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Framework

m A wide range of problems in applied nonlinear analysis can
be reduced to finding a point in a closed convex subset F
of a Hilbert space H. The solution set F is often constructed
from prior information and the observation of data.

m Mathematical model:

find xe FC ﬂ FixT,, Th: H—H quasi-nonexpansive
neN

m Algorithmic model:
Xnt1 = TnXn

B Asymptotic analysis: under suitable assumptions, (Xn)nen
converges (weakly/strongly/linearly) to a pointin F

m Application areas: variational inequalities, game theory,
optimization, statistics, partial differential equations, inverse
problems, mechanics, signal and image processing, mMa-
chine learning, computer vision, transport theory, opfics,...
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Basic convergence principle

m T, is quasi-nonexpansive, i.e.,
(Vx € H)(Vy € FixTn)  [[Tax —y[| < [Ix = I,

with F C FixT,. Then:
m Fejér monotonicity:

(VneN)(Vy € F)  [Xnp1 =Yl < [[Xn =Y

m Suppose that the set 2(X,)nen Of weak cluster points of
(Xn)nen is in F. Then

Xn — XeF
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m T, is quasi-nonexpansive, i.e.,
(Vx € H)(Vy € FixTn)  [[Tax —y[| < [Ix = I,

with F C FixT,. Then:
m Fejér monotonicity:

(VneN)(Vy € F)  [Xnp1 =Yl < [[Xn =Y

m Suppose that the set 2(X,)nen Of weak cluster points of
(Xn)nen is in F. Then

Xn — XeF

m Elementary example: alternating projection method for
finding a point in the intersection of two closed convex sets
C] and CQ. Set Tgn = PQ and T2n+1 = P]'
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Example: Special cases

B Fixed point methods: Krasnosel’ski-Mann, string averaging.
extrapolated barycentric methods, Martinet’s cyclic firmly
nonexpansive iteration, etc.

m Projections methods for convex feasibility problems
m Projections methods for split feasibility problems

m Subgradient projections methods for systems of convex in-
equalities

m Splitting methods for monotone inclusions: forward-backward,
Douglas-Rachford, forward-backward-forward, Spingarn, efc.

m Convex optimization methods: projected gradient method,
augmented Lagrangian method, ADMM, various proximal
splitting methods, etc.

m lterative methods for variational inequalites in mechanics,
traffic theory, and finance

m efc.

Patrick L. Combettes (joint work with J.-C. Pesquet) Block-coordinate splitting algorithms 4/25



Introduction Stochastic  Single-layer Double-layer 2/25

Very large scale problems I: Block-coordinate

approach

m The basic iteration xX,.1 = TpX, in the Hilbert space H may
be too involved (computations, memory) to be operational

m We assume that H can be decomposed in m factors
H=H; x: - xHnp
in which each T, has an explicit decomposition
To: X—= (T1 X, ..., Tm,nX)

m The strategy is to update only arbitrarily chosen coordinates
Of Xpt1 = (X1.n41; - - -, Xm,nt1) UP TO SOMe folerance:

Xint1 = Xin + €i.n(TinXn + Qin — Xin),
where ¢, , € {0, 1} (activation variable)
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approach

m The basic iteration xX,.1 = TpX, in the Hilbert space H may
be too involved (computations, memory) to be operational

m We assume that H can be decomposed in m factors
H=H; x: - xHnp
in which each T, has an explicit decomposition
To: X—= (T1 X, ..., Tm,nX)

m The strategy is to update only arbitrarily chosen coordinates
Of Xpt1 = (X1.n41; - - -, Xm,nt1) UP TO SOMe folerance:
Xint1 = Xin + €i.n(TinXn + Qin — Xin),
where ¢, , € {0, 1} (activation variable)

m Our goal is to extend available fixed points methods tfo
this block-coordinate sefting while preserving their conver-
gence properties
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A roadblock

m The nice properties of an operator T: H — H are destroyed
by coordinate sampling

m For instance, consider the nonexpansive (1-Lipschitz) oper-
ator
T: (X1,%2) = (—X2,%7)

Then
Q1 (X1,%2) = (X1,X7)

Q: (X1,X2) = (—X2,X2)
Q) 0y
Qy 0 Q)
are no longer nonexpansive
m Fejér monotonicity is destroyed
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m .. and even for jointly convex functions with a unique mini-
mizer, alfernating minimizations fail, etc.
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A roadblock

m The nice properties of an operator T: H — H are destroyed
by coordinate sampling

m For instance, consider the nonexpansive (1-Lipschitz) oper-
ator
T: (X1,%2) = (—X2,%7)

Then
Q1 (X1,%2) = (X1,X7)

Q: (X1,X2) = (—X2,X2)
Q) 0y
Qy 0 Q)
are no longer nonexpansive
m Fejér monotonicity is destroyed

m .. and even for jointly convex functions with a unique mini-
mizer, alfernating minimizations fail, etc.

m ~~ infroduce stochasticity and renorming
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Notation

H: separable real Hilbert space; — : weak convergence
2 (Xn)nen: set of weak cluster points of (Xy)nen € HY

Mo(H): proper lower semicontinuous convex functions from
H 1o ]—o0, +o0]

(2, F,P): underlying probability space

Given a sequence (Xn)nen Of H-valued random variables,
2 = (Xn)nen, Where (VneN) Xnp=o(xg,...,Xn)

(X)) set of sequences of [0, +oo[-valued random vari-
ables (£n)nen Such that, for every n e N, &, is Xp-measurable

E(2)={ @nhnen € 04(2) | T é8 < +o0P-as. | p e 10, sl

neN

m (X)) = {(fn)neN €L (Z)

SUp &n < +o0o P—o.s.}
neN
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Stochastic quasi-Fejér sequences

B0 AFCH, ¢: [0, +00[ — [0, +0o[, (1) T +oo as F — +oo

m Deterministic definition: A sequence (Xp)nen in H is Fejér
monotone with respect to Fif for every z € F,

(vneN)  ¢(lxni1 —2) < o(lxn —2I])
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Stochastic quasi-Fejér sequences

B0 AFCH, ¢: [0, +00[ — [0, +0o[, (1) T +oo as F — +oo

m Stochastic definition 1: A sequence (x,)nen Of H-valued ran-
dom variables is stochastically Fejér monotone with respect
to F if, for every z € F,

(vn € N) E(¢(l|Xn1 = Zll[ Xn) < 8(1|1% —2]])
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Stochastic quasi-Fejér sequences

B0 AFCH, ¢: [0, +00[ — [0, +0o[, (1) T +oo as F — +oo

m Stochastic definition 2: A sequence (x,)nen Of H-valued ran-
dom variables is stochastically quasi-Fejér monotone with
respect to F if, for every z € F, there exist (xn(2))nen € £L(Z).
(9n(2))nen € €+(2Z°). and (1n(2))nen € £1(Z) such that

(VN € N) E(é([|Xn11=2]1) [Xn)+7n(2) < (T+xn(2))¢(IX0=2l))+1n(2)
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Stochastic quasi-Fejér sequences

B O #£FCH, ¢: [0, +oo] — [0, +00[, #(f) T +00 OS T — 00

m Stochastic definition 2: A sequence (x,)nen Of H-valued ran-
dom variables is stochastically quasi-Fejér monotone with
respect to F if, for every z € F, there exist (xn(2))nen € £L(Z).
(9n(2))nen € €+(2Z°). and (1n(2))nen € £1(Z) such that

(VN € N) E(¢([|Xn+1=2l1) [ Xn)+9n(2) < (14+xn(2))o(1|Xn—2||)+1n(2)
Suppose (xn)nen is Stochastically quasi-Fejér monotone. Then
B (VZeF) [ Y enn(@) < +ooP-a.s]

B [2(Xn)nen C F P-a.8.] < [(Xn)nen converges weakly P-a.s. to
an F-valued random variable]
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An abstract stochastic iterative scheme

Let@ # F c H. Suppose that (Xn)nen. (Th)nen. aNA (€n)nen are
sequences of H-valued random variables such that:

| (VHE N) Xn+'| :Xn+)\n(fn+en_Xn), )\n E]O,]]

u ZneN An E(||en||2|xn) < 4+oo P-a.s.

m For every z € F, there exist (0n(2))nen € £4(Z). (n(2))nen €
(2(Z), and (vp(2))nen € L2(Z7) such that (Appn(Z))nen €

(), Qvn(@))nen € €%(Z). and
(VneN) E(Ith —2||*|Xn) +0n(2) < (1 + 1n(@))]|Xn — 2|1* + vn(2)
Then (Vz € F) [ X penAnbn(z) < +oo P-a.s.] and [20(Xn)nen C

F P-a.s] = (Xn)neny converges weakly P-a.s. to an F-valued ran-
dom variable.
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Single-layer algorithm

B H=H; x - xHn, (H)i<i<m separable real Hilbert spaces
B T,: H— H: x— (T ,X)1<i<m Quasinonexpansive
mF=,FixT, # 0

B Xy and the errors (ap)nen are H-valued random variables

B (en)neny identically distributed D-valued random variables
with D = {0, 1} < {0}
m Algorithm:
forn=0,1,...

fori=1,....,m
L Xint1 = Xjn + 5/‘.n)\n(Ti,n (XLm oy Xm,n) + Qi — Xi,n)
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Single-layer algorithm

Set (Vn € N) X, = o(Xo, ..., Xn) and E, = o(en). Assume that

B iNfren Ap > 0 aNd SUP ey An < 1.
B Y ey VE([an]2[X0) < +o0.
B 2 (Xn)nen C F P-a.s.
m ForeveryneN, &, and X, are independent.
m Foreveryie{l,....m},p;j=Plegig=1]>0.
Then (xn)nen converges weakly P-a.s. to an F-valued r.v.

Proof.

We achieve stochastic quasi-Fejér monotonicity w.r.t. the norm
X117 = 3275 Ixill? /e O
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Example: Krasnosel ski-Mann iteration

B T: H— H: x— (T X)1<i<cm NONExpansive operator
mF=FxT#£0Q
B Xg and the errors (ap)nen are H-valued random variables

B (en)neny identically distributed D-valued random variables
with D = {0, 1} \ {0}
m Algorithm:
forn=0,1,...
{ fori=1,....m
| Xint1 = Xin + €inAn (T (X105 - - -, Xm,n) + Qin — Xin)
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Introductio

Example: Krasnosel'ski—-Mann iteration

Sef (Vn e N) X, = o(Xo, ..., Xn) and &, = a(en). Assume that
B iNfren Ap > 0 ANd SUP ey An < 1
B> en VE([An][2[Xn) < +oo
m ForeveryneN, &, and X, are independent
m foreveryie{l,...,m},Plgo=1]>0
Then (xn)nen Cconverges weakly P-a.s. to an F-valued r.v.

Proof.
Apply the single-layer theorem with T, =T. O
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Example: Block-coordinate, primal-dual splitting

of coupled composite monotone inclusions

m Let F be the set of solutions to the problem

find x; € Hy,...,Xm € Hy such that

[e] m
(vie{l,...,m}) OEA,-Xf+ZL*,;,Bk<ZL,<jxj>,
j=1

k=1

where each A;: H; — 21, B, : G, — 2%« are maximally mono-
tone, Li;: H; — Gy linear&bounded

m Let F* be the set of solutions to the dual problem

find vy € Gy,...,Vp € Gp such that

m P
(vke{1,....,p}) O¢ —ZLk,-A,”(—ZLj;v,) + B vk
i=1 =1
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Example: Block-coordinate, primal-dual splitting

of coupled composite monotone inclusions

Let & (1 <j < m+ p) be the jth component of the projector Py
onto the subspace

V= {(x,y)eH xG’(Vke{1,...,p})yk—§]:|_kfx/}

Algorithm: v € 10, +oo[and forn=0, 1, ...

Mn € ]0,2[
fori=1,...,m
Ziny1 = Zin+ E/,n(Qi(XLm s Xmn Y105+ Yo,n) + Cin — Zi,n)

| Xini1 = Xin + €in pin(dha (22011 = Xin) + Gin = Zingr)
fork=1,...,p

Wi nt1 = Wicn + Emikn(Qunek (X1 ns - - - Xmn, Vi, - - - Youn) + Gkon — Wi
| Ykt = Yion + emekon fin(J48, (2Wign1 = Vign) + Bon — Wint1)-
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Example: Block-coordinate, primal-dual splitting

of coupled composite monotone inclusions

m Under the same conditions as before:

B (Z5)neny CONverges weakly P-a.s. to an F-valued random
variable

B (v '(Wh — ¥,))nen converges weakly P-a.s. to an F*-
valued random variable

m Proof: This relies on the single-layer theorem and a nonstan-
dard implementation of the Douglas-Rachford algorithm in
the product space Hx G =H; x -+ - x Hpy x Gy x -+ x Gp:

solve (0,0) € Ax x By + Ny(x,y), where
m
A:H-2H x5 X, Ax
o)
B:G —2%: x> X,_ Bk
V= {(x,y) eHxG|(Vke{l,....PD) Yk =214 Lk,-x,}
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Example: Nonsmooth, block-coordinate,

primal-dual multivariate minimization

m Let F be the set of solutions to the problem

m P m
) erTJ'ir\imize Zf,-(x,-) + ng<z LkiXi)
IS =1 k=1 i=1

where f; € To(H;), gk € To(Ck). Lvi: Hi — Gk linear&bounded

m Let F* be the set of solutions to the dual problem

m P P
minimize > fr ( -y L*,;,Vk) + > Ok(vk)
i k=1 k=1

V1E€GCH,...,VpEGC)p
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Example: Nonsmooth, block-coordinate,

primal-dual multivariate minimization

Algorithm: v € 10, +oco[and forn=0, 1, ...

pn €10,2]
fori=1,...,m
Ziny1 =2Zip+ E/,n(Qi(XLm s X Y1,ns -+ Yo,n) + Cin — Zi,n)

| Xi,n+1 = Xin +€in ,Un(proxyf,(2zi,n+1 — Xin) + Qip— Zi,n+1)

fork=1,....p
Wi ny1 = Win + 5m+k,n(Qm+k(X1,m s X Y1ns -5 Yoon) + Qen — Wien
| Yikn+1 = Yion + Emtk,n Hn (Dfoxygk(2Wk,n+1 — Yi,n) + brn — Wk,n+1)-

Under the same conditions as before:

B (Z5)neny cOnverges weakly P-a.s. fo an F-valued random vari-
able

® (v '(Wnh — ¥,))nen converges weakly P-a.s. to an F*-valued
random variable
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Double-layer random block-coordinate

algorithms

m T, H = H: x— (T,X)1<icm IS ap-averaged (d + a; (T, — Id)
is nonexpansive)

m R,: H— His g,-averaged
mF=,yFixThoR, # 0
B Xq. (An)nen. ANd (bp)nen are H-valued random variables

B (en)nen identically distributed D-valued random variables
with D = {0, 1} \ {0}

m Algorithm:
forn=0,1,...
yn:Ran+bn
fori=1,...,m

| Xint1 = Xin +€in(Tn¥n+ Qin — Xin)
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Double-layer random block-coordinate

algorithms

Sef (Vn e N) X, = o(Xo, ..., Xn) and &, = a(en). Assume that

B 3 nen VE(lan[?[Xn) < +oo0, 3= ey VE(IIBnl[?[Xn) < +o0

B 2 (Xn)nen C F P-a.s.

m ForeveryneN, E, and X, are independent
m Foreveryie{l,....m},p;=Pleig=1]>0

Then (xn)nen converges weakly P-a.s. to an F-valued r.v.

Proof.

We achieve stochastic quasi-Fejér monotonicity w.r.t. the norm
X112 = 275 Ixill? /e O
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Block-coordinate forward-backward splitting

The forward-backward splitting algorithm is important because:

m It models many problems of interest and tolerates errors:

B PLC and Waqjs, Signal recovery by proximal forward-backward
splitting, Multiscale Model. Simul., vol. 4, 2005.

m Applied to the dual problem of a strongly monotone/convex
composite problem, it provides a primal-dual algorithm:
B PLC, Dung. and VU, Dualization of signal recovery problems,
Set-Valued Var. Anal., vol. 18, 2010.

m Appliedin arenormed product space, it covers/extends var-
ious methods (e.g., Chambolle-Pock):

| V{, A splitting algorithm for dual monotone inclusions involving
cocoercive operators, Adv. Comput. Math., vol. 38, 2013.

m |t can be implemented with variable metrics:

B PLC and VU, Variable metric forward-backward splitting with
applications to monotone inclusions in duality, Optimization,
vol. 63,2014,

B In minimization problems it provides Fejér-monotonicity, con-
vergent sequences, and monotone minimizing sequences.

Combettes (joint work with J.-C. Pesquet) Block-coordinate splitting algorithms
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Block-coordinate forward-backward splitting

m Let F be the set of solutions to the problem

find X; € Hy,...,Xm € Hypy such that
(Vie{l,....m}) 0eAx+Bi(X1,...,Xm)

where A;: H; — 2" is maximally monotone and, for some
9 >0,

m m
(vx e H)(Vy e H) > (x; y,|B,x—B,y>2192\]fo—ny\]2

i=1
m Algorithm:

forn=0,1,...
e<M<(2-¢)W
fori=1,....m
{ Xiny1 = Xin+ E/,n(J%A, (Xi,n —(Bi(X1,n, - -, Xm,n) + Ci,n))
+C7i,n - Xi,n)
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Block-coordinate forward-backward splitting

m Under the same conditions as before almost sure weak con-
vergence of (Xp)nen o a point in F is achieved.

m Proof: In double-layer theorem, set

m
A H=2H x5 X _ Ax

|

mB:H—-H: x— (B,’X)]g,’gm
| Tn:J%A

[ | Rn = |d — '}/nB,

m F=zer(A+B)

m by, =—Cp

ma,=1/2

B 3n=n/(29)
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Block-coordinate forward-backward splitting:

convex minimization

m Let F be the set of solutions to the problem

m P m
minimize fi(x; Ly

where f; € To(H;). 9k: Gk — R differentiable, convex, Vg
T-Lipschitz, Ly : Hi — Gy linear&bounded

m Let
P m -1
9= (Z Tk ZLMLZ, )
k=1 i=1
m Algorithm:
forn=0,1,...
fori=1,....m

{ fin = €in(Xin — (et Ly VO (21 LgXin) + Cin))
Xi,n1 = Xin + €i,n An(PIOX. ¢ fi.n + Qin — Xipn).-

Patrick L. Combettes (joint work with J.-C. Pesquet)
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