Accelerated Coordinate Descent with Arbitrary Sampling
and Best Rates for Minibatches
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smooth & strongly convex

min f(z)

very large
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/ ASSUMPTIONS \

o strong convexity
F@) 2 f) + (VF)w =) + Zlle — o]

M smoothness positive definite matrix
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identity matrix j

Recovers L smoothness for M = LI

(Lipschitz continnity of gradients)

EXAMPLES

Lemma [3] f:
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» f is M smooth
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Logistic regression () = — 3 log (1 +exp (Av b)) + 5 ||
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¢; is L; smooth

indicator function

Dual of SVM with squared hinge loss
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n > m = coordinate descent (CD) is the state of the art

/7~ KNOWN CONVERGENCE RATES

PROBABILITY OF CHOOSING

METHOD COORDINATE i ERROR AFTER k STEPS
1,2
CD"™ - (o)
T T X nNAx _—_—
Coordinate Descent > M Trace(M)
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1. First ACD method with arbitrary sampling

Sampling: set-valued random variable S ~ D

with values being subsets of {1,2,...,n} pi = Prob(i € 5)

Arbitrary sampling = any sampling with p; > 0 for all ¢

2. Importance sampling for minibatches for CD and ACD

k (can be much better than uniform)

</

ESO: EXPECTED SEPARABLE
OVERAPPROXIMATION

any z € R® any h € R™ pi = Prob(i € S)

Esp [f (I + zhiei>:| < f@)+ > piVif(x)hi + %Zpivihz?
i=1 i=1

i€S
sampling i standard unit basis vector ~ ESO parameters (defined
(“coordinate vector™) by this inequality)
Lemma [3
3] Hadamard product

P oM < Diag(p1v1, . - -, Pntn)

» ESO inequality holds

Prob(|S|=1) =1

“probability matrix™ defined by
P;j =Prob(ie SAj€S)
identity: E[|S|] = Trace(P)

Corollary

ESO inequality holds with v; = Mj;

ACCELERATED COORDINATE DESCENT (ACD)

Algorithm 1 ACD (Accelerated coordinate descent with arbitrary sampling)

1: Parameters: i.i.d. proper samplings S¥ ~ D; v € R .; o > 0; stepsize
parameters 7,0 > 0.
2: Initial iterate y° = 20 € R"
3: for k=0,1... do P P
& Lk — (1- (9)yk L ith partial derivative
5 Get S¥~D
6: yk+1 — .Tk'H _ ZiES“ U%sz(-'t’ﬁl)ez
7 Ml = ﬁ (z"' +noaktt =Y &Vif(zkﬂ)e,)
s: end for
/ CONVERGENCE RATE (ACD) \
Theorem constant depending on M and D
k
2
E [\Ilk] < |1-0.6184/0 min pi oo Optimal v has the form: v; = cpz2
- V i oY
Rate has the form (1 — 04618\/§)k
Lyapunov function
P PV N 1 k_ x2
V= U~ 1) + gl =)
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Smaller ¢
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IMPORTANCE SAMPLING FOR MINIBATCHES

minibatch size

Two samplings S satisfying E[|S]] = 7
Sampling 1

(standard; no importance sampling)

Sampling 2
(new; importance sampling)

sample uniformly from all subsets of {1,2,..., n} of size 7 sample each i i“del')e“dzel{/[‘tly with probability

P AR T+ M,

‘ st Ypi=T1
Rate (1 —0.6184/0 /c2)*

-
Rate (1 —0.6184/0/cy)*

Theorem (ACD) v M: o <O0(T)a 3 M such that ¢, < O (:T;) c1
Sampling 2 can be at most O(y/7) times worse than Sampling 1

I ks Sampling 2 can be O (g) times better than Sampling 1

Theorem (CD)

Importance sampling can be at most O(1) times worse than uniform
Importance sampling can be O(n) times better than uniform
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