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Problem

Minimize for x ∈ RN the composite function F

min
x∈RN

{F (x) = f(x) +ψ(x)}

• f : RN → R, convex, di�erentiable,
not strongly convex

• ψ : RN → R ∪ {+∞}, convex, separable

ψ(x) =
n∑
i=1

ψi(x
(i))

Examples: λ ‖x‖1, I[0,1]n(x), λ
∑n
i=1

∥∥x(i)∥∥
2

Coordinate descent

• At each iteration, one solves a 1-dimensional
optimization problem

• Very cheap iterations: for sparse problems,
less than the cost of summing two vectors

• Many iterations are required

• Famous in machine learning: L1-regularised
least squares, support vector machines,
non-negative factorization. . .

• Convergence in O(1/k): we bring it to O(1/k2)
and we update several coordinates in parallel

APPROX

Pick z0 ∈ domψ, set τ = E[|Ŝ|], θ0 = τ
n , u0 = 0

for k ≥ 0 do
Generate a random set of coordinates Sk ∼ Ŝ
for i ∈ Sk do
t
(i)
k = arg min

t∈RNi

〈∇if(θ2kuk + zk), t〉

+
nθkβLi

2τ
‖t‖2(i) + ψi(z

(i)
k + t)

z
(i)
k+1 ← z

(i)
k + t

(i)
k

u
(i)
k+1 ← u

(i)
k −

1− n
τ θk

θ2k
t
(i)
k

end for

θk+1 =

√
θ4k+4θ2k−θ

2
k

2
end for

OUTPUT: θ2kuk+1 + zk+1

Parallel

Assume:

• f is partially separable of degree ω:

f(x) =
m∑
j=1

fj(x)

fj depends on at most ω coordinates

• ∇f coordinatewise Lipschitz: ∀x ∈ RN , t ∈ RNi ,

‖∇if(x+ Uit)−∇if(x)‖∗(i) ≤ Li ‖t‖(i)

• Ŝ is a τ -nice sampling:
If |S| = τ , then P(Ŝ = S) = 1

(nτ)

• β = 1 +
(ω − 1)(τ − 1)

max{1, n− 1}

Then for all x, h ∈ RN , (f, Ŝ) ∼ESO(β, L) [4]:

E
[
f(x+ h[Ŝ])

]
≤ f(x) + τ

n

(
〈∇f(x), h〉+ β

2
‖h‖2L

)

Proximal

Lemma. For all k ≥ 0

θ2kuk+1 + zk+1 =
k∑
l=0

γlkzl

where γ0k, γ
1
k, . . . , γ

k
k ≥ 0 and

∑k
l=0 γ

l
k = 1

⇒ θ2kuk+1 + zk+1 ∈ domψ , θ2kuk + zk ∈ domψ

Accelerated

Theorem. Suppose that (f, Ŝ) ∼ ESO(β, w).
Denote τ = E[|Ŝ|] > 0:

E[F (xk)− F (x∗)] ≤
4n2

(kτ + n)2
C

where C = (1− τ
n )(F (x0)− F (x∗)) +

β
2 ‖x0 − x∗‖

2
w

For ε > 0, we obtain an ε-solution in expectation
after at most

k ≥ 2n

τ

√
(1− τ

n )(F (x0)− F (x∗)) +
β
2 ‖x0 − x∗‖

2
L

ε

L1-regularised L1 regression

Dorothea dataset: m=800, N=100,000, ω=6,061,
τ=4, ε = 0.1 (smoothing [3])

F (x) = ‖Ax− b‖1 + ‖x‖1
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APPROX [1]
Coordinate descent [2]
Accelerated gradient [3]
Gradient

Comparison of algorithms: ‖Ax− b‖1 + ‖x‖1

Support Vector Machines

Malicious URL dataset:
m = 2,396,130, N = 3,231,961, τ = 1

F (x) =
1

2N

m∑
j=1

(
N∑
i=1

biAjixi

)2
− 1

N

N∑
i=1

xi+I[0,1]N (x)
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APPROX [1]
Coordinate descent [5]

One order of magnitude faster for the dual SVM

Conclusion

• First accelerated, parallel and proximal
coordinate descent method

• Needs to be able to compute ∇if(θ2kuk + zk)
without actually summing the 2 vectors:
this includes quadratics, smoothed L1 norm
and logistic regression

• Very promising numerical experiments
on machine learning problems:
several times faster than the state of the art

• Perspectives:

- Nonuniform samplings

- Line search

- Universal algorithms

- Adaboost
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