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Abstract

We propose a new algorithm for minimizing regularized empirical loss: Stochastic Dual Newton
Ascent (SDNA). Our method is dual in nature: in each iteration we update a random subset of the dual
variables. However, unlike existing methods such as stochastic dual coordinate ascent, SDNA is capable
of utilizing all curvature information contained in the examples, which leads to striking improvements in
both theory and practice – sometimes by orders of magnitude. In the special case when an L2-regularizer
is used in the primal, the dual problem is a concave quadratic maximization problem plus a separable
term. In this regime, SDNA in each step solves a proximal subproblem involving a random principal
submatrix of the Hessian of the quadratic function; whence the name of the method. If, in addition, the
loss functions are quadratic, our method can be interpreted as a novel variant of the recently introduced
Iterative Hessian Sketch.
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  will	
  	
  
men/on	
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tomorrow	
  



Part A 
Minimiza/on	
  of	
  a	
  	
  
Smooth	
  &	
  Strongly	
  	
  
Convex	
  Func/on	
  



The	
  Problem	
  &	
  Assump/ons	
  

min
x2Rn

f(x)
\[\min_{x\in	
  \mathbb{R}^n}	
  	
  f(x)\]	
  
	
  

\[f(x+h)	
  \leq	
  f(x)	
  +	
  (\nabla	
  f(x))^\top	
  h	
  +	
  \frac{1}{2}	
  h^\top	
  {\color{red}\mathbf{M}}	
  h\]	
  
	
  

\[	
  f(x)	
  +	
  (\nabla	
  f(x))^\top	
  h	
  +	
  \frac{1}{2}	
  h^\top	
  \mathbf{G}	
  h	
  \leq	
  f(x+h)\]	
  

Posi/ve	
  definite	
  matrices	
  

Strong	
  convexity	
  

Smoothness	
  

Large	
  dimension	
  

f(x+ h)  f(x) + (rf(x))>h+
1

2
h

>Mh

f(x) + (rf(x))>h+
1

2
h

>Gh  f(x+ h)



Randomized	
  Update	
  

\[	
  
f(x^k	
  +	
  \mathbf{I}_{\color{red}S_k}	
  h)	
  	
  
\leq	
  f(x^k)	
  +	
  (\nabla	
  f(x^k))^\top	
  \leg(\mathbf{I}_{\color{red}S_k}	
  h\right)	
  +\frac{1}{2}	
  (\mathbf{I}_{\color{red}S_k}h)^\top	
  \mathbf{M}	
  \leg(\mathbf{I}_{\color{red}S_k}h\right)	
  
\]	
  

Itera/on	
  $k$:	
  update	
  a	
  random	
  set	
  ${\color{red}S_k}\subseteq	
  [n]$	
  of	
  coordinates	
  

\\	
  
&	
  =	
  f(x^k)	
  +	
  (\mathbf{I}_{\color{red}S_k}	
  \nabla	
  f(x^k))^\top	
  	
  h	
  +\frac{1}{2}	
  h^\top	
  \mathbf{M}_{\color{red}S_k}	
  h\\	
  
&	
  =	
  f(x^k)	
  +	
  \sum_{{\color{red}i\in	
  S_k}}	
  \nabla_{\color{red}	
  i}	
  f(x^k)	
  h_{\color{red}i}	
  +	
  \frac{1}{2}\sum_{{\color{red}i,j\in	
  S_k}}	
  \mathbf{M}_{\color{red}ij}h_{\color{red}i}	
  h_{\color{red}j}	
  

$\displaystyle	
  h	
  \legarrow	
  \mathbf{I}_{\color{red}S_k}	
  h	
  =	
  \sum_{\color{red}i\in	
  S_k}	
  h_{\color{red}i}	
  e_{\color{red}i}$	
  

$h^\top	
  \mathbf	
  	
  {M}_{\color{red}S_k}	
  h$	
  

x

k+1  x

k � ISkh
k

$x^{k+1}	
  \legarrow	
  x^k	
  -­‐	
  \mathbf{I}_{\color{red}S_k}	
  h^k$	
  

Sk = {1, 3, 4}

1	
  

1	
  

1	
  



Arbitrary	
  Sampling	
  

n = 5

P(Sk = S) = ? 8S ✓ {1, 2, . . . , n}
\[{\color{red}\mathbb{P}}({\color{red}S_k}	
  =	
  S)	
  \;	
  =	
  \;	
  ?	
  \qquad	
  \forall	
  S\;	
  \subseteq	
  \{1,2,\dots,n\}\]	
  

|S| = 1 |S| = 2 |S| = 3 |S| = 4 |S| = 5|S| = 0

Example:	
  



Method	
  3	
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  op,mal	
  probabili,es	
  in	
  stochas,c	
  coordinate	
  descent	
  methods	
  
In	
  NIPS	
  Workshop	
  on	
  Op?miza?on	
  for	
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(arXiv:1310.3438)	
  



Key	
  Inequality	
  

\[	
  
f(x^k	
  +	
  \mathbf{I}_{\color{red}S_k}	
  h)	
  	
  
\leq	
  f(x^k)	
  +	
  (\nabla	
  f(x^k))^\top	
  \leg(\mathbf{I}_{\color{red}S_k}	
  h\right)	
  +\frac{1}{2}	
  (\mathbf{I}_{\color{red}S_k}h)^\top	
  \mathbf{M}	
  \leg(\mathbf{I}_{\color{red}S_k}h\right)	
  
\]	
  

\[	
  
f(x^k	
  +	
  \mathbf{I}_{\color{red}S_k}	
  h)	
  	
  
\leq	
  f(x^k)	
  +	
  \leg(\mathbf{I}_{\color{red}S_k}	
  \nabla	
  f(x^k)\right)^\top	
  	
  h	
  +\frac{1}{2}	
  h^\top	
  \mathbf{M}_{\color{red}S_k}	
  h	
  
\]	
  

f(xk + ISkh)  f(xk) + (rf(xk))> (ISkh) +
1

2
(ISkh)

>M (ISkh)

x x

k

$\displaystyle	
  h	
  \legarrow	
  \mathbf{I}_{\color{red}S_k}	
  h	
  =	
  \sum_{\color{red}i\in	
  S_k}	
  h_{\color{red}i}	
  e_{\color{red}i}$	
  
h ISkh =

X

i2Sk

hiei

h>MSkh

f(x+ h)  f(x) + (rf(x))>h+
1

2
h

>Mh

M MSk

Sk = {1, 3, 4}
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E[f(xk + ISkh)]  f(xk) + (Diag(p)rf(xk))>h+
1

2
h

>E[MSk ]h

\[	
  
{\color{red}\mathbb{E}}	
  [f(x^k+	
  \mathbf{I}_{\color{red}S_k}	
  h)]	
  \leq	
  	
  
f(x^k)+	
  (\mathbf{Diag}(p)	
  \nabla	
  f(x^k))^\top	
  h	
  	
  
	
  +\frac{1}{2}	
  h^\top	
  {\color{red}\mathbb{E}}[\mathbf{M}_{\color{red}S_k}]	
  h	
  
\]	
  

f(xk + ISkh)  f(xk) +
�
ISkrf(xk)

�>
h+

1

2
h

>MSkh

1.	
  take	
  expecta/ons	
  on	
  both	
  sides	
  

2.	
  diagonalize	
  

\[p=(p_1,\dots,p_n)\]	
  

pi = P(i 2 Sk)

	
  
\[p_i	
  =	
  {\color{red}\mathbb{P}}(i\in	
  {\color{red}S_k}	
  )	
  \]	
  

E[f(xk + ISkh)]  f(xk) + (Diag(p)rf(xk))>h+
1

2
h

>Diag(p � v)h

E[MSk ] � Diag(p � v)

3.	
  minimize	
  the	
  RHS	
  in	
  h	
  

x

k+1  x

k � ISk(Diag(v))�1rf(xk)
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\[x_{\color{red}i}^{k+1}	
  \legarrow	
  	
  x_{\color{red}i}^k	
  -­‐	
  \frac{1}{	
  v_{\color{red}i}}	
  (\nabla	
  f(x^k))^\top	
  e_{\color{red}i}	
  
\]	
  

Choose	
  a	
  random	
  set	
  ${\color{blue}S_t}$	
  of	
  coordinates	
  

${\color{blue}p_i	
  =	
  \mathbf{P}(i\in	
  S_t)}$	
  	
  

\[x_{\color{red}i}^{k+1}	
  \legarrow	
  	
  x_{\color{red}i}^k	
  \]	
  

For	
  $i\no/n	
  {\color{blue}	
  S_t}$	
  do	
  

i.i.d.	
  with	
  arbitrary	
  
distribu/on	
  

Choose a random set Sk of coordinates

xi
k+1  xi

k � 1

vi
(rf(xk))>ei

xi
k+1  xi

k

For i 2 Sk do

For i /2 Sk do



Convergence	
  
\[{\color{red}\mathbb{E}}	
  [f(x^{k})-­‐f(x^*)]	
  \leq	
  (1-­‐{\color{blue}\sigma_3})^k(f(x^0)-­‐f(x^*))\]	
  

Theorem	
  (RT‘13)	
  

\[	
  {\color{blue}\sigma_3}	
  =	
  	
  	
  
\lambda_{\min}	
  
\leg(	
  
\mathbf{G}^{1/2}	
  
\mathbf{Diag}(p\circ	
  v^{-­‐1})	
  
\mathbf{G}^{1/2}	
  
\right)	
  
\]	
  

\[	
  k\geq	
  \frac{1}{\color{blue}\sigma_3}\log\leg(\frac{f(x^0)-­‐f(x^*)}{\epsilon}\right)	
  \quad	
  \Rightarrow	
  	
  \quad	
  {\color{red}\mathbb{E}}	
  [f(x^k)-­‐f(x^*)]	
  \leq	
  \epsilon\]	
  

Alterna/ve	
  formula/on:	
  

E[f(xk)� f(x⇤)]  (1� �3)
k(f(x0)� f(x⇤))

k � 1

�3
log

✓
f(x

0
)� f(x

⇤
)

✏

◆
) E[f(xk

)� f(x

⇤
)]  ✏

�3 = �min

⇣
G1/2Diag(p � v�1)G1/2

⌘



Uniform	
  vs	
  Op/mal	
  Sampling	
  

\[{\color{red}	
  p_i}	
  =	
  \frac{{\color{blue}
\mathbf{M}_{ii}}}{\sum_i	
  {\color{blue}
\mathbf{M}_{ii}}}\]	
  

\[	
  \frac{1}{\sigma_3}	
  =	
  \frac{{\color{red}
n}	
  \max_i	
  {\color{blue}\mathbf{M}_{ii}}}
{\lambda}\]	
  

G = �I ) 1

�3
= max

i

vi
�pi

\[\mathbf{G}	
  =	
  \lambda	
  \mathbf{I}	
  \quad	
  \Rightarrow	
  \quad	
  
\frac{1}{\sigma_3}	
  	
  =	
  \max_{i}	
  \frac{{\color{blue}v_i}}{\lambda	
  {\color{red}p_i}}\]	
  Special	
  case:	
  

1

�3
=

Pn
i=1 Mii

�
\[	
  \frac{1}{\sigma_3}	
  =	
  \frac{\sum_{i=1}^n	
  {\color{blue}\mathbf{M}_{ii}}}{\lambda}\]	
  

1

�3
=

nmaxi Mii

�

pi =
MiiP
i Mii

pi =
1

n

\[{\color{red}\mathbb{P}}\leg(|{\color{red}S_k}|\right)=1	
  \quad	
  \Rightarrow	
  \quad	
  {\color{blue}v_i	
  =	
  \mathbf{M}_{ii}}\]	
  
P (|Sk| = 1) = 1 ) vi = Mii



Big	
  Data	
  Detour	
  



Experiment	
  
Machine:	
  128	
  nodes	
  of	
  Hector	
  Supercomputer	
  (4096	
  cores)	
  	
  

	
  
Problem:	
  LASSO,	
  n	
  =	
  1	
  billion,	
  d	
  =	
  0.5	
  billion,	
  3	
  TB	
  

	
  
Algorithm:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  with	
  c	
  =	
  512	
  

P.R.	
  and	
  Mar/n	
  Takáč	
  
Distributed	
  coordinate	
  descent	
  method	
  for	
  learning	
  with	
  big	
  data	
  
arXiv:1310.2059,	
  2013	
  



LASSO:	
  3TB	
  data	
  +	
  128	
  nodes	
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  2	
  

E[f(xk + ISkh)]  f(xk) + (Diag(p)rf(xk))>h+
1

2
h

>E[MSk ]h

\[	
  
{\color{red}\mathbb{E}}	
  [f(x^k+	
  \mathbf{I}_{\color{red}S_k}	
  h)]	
  \leq	
  	
  
f(x^k)+	
  (\mathbf{Diag}(p)	
  \nabla	
  f(x^k))^\top	
  h	
  	
  
	
  +\frac{1}{2}	
  h^\top	
  {\color{red}\mathbb{E}}[\mathbf{M}_{\color{red}S_k}]	
  h	
  
\]	
  

x

k+1  x

k � ISk(E[MSk ])
�1Diag(p)rf(xk)

f(xk + ISkh)  f(xk) +
�
ISkrf(xk)

�>
h+

1

2
h

>MSkh

1.	
  take	
  expecta/ons	
  on	
  both	
  sides	
  

2.	
  minimize	
  the	
  RHS	
  in	
  h	
  
\[p=(p_1,\dots,p_n)\]	
  

pi = P(i 2 Sk)

	
  
\[p_i	
  =	
  {\color{red}\mathbb{P}}(i\in	
  {\color{red}S_k}	
  )	
  \]	
  



Convergence	
  of	
  Method	
  2	
  
\[{\color{red}\mathbb{E}}	
  [f(x^{k})-­‐f(x^*)]	
  \leq	
  (1-­‐{\color{blue}\sigma_2})^k(f(x^0)-­‐f(x^*))\]	
  

Theorem	
  (QRTF‘15)	
  

\[	
  {\color{blue}\sigma_2}	
  =	
  	
  	
  
\lambda_{\min}	
  
\leg(	
  
\mathbf{G}^{1/2}	
  
\mathbf{Diag}(p)	
  \leg({\color{red}\mathbb{E}}	
  
\leg[\mathbf{M}_{\color{red}S_k}\right]\right)^{-­‐1}	
  
\mathbf{Diag}(p)\mathbf{G}^{1/2}	
  
\right)	
  
\]	
  

\[	
  k\geq	
  \frac{1}{\color{blue}\sigma_2}\log\leg(\frac{f(x^0)-­‐f(x^*)}{\epsilon}\right)	
  \quad	
  \Rightarrow	
  	
  \quad	
  {\color{red}\mathbb{E}}	
  [f(x^k)-­‐f(x^*)]	
  \leq	
  \epsilon\]	
  

Alterna/ve	
  formula/on:	
  

E[f(xk)� f(x⇤)]  (1� �2)
k(f(x0)� f(x⇤))

�2 = �min

⇣
G1/2Diag(p) (E [MSk ])

�1 Diag(p)G1/2
⌘

k � 1

�2
log

✓
f(x

0
)� f(x

⇤
)

✏

◆
) E[f(xk

)� f(x

⇤
)]  ✏



=
0 50 100 150 200 250 300

1/
<
2

100

101

102

103

104

105

106

107

108

Leading	
  term	
  in	
  the	
  complexity	
  of	
  
Method	
  2	
  as	
  a	
  func/on	
  of	
  	
  xx	
  	
  	
  	
  	
  

5	
  random	
  300	
  x	
  300	
  matrices	
  M	
  
with	
  various	
  condi/on	
  numbers	
  

(M) = 105

$\kappa(\mathbf{M})	
  =	
  10^5$	
  

(M) = 10

(M) = 103

n = 300

1

�2(⌧) \[\frac{1}{\sigma_2({\color{blue}\tau})}\]	
  

⌧

1

�
2

(⌧
)
=

n

n
�

1
�
m
a
x

✓
G

�
1
/
2

 ⇣
n ⌧
�
1⌘

D
ia
g
(M

)
+

✓
1
�

1 ⌧

◆
M

�
G

�
1
/
2

◆

\[\frac{1}{\sigma_2({\color{blue}\tau})}	
  =	
  \frac{n}{n-­‐1}	
  \lambda_{\max}\leg(	
  \mathbf{G}^{-­‐1/2}\leg[	
  \leg(\frac{n}{\color{blue}\tau}-­‐1\right)	
  \mathbf{Diag}(\mathbf{M})+	
  \leg(1-­‐\frac{1}{\color{blue}\tau}\right)\mathbf{M}\right]\mathbf{G}^{-­‐1/2}\right)\]	
  

⌧ = E[|Sk|]
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Method	
  



Method	
  1:	
  Randomized	
  Newton	
  

minimize	
  the	
  RHS	
  in	
  h	
  

x

k+1  x

k � (MSk)
�1rf(xk)

\[x^{k+1}	
  \legarrow	
  x^k	
  -­‐	
  (\mathbf{M}_{\color{red}S_k})^{-­‐1}	
  \nabla	
  f(x^k)	
  \]	
  

\[	
  
f(x^k	
  +	
  \mathbf{I}_{\color{red}S_k}	
  h)	
  	
  
\leq	
  f(x^k)	
  +	
  \leg(\mathbf{I}_{\color{red}S_k}	
  \nabla	
  f(x^k)\right)^\top	
  	
  h	
  +\frac{1}{2}	
  h^\top	
  \mathbf{M}_{\color{red}S_k}	
  h	
  
\]	
  

f(xk + ISkh)  f(xk) +
�
ISkrf(xk)

�>
h+

1

2
h

>MSkh

$\leg(\mathbf{M}_{\color{red}S_k}\right)^{-­‐1}$	
  

Sk = {1, 3, 4}
1	
  

1	
  

1	
  

MSk
(MSk)

�1 ISk



Convergence	
  of	
  Method	
  1	
  
(Randomized	
  Newton	
  Method)	
  

\[{\color{red}\mathbb{E}}	
  [f(x^{k})-­‐f(x^*)]	
  \leq	
  (1-­‐{\color{blue}\sigma_1})^k(f(x^0)-­‐f(x^*))\]	
  

Theorem	
  (QRTF‘15)	
  

\[\mathbf{G}	
  =	
  \mu	
  \mathbf{I}	
  \quad	
  \Rightarrow	
  \quad	
  
\frac{1}{{\color{blue}\sigma_1}}	
  	
  =	
  \frac{\lambda_{\max}\leg(\leg({\color{red}\mathbb{E}}\leg[\leg(\mathbf{M}_{\color{red}\hat{S}}	
  \right)^{-­‐1}\right]	
  \right)^{-­‐1}\right)}{\mu}\]	
  

E[f(xk)� f(x⇤)]  (1� �1)
k(f(x0)� f(x⇤))

\[	
  {\color{blue}\sigma_1}	
  =	
  	
  	
  
\lambda_{\min}	
  
\leg(	
  
\mathbf{G}^{1/2}	
  
{\color{red}\mathbb{E}}	
  
\leg[	
  	
  
\leg(	
  
\mathbf{M}_{\color{red}S_k}	
  
\right)^{-­‐1}	
  	
  
\right]	
  
\mathbf{G}^{1/2}	
  
\right)	
  
\]	
  
	
  

k � 1

�1
log

✓
f(x

0
)� f(x

⇤
)

✏

◆
) E[f(xk

)� f(x

⇤
)]  ✏

\[	
  k\geq	
  \frac{1}{\color{blue}\sigma_1}\log\leg(\frac{f(x^0)-­‐f(x^*)}{\epsilon}\right)	
  \quad	
  \Rightarrow	
  	
  \quad	
  {\color{red}\mathbb{E}}	
  [f(x^k)-­‐f(x^*)]	
  \leq	
  \epsilon\]	
  

Alterna/ve	
  formula/on:	
  

�1 = �min

⇣
G1/2E

h
(MSk)

�1
i
G1/2

⌘



Three	
  Convergence	
  
Rates	
  



3	
  Convergence	
  Rates	
  

Theorem	
  (QRTF’15)	
  

0 < �3  �2  �1  1 \[0<\sigma_3	
  \leq	
  \sigma_2	
  \leq	
  	
  \sigma_1\leq	
  1\]	
  



Example:	
  A	
  Quadra/c	
  in	
  3D	
  (n	
  =	
  3)	
  

$$	
  	
  
\mathbf{M}	
  =	
  \begin{pmatrix}	
  
	
  1.0000	
  &	
  {\color{blue}0.9900}	
  &	
  {\color{red}0.9999}	
  \\	
  
	
  {\color{blue}0.9900}	
  &	
  1.0000	
  &	
  {\color{blue}0.9900}	
  \\	
  
	
  {\color{red}0.9999}	
  &	
  {\color{blue}0.9900}	
  &	
  1.0000	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  \end{pmatrix}	
  
$$	
  

\[\lambda_1	
  	
  	
  =	
  	
  0.0001,	
  \qquad	
  \lambda_2	
  	
  	
  =	
  	
  0.0133,	
  \qquad	
  
\lambda_3	
  	
  	
  =	
  	
  2.9866	
  \]	
  

condi/on	
  number	
  $\approx	
  3\/mes	
  10^4$	
  

\[\min_{x\in	
  \mathbb{R}^3}	
  \leg[	
  f(x)	
  =	
  \frac{1}{2}x^T	
  \mathbf{M}	
  x	
  +	
  b^\top	
  x	
  +	
  c\right]\]	
  min
x2R3


f(x) =

1

2
x

TMx+ b

>
x+ c

�

condition number ⇡ 3⇥ 10

4

M =

0

@
1.0000 0.9900 0.9999
0.9900 1.0000 0.9900
0.9999 0.9900 1.0000

1

A

1
�1

⇡ 2.99

1
�2

⇡ 7500

1
�3

⇡ 29900

⌧ = E [|Sk|]



Another	
  Quadra/c	
  

$\kappa(\mathbf{M})	
  =	
  10^5$	
  

\[\frac{1}{\sigma_2({\color{blue}\tau})}\]	
  
1
�1

1
�2

1
�3

⌧

	
  
n	
  =	
  8	
  
	
  

f	
  =	
  quadra/c	
  
(G	
  =	
  M)	
  

	
  



Part B 
 

Empirical	
  Risk	
  	
  
Minimiza/on	
  

	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  smooth	
  &	
  convex	
  
func/ons	
  (“risk”)	
  

Primal	
  Problem	
  

d	
  =	
  #	
  features	
  
(parameters)	
   1	
  -­‐	
  strongly	
  convex	
  func/on	
  (“regularizer”)	
  

\[\min_{w\in	
  \mathbb{R}^d}\;
\;	
  \leg[	
  P(w)	
  \equiv	
  \frac{1}{n}
\sum_{i=1}^n	
  \phi_i(A_i^\top	
  
w)	
  +	
  \lambda	
  g(w)\right]\]	
  
	
  
	
  

1/�
posi/ve	
  

regulariza/on	
  
parameter	
  

min
w2Rd

"
P (w) ⌘ 1

n

nX

i=1

�i(A
>
i w) + �g(w)

#

g(w) � g(w0) + hrg(w0), w � w0i+ 1

2
kw � w0k2, w, w0 2 Rd

P	
  =	
  Regularized	
  Empirical	
  Risk	
  

n	
  data	
  vectors	
  
(“examples”)	
  

|�0
i(a)� �0

i(b)|  1
� |a� b| 8a, b 2 R

w	
  =	
  linear	
  predictor	
  

\[	
  |	
  \phi'_i(a)-­‐	
  \phi'_i(b)|	
  \leq	
  \}rac{1}{\gamma}	
  	
  |a-­‐b|\;\;	
  \forall	
  a,b\in	
  \mathbb{R}\]	
  



Dual	
  Problem	
  

	
  	
  	
  	
  -­‐	
  strongly	
  convex	
  

\[	
  
\max_{\alpha\in	
  
\mathbb{R}^n}	
  	
  
\leg[	
  
D(\alpha)	
  \equiv	
  	
  
-­‐	
  \lambda	
  g^*
\leg(\frac{1}
{\lambda	
  n}
\sum_{i=1}^n	
  A_i
\alpha_i\right)	
  	
  	
  -­‐
\frac{1}{n}
\sum_{i=1}^n	
  
\phi_i^*(-­‐\alpha_i)	
  
\right]	
  
\]	
  

1	
  –	
  smooth	
  &	
  convex	
  

\[\max_{\alpha=(\alpha_1,\dots,\alpha_n)	
  \in	
  \mathbb{R}^{n}}	
  D(\alpha)\]	
  
	
  

�

g⇤(w0
) = max

w2Rd

�
(w0

)

>w � g(w)
 

\[g^*(w')	
  =	
  \max_{w\in	
  \mathbb{R}^d}	
  	
  \leg\{(w')^\top	
  w	
  -­‐	
  g(w)\right\}\]	
  

�⇤
i (a

0
) = max

a2Rm

�
(a0)>a� �i(a)

 

\[\phi_i^*(a')	
  =	
  \max_{a\in	
  \mathbb{R}^m}	
  	
  \leg\{(a')^\top	
  a	
  -­‐	
  \phi_i(a)\right\}\]	
  

2 Rd

max

↵2Rn

"
D(↵) ⌘ ��g⇤

 
1

�n

nX

i=1

Ai↵i

!
� 1

n

nX

i=1

�⇤
i (�↵i)

#

n	
  dual	
  variables:	
  as	
  many	
  as	
  	
  
#	
  examples	
  in	
  the	
  primal	
  



↵0 2 Rn ↵̄0 = 1
�nA↵0

$\bar\alpha^0=\frac{1}{\lambda	
  n}	
  \mathbf{A}	
  \alpha^0$	
  
	
  
$w^k=	
  \nabla	
  g^*(\bar	
  \alpha^k)$	
  

Generate a random set Sk

Generate	
  a	
  random	
  set	
  ${\color{red}S_k}$	
  

Compute:

hk
= arg min

h2Rn

�
(A>wk

)Sk

�>
h+

1
2h

>XSkh+

X

i2Sk

�⇤
i (�↵k

i � hi)

Ini,aliza,on:	
  

Iterate:	
  

Compute:	
  	
  
\[	
  
h^k	
  =\arg\min_{h\in	
  \mathbf{R}^n}	
  	
  
\leg(	
  
(\mathbf{A}^\top	
  w^k)_{\color{red}S_k}	
  
\right)^\top	
  h	
  
+\}rac{1}{2}	
  h^\top	
  \mathbf{X}_{\color{red}S_k}	
  h	
  	
  
+\sum_{i\in	
  {\color{red}S_k}}	
  \phi_i^*(-­‐\alpha_i^k-­‐h_i)	
  
\]	
  

Dual	
  update:	
  $\alpha^{k+1}	
  \legarrow	
  \alpha^k+	
  \mathbf{I}_{\color{red}S_k}	
  h^k$	
  

Maintain	
  average:	
  $\bar	
  \alpha^{k+1}=\bar	
  \alpha^k+\frac{1}{\lambda	
  n}	
  \sum_{{\color{red}i}\in	
  {\color{red}S_k}}h^k_{\color{red}i}	
  A_{\color{red}i}	
  $	
  

Dual update: ↵k+1  ↵k +
P

i2Sk
hk
i ei

Dual	
  update:	
  $\alpha^{k+1}	
  \legarrow	
  \alpha^k+	
  \sum_{{\color{red}i}\in	
  {\color{red}S_k}}	
  h_{\color{red}i}^k	
  e_{\color{red}i}$	
  

	
  	
  	
  	
  X = 1
�nA

>A

$\mathbf{X}	
  =	
  \frac{1}{\lambda	
  n}\mathbf{A}^\top	
  \mathbf{A}$	
  
	
  

Primal update: wk = rg⇤(↵̄k)
	
  	
  	
  	
  A = [A1, A2, . . . , An] 2 Rd⇥n

$\mathbf{A}	
  =	
  [A_1,A_2,\dots,A_n]	
  \in	
  \mathbb{R}^{d\/mes	
  n}$	
  

Maintain average: ↵̄k+1 = ↵̄k + 1
�n

P
i2Sk

hk
iAi



Theorem	
  (QRTF‘15)	
  

E[P (wk)�D(↵k)]  (1� �prox

1 )
k

D(↵⇤)�D(↵0)

✓(S
k

)

Assume that Sk is uniform

Convergence	
  of	
  SDNA	
  
$$	
  
{\color{red}\mathbb{E}}[P(w^k)-­‐D(\alpha^k)]\leq	
  \leg(1-­‐	
  {\color{blue}\sigma_1^{prox}}\right)^k	
  	
  \frac{D(\alpha^*)-­‐D(\alpha^0)}{\theta({\color{red}S_k})}	
  
$$	
  

\[	
  	
  
s_1	
  =	
  \lambda_{\min}	
  	
  
\leg[	
  	
  
\leg(	
  
\frac{1}{\tau	
  \gamma	
  \lambda}	
  
{\color{red}\mathbb{E}}	
  
[(\mathbf{A}^\top\mathbf{A})_{\color{red}S_k}]	
  +	
  
\mathbf{I}	
  
\right)^{-­‐1}	
  	
  
\right]	
  
\]	
  

\[	
  k\geq	
  \frac{1}{\color{blue}\sigma_1}\log\leg(\frac{f(x^0)-­‐f(x^*)}{\epsilon}\right)	
  \quad	
  \Rightarrow	
  	
  \quad	
  {\color{red}\mathbb{E}}	
  [f(x^k)-­‐f(x^*)]	
  \leq	
  \epsilon\]	
  

Expected	
  duality	
  gap	
  
ager	
  k	
  itera/ons	
  

${\color{blue}\sigma_1^{prox}}	
  =	
  \frac{\tau	
  }{n}\min\{1,s_1\}$	
  

${\color{blue}\sigma_1^{prox}}	
  =	
  \frac{\tau	
  }{n}\min\{1,s_1\}$	
  

s1 = �min

"✓
1

⌧��
E[(A>A)Sk ] + I

◆�1
#

�prox

1 = ⌧

n

min{1, s1}
⌧ = E[|Sk|]

\[\tau	
  =	
  {\color{red}\mathbb{E}}[|{\color{red}S_k}|]\]	
  

We	
  prove	
  this	
  is	
  a	
  beMer	
  rate	
  than	
  that	
  
of	
  SDCA	
  (which	
  we	
  needed	
  to	
  generalize	
  
to	
  uniform	
  samplings	
  for	
  comparison)	
  



Real	
  Dataset:	
  
mushrooms	
  

d	
  	
  =	
  112	
  	
  	
  	
  n	
  =	
  8,124	
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Synthe/c	
  Dataset	
  
d	
  =	
  1,024	
  	
  	
  	
  n	
  =	
  2,048	
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Real	
  Dataset:	
  
cov	
  

d	
  	
  =	
  54	
  	
  	
  	
  n	
  =	
  581,012	
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END	
  


