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Need for Controlled Testing

The big-data era has sparked the development of
new optimization methods. Frequently, the perfor-
mance of the methods is tested on randomly gener-
ated problems. Randomly generated instances might
be well-conditioned. Hence they may not reveal
weaknesses or strengths of methods.
There is a need for the problem generator which
allows control of crucial properties/parameters of
the problem, such as the conditioning and the size
of the problem.

Contribution

A problem generator for

minimize τ‖x‖1 + 1
2
‖Ax− b‖2

2

τ > 0, A ∈ Rm×n and b ∈ Rm

•The generator is inexpensive and has a
• low-memory-footprint

The generator allows control of the
• dimensions m,n
• sparsity of A
• sparsity of AᵀA (independently of A)
• singular value decomposition of A
• sparsity of the optimal solution x∗

• values of the optimal solution

MATLAB implementation

Download from:
http://www.maths.ed.ac.uk/ERGO/trillion/
or search on Google: ERGO trillion

A trillion variable example

n processors terabytes seconds
236 4096 12.288 1970
238 16384 49.152 1990
240 65536 196.608 2006

All problems have been solved to a relative error of
order 10−4 using a Newton-CG method

An example of inexpensive construction of matrix A

Given a singular value matrix Σ ∈ Rm×n and the Givens rotation matrices G̃ and G we set the singular value
decomposition of matrix A to

A = G̃ΣGᵀ.

The matrix A does not have to be computed, matrix-vector products can be performed with A through
its singular value decomposition.
How we use Givens rotation
Let G(i, j, θ) ∈ Rn×n be a Givens rotation matrix, which rotates plane i-j by an angle θ:

G(i, j, θ) =



1 · · · 0 · · · 0 · · · 0
... . . . ... ... ...
0 · · · c · · · −s · · · 0
... ... . . . ... ...
0 · · · s · · · c · · · 0
... ... ... . . . ...
0 · · · 0 · · · 0 · · · 1


,

where i, j ∈ {1, 2, · · · , n}, c = cos θ and s = sin θ.

We define the following composition of Givens rotations:
G = G(i1, j1, θ)G(i2, j2, θ) · · · , G(ik, jk, θ), · · · , G(in/2, jn/2, θ)

where ik = 2k − 1, jk = 2k for k = 1, 2, 3, · · · , n/2

and G̃ = G̃(l1, p1, ϑ)G̃(l2, p2, ϑ) · · · , G̃(lk, pk, ϑ), · · · , G̃(lm/2, pm/2, ϑ)

where lk = k, pk = m/2 + k for k = 1, 2, 3, · · · ,m/2.

Memory requirements: a 2× 2 matrix, in total!

Control of sparsity of matrices using Givens rotations

Single composition of Givens rotation

0 2 4 6 8

0

2

4

6

8

10

12

14

16

n

m

A = G̃ΣGᵀ

0 1 2 3 4 5 6 7 8 9

0

1

2

3

4

5

6

7

8

9

n

n

AᵀA

Double composition of Givens rotation
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Examples of construction of x∗

Simple example
1: Choose number of nonzeros s ≤ min(m,n)
2: Choose a subset S ⊆ {1, 2, · · · , n}, |S| = s.
3: ∀i ∈ S choose x∗i uniformly at random in [−1, 1]

and ∀j /∈ S set x∗j = 0.

Other non-trivial examples that make the perfor-
mance of the state-of-the-art methods degrade are
studied in [1].

Construction of b

Initialize τ , x∗ and A and generate b such that the
optimality conditions are satisfied:

Aᵀ(b− Ax∗) ∈ τ∂‖x∗‖1.

How to construct b

1: Initialize τ > 0, A ∈ Rm×n with m ≥ n and
rank(A) = n, x∗ ∈ Rn

2: Pick a subgradient g ∈ ∂‖x∗‖1:

gi ∈


1, if x∗i > 0
−1, if x∗i < 0
[−1, 1], if x∗i = 0

∀i = 1, 2, · · · , n

3: Set e = τA(AᵀA)−1g
4: Return b = Ax∗ + e
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