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Problem

We are solving the Empirical Risk Minimization problem

P is a strongly convex function

(“regularized empirical risk”) min | P(w) def L Z ol A;w) + Ag(w)

S |

weRd

using the corresponding dual problem
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b1, dn R R
are 1/v-smooth con-
vex functions (“risk”)

A > 0 (“regulariza- |
tion parameter”)

g is a l-strongly
convex function
(“regularizer”)

h* : R¥ — R is the convex (Fenchel)
conjugate of h : R¥ — R defined as
h*(u) = sup{s ' u— h(s)}.

Ai,... A, eRY (“examples”)

D is a strongly
concave function

Why ERM?

Setup: Object-label pairs (A4;, y;) € R x R appear nat-
urally in the world with unknown distribution D.

Goal: Find (train) a vector w € R? (linear predic-
tor), such that, in some sense, for (A;,y;) ~ D we get

T, ~

This allows us to predict the label y; by observing the
example A;. More precisely, we wish to find w solving

mU%n E 4, )~ [ZOSS(A;'rwv yi)|

where [oss 1s an appropriately chosen loss function.
ERM paradigm: Collect i.i.d. samples (A;,y;) ~ D,
v = 1,2,...,n, and replace the expectation with the
sample average:

RS def 1 o
1) — iz4T = — l 14T i
in |~ ;1 di(A; w) - ;1 0ss(A; w,y;)

weRd

Specific risk functions ¢; lead to: least squares, logis-

tic regression, SVM, . ..

Inefficiency
addressed by
AdaSDCA-+

Main contributions

e Two new algorithms

— AdaSDCA theoretical (with convergence analysis)
— AdaSDCA -+ efficient variant of AdaSDCA

e Adaptivity
Our algorithms are SDCA-like [2] - they itera-
tively update a single randomly chosen dual variable.
The probability distribution over the dual coordinates
adaptively changes on each iteration. Our method
is the first method with a theoretical guarantee
with an adaptive probability law.

e Convergence rate

We prove that AdaSDCA enjoys better rate
than the best known rate for SDCA with

fixed sampling (3], [4].

Key concept: Dual residue

[t is well known that the optimal primal-dual pair (w*, a*) €
R? x R" satisfies the following optimality conditions:

1 . ] —
OPT1:w"=Vyg~ (EACV*> def Vg ()\n ZAiOé;k)
i=1

OPT2: o' = —Véi(Alw*), Vien<{l...nh
A key concept of this paper is the dual residue
ki = V(A w) + ay,

which is a measure of optimality of the current pair of
variables (w, o) based on OPT?2.

AdaSDCA [1]

Init: v; = A/ A; for i € [n]; o € R™; & = - Ad]
fort > 0 do
Primal update: w' = Vg* (a')

Maintaining OPT'1
Set: ot = !
Compute residue '
kb= V(A w) +af, Vien]

Compute probability distribution p' € R” coherent with x'
Pick ¢ € [n] with probability p!

Compute:
A = argmax { —¢7(—(aj + h))
heR - ,
t U;
Dual update: o!™ = al + A
Average update: &' = al + %Ai Definition:
end for p is coherent with k it
Output: w', o ki #0=p; >0, Vi
Maintaining
al = L AaY
AN

Stochastic Dual Coordinate Ascent with Adaptive Probabilities |1]
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Convergence results

Theorem Consider AdaSDCA. If at each iteration ¢ > 0,
p! is coherent with ' and

def nAY Zizﬁ;ﬁéo il

olk.p) = Z@:m#opi—l‘/‘%‘ (v +nAy) : Zr’rfl%p“
then
]E[P(wt) _ D(at)] < Hi (H(l — ék)) (D(a*) _ D(@O)) |
b\ k=0

for all ¢ > 0 where
5, 1 B0 1) (P(wt) = Do)
t E[P(w') — D(a")]

The Importance Sampling |3] satisfies the assumptions
of the theorem (but is suboptimal and hence AdaSDCA

does better!!):

p@' — n )
ijl (vj +nA\y)

Corollary Consider AdaSDCA with importance
sampling: p' = p* for all ¢t > 0. Then

Vi € |n].

where 0, = n\y/ > " (v,

T > (n | i 2 vi) log (C) = E[P(w') — D(a’)] <,

Ay ¢ -

where ¢ > 0 1s some constant.

Ayn). This means that

AdaSDCA+ [1]

We introduce an efficient variant of AdaSDCA, which has
the same computational costs as SDCA with im-
portance sampling, while still maintaining the advantages of

adaptivity.
ALGORITHM COST OF AN EPOCH
SDCA & QUARTZ O(nnz(A))
[PrROX-SDCA O(nnz(A) + nlog(n))
ADASDCA O(n - nnz(A))
ADASDCA+ O(nnz(A) + nlog(n))

Instead of updating the whole probability distribution p' at
each iteration, we divide the algorithm into epochs. At the
beginning of each epoch we calculate the optimal adaptive
probability and during the epoch we update only one
entry of p' per iteration. This can be efficiently done
using random counters |5].

Computational experiments

All of the experiments were done on a laptop.

ijjcnnl dataset: d = 22, n = 49,990
quadratic loss with Lo regularizer, A = 1/n,v =1
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covl dataset: d = 54, n = 581,012

Smooth Hinge loss with Lo regularizer, A =1/n,~v =1
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synthetic dataset: d = 100,n = 107, sparsity = 0.1
Smooth Hinge loss with Lo regularizer, A =1/n,~v =1
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