasing eigenvalues:

H = PΛPT = D2f(θ∗)

Σ = QDQT = Cov (Wθ∗ ,Wθ∗)
(4)

Lower bound for SGD error
The sharp asymptotic lower bound for the SGD al-
gorithm (K = 1

λ1
I) is
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with

M = QTP, c2i =
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.

(6)

The second term in the LHS of (5) disappears when
K = H−1.

H−1 online estimator
LetXn and Yn be the corresponding n×(p+1) and
n× p matrices with entries

xk = (θ̂k, 1), yk = Wθ̂k
,

consider the linear regression Y = XB and denote
the first p rows of a matrix M by M . We calculate
the natural estimators

Bn = (XT
nXn)−1XT

n Y, Hn = Bn

Gn = Bn
−1
, Kn =

Gn +GTn
2

,
(7)

and useKn as ourH−1 estimator. We use the online
update

sn+1 =
1

1 + xn+1PnxTn+1

un+1 = sn+1PnxTn+1

vn+1 = yn+1 − xn+1Bn

tn+1 =
1

1 + vn+1Gnun+1

Gn+1 = Gn − tn+1Gnun+1vn+1Gn

Bn+1 = Bn + sn+1Pnx
T
n+1vn+1

Pn+1 = Pn − sn+1Pnx
T
n+1xnP

T
n

(8)

The algorithm uses O(p2) parallelizable operations
and new matrices are computed through rank one
updates.

Simulations in Torch7
Torch7 is is an open source library maintained by
Idiap, NYU and NEC.

• Supports CUDA and OpenMP

• Recent neural networks are implemented,
like Dropout

MNIST
• convolutional neural network (cnn) with

4,000 parameters.

• epochs 1-30 with SGD and 31-50 with AISGD
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https://bitbucket.org/vidalalcala/
affine-invariant-sopt/

Low rank approximation
Given the thin SVD decomposition G = USV T ,
with S ∈Mr×r, find the decomposition

G+ abT = U S V
T
, S ∈M(r+1)×(r+1) ,

with the steps

m = UTa; p = a− Um, Ra = ‖p‖; P = R−1a p ,

n = V T b; q = b− V n, Rb = ‖q‖; Q = R−1b q ,

K =

[
S +mnT ‖q‖m
‖p‖nT ‖p‖‖q‖

]
, K = U ′S′V ′

T

U = [U P ] U ′; S = S′; V = [V Q] V ′

CIFAR-10
• cnn with Dropout and 9,000,000 parameters.

• epochs 1-20 with SGD and 21-40 with AISGD
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