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» Lasso [1] is a popular method for high-dimensional variable
selection, but difficult to tune 1n practice.

» We introduce TREX [2], an alternative to Lasso, that does not
require tuning parameters.

» TREX can outperform cross-validated Lasso in terms of
variable selection and computational efficiency.

» We derive proofs for the prediction error of TREX under
mild assumptions on the linear regression model.

» The non-convex TREX objective can be globally optimally
solved using Second-Order Cone Programming (SOCP).

» The geometry of the TREX objective function provides further
valuable insights for the variable selection process.

From Lasso to TREX

We aim at variable selection 1n linear regression.
We therefore consider models of the form

Y = XB* 4 oe, (Model)

where Y € R” is a response vector, X € R"*? a design matrix,
o > 0 a constant, and ¢ € R” a noise vector.

Lasso

BLaSSO (A) € argmin

BERP n
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{”Y atilb =Allmll}. (Lasso)

Lasso [1] requires the tuning of the Theory suggest to choose:

regularization parameter A via
heuristic methods such as cross-
validation (CV) or the Bayesian A~
information criterion (BIC).
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(Square-Root Lasso)

Sqrt-Lasso [3,4] simultaneously Theory suggest to choose:

estimates the unknown noise T
variance o but still needs to select a oy~ ”X 6”oo
tuning parameter vy via CV or BIC. n ’

TREX idea

Incorporate an inherent estimation of the entire quantity
of interest T into the estimator!
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TREX objective and solution
TREX objective

We use the fact that 1f B s a consistent estimator
of 3* then o||X"(Y — X)3)||0/n is a consistent
estimator of o||X"e|| o, /n. We thus define the TREX:

IY — XB|)3

t uﬁnl} |
(TREX)

BTREX € argmin { :
gere | 3|

Fast approximate numerical solution

. e o ly=x8|[3
The data-fitting term L(3) = IIXT(Y=XB)]|
3 3o

TREX objective function frrry = L(8) + ||B]]1 is approximated

by th th term Z(8) = - =XA1L
y the smooth term L () XX

of the non-smooth

e In practice, for any g > 10, the function L(3) + ||5||; is a
sufficient approximation to frrrx and can be efficiently
minimized with projected scaled sub-gradient algorithms [3]-

Exact solution using SOCP techniques
Reformulate the TREX objective (e.g., with a=1/2) as:

. . Y — X3|?
P* := min | _é” + 181l1
BERP | MaXjef1,. . p) a,|xj (Y — XB)|
— min min

Iy — XB|°

This leads to p pairs of problems of the form:

: 1Y — X8|
min
BERP az| (Y — XP)

BER? je{1,...,p}

+18l: st @] (¥ —XB)> o}

and

. Y — X8|
min
BERP —az} (Y — Xf)

Sl st —al(Y - XB)> o}.

which have the common form for p-dimensional vectors v:

{ Y —x8|°
v (Y — X)

P*(v) := min

fin + ||8|l1  s.t. 'vT(Y—Xﬁ)ZO}.

This 1s a standard quadratic over linear problem which can
be solved by SOCP techniques. We currently use the embedded
conic solver (ECOS) [6] to compute all 2p TREX problems.

Statistical guarantees for the TREX

We are able to derive statistical guarantees for the TREX. We
provide bounds for the prediction performance in relationship to
the Lasso and derive slow-rate bounds with no assumptions on
the design matrix X n [7].
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We illustrate the global funnel
structure of the TREX objective
function with in-creasing sample
size n, fixed p, and sparsity k,
where |B;|=1 for all k non-zero
indices .

fTRE

The x axis represents the p-
dimensional solution space and O
the y axis the TREX objective ; myme
function value f1gzpy- IRE

Using the SOCP formulation we
enumerate all 2p local minima,
including the global minimum
Brrex- The approximate solver
starts at a sparse solution (e.g.,
the all zeros vector ) and

proceeds to a local minimum .
(black arrow). TRE

Solution space
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solution
Already at moderate n, we
observe a function gap Af
between k equivalent TREX
solutions (that are conditioned on

the corresponding non-zero j’s)
and all other local solutions.
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k equivalent minima

The structure of the objective
function provides an alternative
variable selection method.

TREX phase transition
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Figure 1: Success probability P[S+(p) = S£(p*)] of obtaining the correct signed support versus the rescaled sample size 0(n, p, k) = n/[2k log(p — k)] for
problem size p=64 with sparsity k = 0.20 p®731. The number of repetitions is 50. The optimal a in TREX is in [0.45,0.5]. The lambda in LASSO
is automatically determined by MATLAB. Variable selection using the function gap property (Fun TREX) is shown in red.

Ongoing work and improvements

» Theoretical guarantees for variable selection with TREX.
» Theoretical analysis of the TREX function gap phenomenon
» Improving the efficiency of SOCP solvers for Big Data

» TREX as building block for GTREX, an adaptive neighbor-

hood selection scheme for graphical model inference [§].
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