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Motivation: feature learning

Raw data

=⇒ Good features



Motivation: sparse representation

• Expensive to manipulate high-dimensional signals
• Storage
• Latency
• . . .

• Try to find sparse representation



Sparse coding in a nutshell

• Idea: Represent signals as combinations of few learned atoms

• Applied to various settings and classes of signals
• Neuroscience [OF97]
• Image processing/Computer vision [EA06, Pey09, Mai10]
• Audio processing [PABD06, GRKN07]
• Topic modeling [JMOB11]
• . . .

• Several approaches:
• Convex [BMP08, BB09]
• Submodular [KC10]
• Bayesian [ZCP+09]
• Non-convex matrix-factorization [OF97, LBRN07, MBPS10]
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Sparse coding setting

• Data: n signals, X = [x1, . . . , xn] ∈ Rm×n

• Dictionary: p atoms, D = [d1, . . . ,dp] ∈ Rm×p

• Decomposition: A = [α1, . . . ,αn] ∈ Rp×n

• Goal:
X ≈ DA, with sparse A



Sparse coding objective function

min
A∈Rp×n,D∈D

1

n

n∑
i=1

[ data-fitting term︷ ︸︸ ︷
1

2
‖xi −Dαi‖2

2 + λ ‖αi‖1︸ ︷︷ ︸
sparsity-inducing norm

]

• D: dictionaries with unit `2-norm atoms

• Equivalently:

min
D∈D

FX(D), with FX(D) ,
1

n

n∑
i=1

fxi (D)

and

fx(D) , min
α∈Rp

[1

2
‖x−Dα‖2

2 + λ‖α‖1

]
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Theoretical analysis of sparse coding

• Excess risk analysis
• [MP10, VMB10, MG12, GJB+13]
• Non-asymptotic generalization bounds

• Identifiability analysis
• Study of local/global minima
• Assume sparse model x = D0α0 for a fixed D0

• Possibly corrupted by some additive noise
• Questions:

• Local minimum of FX : D → R around D0?
• Algorithmic schemes to reach those minima?
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Previous work

Reference Over. Noise Outliers Global min/algo. Poly. algo. Sample comp. (no noise)

[GTC05]

Combinatorial YES NO NO YES NO m
(

p
m−1

)
[AEB06]

Combinatorial YES NO NO YES NO (k + 1)
(
p
k

)
[GS10]

`1 NO NO NO NO NO m2 log m
k

[GWW11]

`1 YES NO NO NO NO kp3

[SWW13]

`0 NO NO NO YES NO m log m

ER-SpUD YES YES m2 log2 m
[Sch14b]

K-SVD criterion YES YES NO NO NO mp3k

r2

[AGM13]

Clustering YES YES NO YES YES p2 log p

k2

[AAN13]

Clustering & `1 YES NO NO YES YES p log mp
[AAJN13]

Clustering & `1 with alt. YES NO NO YES YES p2 log p
[Sch14a]

Resp. max. criterion YES YES NO NO NO mp3k

r2

Our

`1-regularized YES YES YES NO NO mp3



Our goal

• Consider probabilistic model with noise, x = D0α0 + ε
• Fixed reference dictionary D0

• Random (α0, ε) with sparse α0

• Goal: non-asymptotic characterization of

P
(
FX has a local minimum in a “neighborhood” of D0

)
≈ 1

with

FX(D) ,
1

n

n∑
i=1

fxi (D)

and

fx(D) , min
α∈Rp
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Some motivations

• Better account for empirical success

• Better understand roles of parameters, e.g.,
• Number of atoms

• Over-complete regimes
• Model selection

• Acceptable level of noise
• Acceptable fraction of outliers
• Sample complexity

• Which parameters contribute to the curvature of FX?
• E.g., design of new optimization strategies



Some motivations

• Better account for empirical success

• Better understand roles of parameters, e.g.,
• Number of atoms

• Over-complete regimes
• Model selection

• Acceptable level of noise
• Acceptable fraction of outliers
• Sample complexity

• Which parameters contribute to the curvature of FX?
• E.g., design of new optimization strategies



Some motivations

• Better account for empirical success

• Better understand roles of parameters, e.g.,
• Number of atoms

• Over-complete regimes
• Model selection

• Acceptable level of noise
• Acceptable fraction of outliers
• Sample complexity

• Which parameters contribute to the curvature of FX?
• E.g., design of new optimization strategies



Generative model of signals

x = D0α0 + ε (Inliers)

• Fixed reference dictionary D0 ∈ D
• Cumulative-coherence assumption [Fuc05, DH01]

µk(D0) , sup
|J|≤k

sup
j /∈J
‖[D0]>J dj

0‖1

• Sparse random vector α0

• Uniformly draw J ⊆ {1, · · · , p}, |J| = k
• [α0]Jc = 0

• Random noise ε

• Outliers: No assumption on xoutlier
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Signal assumptions

E
{

[α0]J[α0]>J | J
}

= E{α2} · I (coefficient whiteness)

E
{
ε[α0]>J | J

}
= 0 (decorrelation)

E
{
εε>|J

}
= E{ε2} · I (noise whiteness)

(similar assumptions for sign(α0))

“Flatness” of the distribution:

κα ,
E[|α|]√
E[α2]
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Further boundedness assumptions

P(min
j∈J
|[α0]j | < α | J) = 0, for some α > 0 (coefficient threshold)

P(‖α0‖2 > Mα) = 0, for some Mα (coefficient boundedness)

P(‖ε‖2 > Mε) = 0, for some Mε (noise boundedness)

Useful for almost sure exact recovery to simplify expression of FX



Illustration



Asymptotic result (n� 1)

• Coherence: µk(D0) ≤ 1/4

• Sparsity: k . p/|||D0|||2
• Regularisation: 0 < λ . α and λ̃ , λ

α

• Consider{
Cmin � κ2

α · |||D0|||2 ·
k
p · ‖[D0]>D0 − I‖F

Cmax � E |α|
Mα
· (1− 2µk(D0))

Proposition: For any r such that

Cmin · λ̃ . r . Cmax · λ̃−
Mε

Mα

D ∈ D 7→ E
[
FX(D)

]
has a local minimum D̂ with ‖D̂−D0‖F < r
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Some comments on the proposition

• Non-empty resolution interval:
• Limited over-completeness p . m2

• Still meaningful in practice [MBPS10], m = 8× 8 and p = 256

• “Flatness” of the distribution:
• The peakier, the better (i.e., the smaller κα, the better)

κα =
E[|α|]√
E[α2]

• Noiseless regime: Mε = 0
• Regime λ̃ � r
• No restriction on the minimum resolution

• Orthogonal dictionary:
• Cmin = 0
• No restriction on the minimum resolution (even with noise!)
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Some instantiations of the result

• Incoherent pair of orthonormal bases:
• p = 2m and |||D0|||2 =

√
2

• With i.i.d. bounded signals:
• Coherence: µ1 . 1/k3/2

• Sparsity: k . p1/3

• Fixed amplitude-profile coefficients [Sch14b]:

αj = εj · aσ(j), for

{
ε i.i.d.,P(εj = ±1) = 1/2

σ random permutation of J

• Coherence: µ1 . 1/k
• Sparsity: k . p1/2
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Non-asymptotic result

Consider confidence δ > 0 and the same assumptions as earlier.

Proposition: With prob. greater than 1− 2e−δ and provided that

ninliers & p2 · (mp + δ) ·
[

r + λ̃+ Mε
Mα

r − Cmin · λ̃

]2

D ∈ D 7→ FX(D) has a local minimum D̂ with ‖D̂−D0‖F < r .

The conclusion remains valid if

‖Xoutliers‖2
F

ninliers · E[‖α‖2
2]

.
r 2

p
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Summary

Orthogonal dictionary General dictionary
Noiseless Noise Noiseless Noise

Sample compl. independent of r 1/r 2 independent of r 1/r 2

Resolution r arbitrary small r � Cminλ̃ r > Cminλ̃

Outliers * depend on r * depend on r

*: More refined argument, if there exists a0 > 0 such that

for all x, a0 · ‖x‖2
2 ≤ ‖D>0 x‖2

2,

then robustness to outliers can be shown to scale like O(a
3/2
0 · r/λ̃)



Main ideas behind the proof

1 Local-minimum condition over D
• Sphere S(r) and ball B(r) with radius r
• infD∈S(r)∩D FX(D)− FX(D0) > 0
• Compact B(r) ∩ D with FX continuous [GJB+13]

2 Transfer properties from D0 to D in a neighbourhood of D0

• Coherence properties

3 Replace fx by some tractable surrogate
• Exploit exact recovery [Fuc05, ZY06, Wai09]
• Always holds thanks to boundedness assumptions
• fx(D) coincides with

φx(D|s) ,
1

2

[
‖x‖2

2−(D>J x−λsJ)>(D>J DJ)−1(D>J x−λsJ)
]

with

{
J = supp(α0)

s = sign(α0)

4 Concentration arguments
• Rademacher averages
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Conclusions and take-home messages

• Non-asymptotic analysis of local minimum of sparse coding
• Noisy signals
• Can also include generic outliers
• But no algorithm analysis

• Towards more general signal models
• Compressible [Cev08]
• Spike and slab [IR05]

• Other penalties, beyond `1 [BJMO11]

• Different assumptions on D0 (better than coherence)

Sparse and spurious: dictionary learning with noise and outliers

http://arxiv.org/abs/1407.5155 (submitted)



Thank you all for your attention
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