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Task
•We are interested in minimizing a loss function f (x), x ∈ Rd defined as

f (x) =
1

n

n∑
i=1

fi(x).

The minimizer of this function is written as x∗ = arg minx f (x).

Stochastic Gradient Descent (SGD)
•Gradient descent used to tackle this problem uses the following update rule:

xt+1 = xt − ηtf ′(xt), (1)

where ηt is a chosen step-size for iteration t.

• SGD picks a random i and uses a stochastic update:

xt+1 = xt − ηtf ′i(xt). (2)

Convergence (in expectation) is guaranteed if Ei[f
′
i(x

t)] = f ′(xt) but SGD suffers
from a high variance.

Variance reduction
• SAGA [1], SVRG [2], S2GD [3],... belong to a family of generalized SGD algorithms

that exhibit lower variance and use the following update:

xt+1 = xt − ηvt, where E[vt] = f ′(xt) (3)

•Convergence analysis considers

E‖xt+1 − x∗‖2 = E
∥∥xt − ηvt − x∗∥∥2

(4)

= ‖xt − x∗‖2 − 2η
〈
xt − x∗, f ′(xt)

〉
+ η2 E

∥∥vt∥∥2︸ ︷︷ ︸
Variance

The (negative) middle term is what guarantees progress for any gradient descent
procedure on a (strongly) convex objective.

Bound for SAGA-style updates
• Introduce a correction term for f ′i denoted gi(φ

t), so that g(φt) := 1
n

∑
i gi(φ

t)
denotes its expectation. We write

vt := f ′i(x
t)− gi(φt) + g(φt). (5)

•We use the shorthand notation δh(x) := h(x)− h(x∗). The variance term can be
decomposed and bounded as follows:

E‖vt‖2 = E[vt]2 + E‖vt − E[vt]‖2 = E‖vt − f ′(xt)]‖2 + ‖f ′(xt)‖2

≤ (1 + β)E‖δf ′i(xt)‖2 + (1 + β−1)E‖δgi(φt)‖2

− β‖f ′(xt)‖2 − (1 + β−1)‖g(φt)‖2, (6)

where β > 0.

•The variance term vanishes as we convergence to the optimum.

Generalizing SAGA updates
•Propose to generalize the correction to a weighted (convex) sum of the following

type (exploiting some clustering structure in how to chose τ ):

gi(φ
t) =

∑
j

τijf
′
j(φ

t
j), with

∑
j

τij = 1 (∀i), τij ≥ 0 (∀i, j) , (7)

where τij = δij is the special case of the original SAGA algorithm

• In our algorithm, we use
τij ∈ {0, 1}, i.e. selection
of one ”neighbor” j whose
`2-distance from i is less than ε

✏

kf 0
i(x) � f 0

j(x)k2  ✏

⇠j

⇠i

Algorithm
1: INPUTS :
2: D : Training set of n examples.
3: η : Step size
4: ε : Neighborhood size
5: OUTPUT : xT

6: Cluster datapoints in D whose distance is less than ε
7: for t = 1 . . . T do
8: Randomly pick i ∈ 1 . . . n
9: xt = xt−1 − η(∇fi(xt−1)− (gi(φ

t)− E[gi(φ
t)])

10: end for

Convergence properties
•Pivot the analysis around f ′j(x

∗) instead of f ′i(x
∗).

•The variance converges to 2(1 + β)(E‖f ′i(x∗)− f ′j(x∗)‖2) as xt→ x∗

•Proof convergence sketch:

–Define the following Lyapunov function:

T t :=‖xt − x∗‖2 + α
[
δf (φt)− 〈f ′i(x∗), φt − x∗〉

]
(8)

– Show that
E‖xt+1 − x∗‖2 ≤ ρtT 0 + O(η2ε), ρ < 1

• In general, there is a constant non vanishing error of O(η2ε)

•Open question: How can we get ε→ 0?

Results
•For SGD, we used ηt = η0T0

T0+t

•Both SAGA and ε-SAGA (our method) use a constant step-size

•We added an `2-regularizer with parameter λ = 10−4

COV dataset (logistic regression)
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IJCN dataset (logistic regression)
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Year dataset (least-squares regression)
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Future work
• Strengthen theoretical guarantees

• Study conditions required for ε→ 0

•Generalization bound
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