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Training Linear

Predictors




Statistical Nature of Data

(A;,y;) ~ Distribution

Az’ - Rde
Data

: m
(e.g., image, text, Yi; € R
measurements, ...)



Prediction of Labels from Data

Find w € ]Rd Linear predictor

Such that when (data, label) pair is drawn
from the distribution

(A;,y;) ~ Distribution

Then -
A w =y,

(/
Predicted label True label



Measure of Success

loss(a, b)

data label

We want the expected loss (=risk) to be small:

E [lass(AiTw, yz)}

(A;,y;) ~ Distribution



Finding a Linear Predictor via
Empirical Risk Minimization (ERM)

Draw i.i.d. data (samples) from the distribution

(A1,91), (A2,y2), ..., (An,yn) ~ Distribution

Output predictor which minimizes the empirical risk:

min — Zl()ss (A w,y;)

weERE M



Primal and Dual

Problems




Primal Problem: ERM

regularization
;—Smooth and convex 8

parameter

min ——Z@ (A] w) + Ag(w)

wERT

n = # samples
d = # features 1 - strongly convex

Ai - Rde



Is the difficulty in n or d?

* Bign
— Work in the primal
— Process one loss function (= one example) at a time

— Type of methods: stochastic gradient descent (modern variants: SAG, SVRG,
S2GD, mS2GD, SAGA, S2CD, MISO, FINITO, ...)

 Bigd

— Work in the primal

— Process one primal variable at a time

— Type of methods: randomized coordinate descent (e.g., Hydra, Hydra2)
* Bign

— Work in the dual

— Process one dual variable (=one example) at a time

— Type of methods: randomized coordinate descent (modern variants: RCDM,
PCDM, Shotgun, SDCA, APPROX, Quartz, ALPHA, SDNA, SPDC, ASDCA, ...)

— E.g. SDCA = run coordinate descent on the dual problem



Dual Problem
E,_Em
) — %Zﬁbj(—%)

* 1 -
D(a) = —\g (% Z Ay
i=1

\ )

1 — smooth '
& convex - R¢ Y - strongly convex
o' () = max {(w)Tw o)} i) = max {(a)Ta— ou(a)
max D(«)
a=(aq,...,an ) ERN =Rn™
-



Zheng Qu, P.R. and Tong Zhang
Randomized dual coordinate ascent with arbitrary sampling
In NIPS 2015 (arXiv:1411.5873)




Empirical Risk

Minimization




Primal Problem: ERM

1/’7 - smooth
& convex

min = —Z@ AT

wERT

d = # features n = # samples
(parameters)

regularization
parameter

) + Ag(w)

1 - strongly convex
function (regularizer)



Assumption 1

The loss functions ¢; : R™ — R are %—Smooth:

IVoi(a) = Voi(a)| <|=|lla—dl, aa €R™

Lipschitz constant of the
gradient of the function



Assumption 2

Regularizer is 1-strongly convex

1
g(w) = g(w') + (Vg(w'),w —w') + S lw = w'|*,  w,w € R

subgradient



Dual Problem
E,_Em
) — %Zﬁbj(—%)

* 1 -
D(a) = —\g (% Z Ay
i=1

\ )

1 — smooth '
& convex - R¢ Y - strongly convex
o' () = max {(w)Tw o)} i) = max {(a)Ta— ou(a)
max D(«)
a=(aq,...,an ) ERN =Rn™
-



The Algorithm







Fenchel Duality RS

> (0 4=m Weak duality = > (

Optimality conditions

w = Vg (&) a; = =V (A} w)



The Algorithm




Quartz: Bird’s Eye View

STEP 1: PRIMAL UPDATE
wi < (1 — 0w +6Vg*(a')
STEP 2: DUAL UPDATE

Choose a random set S; of dual variables

For ¢ € S; do pi =P €5)

0 0
af“ — (1 — 27> S p'( quz-(AithH))



Algorithm 1 Quartz

Parameters: proper random sampling S and a positive vector v € R"”
Initialization: Choose o’ € RY and w° € R?
J— N C — pz)\'7 0
Set p;, =P € 5), 0 = 111111 o ann and a’ =L 3" Aol

for t > 1do Convex combination
wt = (1— 0wt +0Vg (a1 | STEP 1 constant
ol = ot !

Generate a random set S; C [n], following the distribution of S

for : € S; do
Calculate Ac! using one of the following options: o

‘Optiomri=

[ ———
Ao} = argmesxerr [0, (—(0;  + &)=
Option II :

Aal = —0p; l(y - Opi_IV(.bi(A;rwt)
ol = ()zf L4+ Aot STEP 2

end for

at =a~t + (M)t Y g AiAal
end for Just maintaining &
Output: w', o




Other Stochastic

Dual Methods for ERM




Randomized Dual Coordinate Ascent Methods

for ERM

Algorithm

1-nice

1-optimal

T-nice

arbitrary

additional
speedup

direct
p-d
analysis

acceleration

SDCA

mSDCA

ASDCA

AccProx-SDCA

DisDCA

Iprox-SDCA

APCG

SPDC

Quartz

SDCA:

mSDCA

ASDCA:
AccProx-SDCA:
DisDCA:
Iprox-SDCA:
APCG:

SPDC:

Quartz:

Q Lin,
Y Zhang & L Xiao,

Z Qu, PR & T Zhang,

2013

SS Shwartz & T Zhang, 09/2012
M Takac, A Bijral,
SS Shwartz & T Zhang, 05/2013
SS Shwartz & T Zhang,
T Yang,
P Zhao & T Zhang, 01/2014
Z Lu & L Xiao,

P R &N Srebro,
10/2013
07/2014

09/2014
11/2014

03/2013







Assumption 3
(Expected Separable Overapproximation)

Parameters v1, ..., v, satisty:
2

n
E|Y Aol < ) povillogl
i=1

1€ 5S¢




60 = min AT
Theorem [Qu, R & Zhang 14] i v+ AYn

E[P(w") — D(a")] < (1 — 0)*(P(w") — D(a”))

Example

Data: n =7 x 10° (1—6)" =0.8187
Y = % V;, = )\maX(A;rAi) S 1

Method: |S;| =1 p; = L =1 (107 = 00807 < 5

; = i = =

n n



Updating One Dual

| Variable at a Time

.l\ - ) 4 ..-
b Y
‘r’%i‘

-




Complexity of Quartz
specialized to serial sampling

1 n
_ . L/L
Optimal sampling | n + & Zz_l
Ay
i L
Uniform sampling | n A ma,)}\c
N

Li = Amax (4; As)




Experiment: Quartz vs SDCA,
uniform vs optimal sampling

* Prox-SDCA
-- Quartz-U (100)
—Iprox-SDCA
o Quartz-IP (106)
107
(@)
'©
-
©
g
F107°
-15 ‘ ‘
10 0 50 100

nb of epochs

Data = covl, n =2522,911, A=10"°



lent
ethod

S. Shalev-Shwartz
SDCA without Duality, N/IPS 2015 (arXiv:1502.06177)

Dominik Csiba and P.R.
Primal method for ERM with flexible mini-batching schemes and
non-convex losses, arXiv:1506.02227, 2015




Empirical Risk

Minimization




Primal Problem: ERM

larizati
L _smooth and convex reguiarization
gl parameter
_ . _
1 A
: — T 2
min | P(w) = =) ¢i(A] w) + S|lwlf3
weR? n 4 2
L 1=1 |
We had a general
d = # features n = # samples 1-strongly convex
(parameters) function g here before

Ai - Rde



Assumption

The loss functions ¢; : R™ — R are %—Smooth:

IVoi(a) = Voi(a)| <|=|lla—dl, aa €R™

Lipschitz constant of the
gradient of the function



Dual Problem

Goal: An efficient algorithm which
naturally operates in the primal space

1 -smooth (i.e., on the primal problem) only

& convex
g*(w') = max {(w’)T

weRd The method will have the “same”

theoretical guarantee as Quartz

The computer lab will be based on this

c R™




6.2

The Algorithm




Motivation |

w™ 1s optimal

\

1 n
1=1

$

1 mn
W= 2 a
. of = —Vi (Al w*)



Motivation Il

Algorithmic Ideas:

*

0 Simultaneously search for both w* and o7, ..., o

a Try to do “something like”
it~V (A wh)

e Maintain the relationship Does not quite work:

too “greedy”
1 n
wh = — g Aol
AN 4
1—=1



The Algorithm: dfSDCA

Initialize the
lat hi
STEP O: INITIALIZE re; b
1
Choose af,...,ad € R™ w? = m;Ai&g

STEP 1: “DUAL” UPDATE

Choose a random set S; of “dual variables”

- Controlling “greed” by taki A
For i € 5; do Onarcoorlmr\]/ixi:)esbina»tl'ioan & 6 = min PiATn
i U+ Ayn
0 0
i (1= L) ot L (Evoi(alut)
Pi Pi
STEP 2: PRIMAL UPDATE pi = P(i € 5,

v
t+1 t Tt t
w' T — w' — g n)\p-Ai (Vi (A, w') + )
: i
This is just maintaining 1€ 5t
the relationship






ESO Assumption (same as beforel)

Parameters v1, ..., v, satisty:
2

n
E|Y Aol < ) povillogl
i=1

1€ 5S¢




A constant depending on

0O -0 * *
Theorem [Csiba & R ‘15] Pw’, o, w, o

(5 7o) % ()
t > max | log | —
¢ pi  PiAYM €




Experiments




Some More Efficient Primal Methods
for ERM: SAG, SVRG and S2GD

SAG: Stochastic Average Gradient

i N. Le Roux, M. Schmidt, and F. Bach. A stochastic gradient method with
Aihe an exponential convergence rate for finite training sets. NIPS, 2012

SVRG: Stochastic Variance Reduced Gradient

ﬁ Rie Johnson and Tong Zhang. Accelerating stochastic gradient descent
Adobe using predictive variance reduction. N/PS, 2013.

S2GD: Semi-Stochastic Gradient Descent

J. Konecny and P. R. Semi-stochastic gradient descent methods.
l%;é arXiv:1312.1666, 2013




Modern Methods for ERM vs SGD

Dataset: rcvl (n =20,241;d =47,232)

]0 | | |
-
g
. -5
= 10 -
O
2
0 10 - —
Q
5
/deDCA
10_]5 I I

| | |
0 5 10 15 20 25 30
Passes through Data



Behavior of dfSDCA for various )\

Dataset: rcvl (n =20,241;d =47,232)

]00 | I | I | I

Objective minus Optimum

| | |
0 10 20 30 40 50 60
Passes through Data









Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

1b

f(1,1) =1

1a

f<0,0>1|\0 \



Failure of naive parallelization

1b
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“ a
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. L]
. L ]

£(0,0) =1 |\ \\\\\\\\ > )

0



Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

f(1,1) =1

2a



Failure of naive parallelization

flat,a®) = (z' +2° = 1)7
2b

1 F,1) =1

.
.
v
’
.
. A
.
. L
. L}
. L}
Y L}
. L]
. L ]
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Failure of naive parallelization

fla!,2?) = (2! +2° - 1)°

f(1,1) =1




ldea: averaging updates may help

/

2
/

77

e\

1
0 a



Averaging can be too conservative
fata?) = (@t = 1)+ (22— 1)°




Averaging can be too conservative

f@) = (@' =12+ (@2 = 1) o4 (27 = 1)




Experiment with a '
1 billion-by-2 billion
- LASSO problem

.
I -

‘ '\‘ .".__A

P.R. and Martin Takac
Parallel coordinate descent methods for big data optimization
Adobe  Mathematical Programming, 2015 (arXiv:1212.0873)




Coordinate Updates

b i i ~B-2 Cores |
ey iiiiiiiiiiiiiiiiil-e-4 Cores

-&-8 Cores

ERERE -%¥-16 Cores
e -'?-24 Cores*

0 10 20 30 40
# coordinate updates normalized [(kt)/n]

LASSO problem with A € R™*™, where|n = 10° and m = 2 x 10°




Ilterations

e B i i -B-2 Cores |
el W i l-esaCores
RSN Ry il 1-9-8 Cores
by 16 Gores
UL = P A A A S _?_2400res-

# iterations normalized [k/n]

LASSO problem with A € R™*", where n = 10? and m = 2 x 10°



Wall Time

---------

-|-8-2 Cores |
:|-©-4 Cores
. :|-9-8 Cores
-%-16 Cores
- -7-24 Coresy

ohL

: : : : . . l»&t':':':':“
e e
ERLHEREEIERRRERERR 1R R
T S Y
I
.,............v......',...;....;....:....'...:...:...',...:....;..l\.'....'...',... ....
P ;b oo

40 50

wall time [hours]

LASSO problem with A € R™*", where n = 10? and m = 2 x 10°



Minibatching & Quartz |




Data Sparsity




Quartz [Qu, R & Zhang 14]

Complexity of Quartz

Fully sparse data n  max; L;
~ — +
(w=1) T AYT
Fully dense data n  max; L;
~ — +
(w=mn) T Ay

(0—1)(7—1)
Any data an (1 T ) max; L

(1<®<n) T AyT




Assume the data is normalized:  Li = Amax(4; 4;) < 1

Then: (1+ T(ch_l)(T_lZL
T(r) = (n—1)(1+Avyn)

) x T'(1)

T

Linear speedup up to a certain data-independent minibatch size:

2
T <24 Myn T(r) < 2 x T(1)
T

Further data-dependent speedup, up to the extreme case:

&= O(\yn) ﬂﬂ:@(ﬂ”)

T




speed up factor

# examples:

Quartz [Qu, R & Zhang 14]

Quartz: Parallelization Speedup

n = 10°

Smoothness of loss functions: v = 1

Low regularization:

High regularization:

2000, "\ 213 y 200017 ) =1e3
A=le-4 S A=le-4
«-\=1le-6 S ~+-\=1e-6
- ""'4\“
1500¢ S ‘a’ 1500
- "<‘ —
‘-,‘K E
[~ Al K
1000 £ S1000F e
“‘k‘ 8 ‘n‘n\
& s
gﬁ : ) |
500 ) 500"
o : :
al"! 7 - 5’
) | | | “4' ‘_«‘ <<<<< «-«-?««««-4-74 <<<<<<<< |
0 500 1000 1500 2000 0 500 1000 1500 2000
T T

Sparse Data

o = 107

Denser Data

w = 104

speed up factor

A=1/n
A =1/l

700; o

600 A=

500

N
o
Q

0 500 1000 1500 2000
T

Fully Dense Data
w = 10°



astro ph: n=29,882 density =0.08%

v A=5.8e-3 in practice
—A=5.8e-3 in theory
-o- A=1e-3 in practice
----- A=1e-3 in theory

-+ A=1e-4 in practice
------ A=1e-4 in theory

800y

o)
S
=

—————
-
-

N
o
o

speed up factor T(1,1)/T(1 1)
)
o

» '«4;«44«4«444«44«4«44«444«44«4«44«

0 500 1000
T




CCAT: n=781,265 density =0.16%

v h=1.1e-3 in practice
—A=1.1e-3 in theory
- A=1e-4 in practice
----- A=1e-4 in theory

-+ A=1e-5 in practice
------ A=1e-5 in theory

1000,

800

600;

400

; °
0000000000
000000°® :
¢000® :

200

speed up factor T(1,1)/T(17)

«44«44«4«««4«44«44«4«44«44«44€4«

0 500 1000
T




Primal-dual methods with tau-nice sampling

Algorithm [teration complexity g
SDCA nt — L2
Ay 2
[S-Shwartz & Zhang 12]
n n 1 n3
ASDCA | 4 x max{ —,,/ : : =12
TN AT AT (A7)
[S-Shwartz & Zhang 13a]
SPDC n -+ o general
T YT
[Zhang & Xiao 14]
o—1)(1T—1 1
Quartz 1+ @-Dr=1) general
n—1 AYT




Accelerated

For sufficiently sparse data, Quartz wins even when
compared against accelerated methods

Algorithm | YAn = 0O(=) | YAn=0(1) | YAn = 0O(7) | vAn = O(y/n)
K=nT K=n kK=n/T K=+n
-
-
T T







