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EF21‐Muon brings the power of Muon/Scion/Gluon to distributed training, offering compressed communication‐efficient non‐Euclidean
LMO updates with convergence guarantees under generalized smoothness and delivering significant practical communication savings.

Optimization Problem

We consider the nonconvex distributed optimization problem:

min
X∈S

f (X) = 1
n

n∑
j=1

fj(X)

 , fj(X) = Eξj∼Dj

[
fj(X ; ξj)

]
� fj(X) – loss of the model X on the data stored on worker j

� Goal: find X̂ such that E
[
‖∇f (X̂)‖2

⋆

]
≤ ε

How to Distribute Muon?

The basic update of Muon is

Xk+1 = Xk − tkUk(V k)T

= Xk + LMOB2→2(0,tk)(M
k),

where Mk = UkΣk(V k)T .
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f3

Contractive compressor

E
[
‖C(X) − X‖2

]
≤ (1 − α) ‖X‖2 ∀ X ∈ S

Assumptions

A1: There exist f⋆ ∈ R such that f (X) ≥ f⋆ for all X ∈ S .

A2: There exist f⋆
j ∈ R such that fj(X) ≥ f⋆

j for all X ∈ S .

A3: f is L‐smooth, i.e.,

‖∇f (X) − ∇f (Y )‖⋆ ≤ L ‖X − Y ‖
for all X, Y ∈ S . Moreover, the functions fj are Lj–smooth
for all j ∈ [n]. We define L̃2 = 1

n

∑n
j=1 L2

j.

A4: f : S 7→ R is (L0, L1)–smooth, i.e.,

‖∇f (X) − ∇f (Y )‖⋆ ≤
(

L0 + L1 ‖∇f (X)‖⋆

)
‖X − Y ‖

for all X, Y ∈ S . Moreover, the functions fj , j ∈ [n], are
(L0

j, L1
j)–smooth. We define L1

max = maxj∈[n] L
1
j and L̄0 =

1
n

∑n
j=1 L0

j.

A5: Eξj∼Dj

[
∇fj(X ; ξj)

]
= ∇fj(X) and ∃ σ ≥ 0 such that

Eξj∼Dj

[∥∥∇fj(X ; ξj) − ∇fj(X)
∥∥2

2

]
≤ σ2 for all X ∈ S .

Algorithm 1 EF21‐Muon

1: Parameters: radii tk > 0; momentum parameter β ∈ (0, 1]; initial iterate X0 ∈ S
(stored on the server); initial iterate shift W 0 = X0 (stored on the server and the
workers); initial gradient estimators G0

j (stored on the workers); G0 = 1
n

∑n
j=1 G0

j

(stored on the server); initial momentum M0
j (stored on the workers); worker

compressors Ck
j ; server compressors Ck

2: for k = 0, 1, . . . , K − 1 do
3: Xk+1 = LMOB(Xk,tk)(G

k) Take LMO‐type step

4: Sk = Ck(Xk+1 − W k) Compress shifted model on the server

5: W k+1 = W k + Sk Update model shift

6: Broadcast Sk to all workers
7: for j = 1, . . . , n in parallel do
8: W k+1 = W k + Sk Update model shift

9: Mk+1
j = (1 − β)Mk

j + β∇fj(W k+1; ξk+1
j ) Compute momentum

10: Rk+1
j = Ck

j (Mk+1
j − Gk

j ) Compress shifted gradient

11: Gk+1
j = Gk

j + Rk+1
j

12: Broadcast Rk+1
j to the server

13: end for
14: Gk+1 = 1

n

∑n
j=1 Gk+1

j = Gk + 1
n

∑n
j=1 Rk+1

j Compute gradient estimator

15: end for

Convergence under L-smoothness
Let Assumptions A1, A3 and A5 hold. Let {Xk}K−1

k=0 , K ≥ 1, be the iterates of EF21‐
Muon initialized with X0 = W 0, G0

j = M0
j = ∇fj(X0; ξ0

j ), j ∈ [n], and run with

Ck ∈ B(αP ), Ck
j ∈ B2(αD), β = min

{
1,

(
δ0Ln

ρ2σ2K

)1/2
,

(
δ0LαD
ρ2σ2K

)1/3
,

(
δ0Lα2

D
ρ2σ2K

)1/4
}

and

γ =
(
2
√

ζ + 2L
)−1, where ζ = ρ̄2

ρ2

(
12
β2L

2 + 24(β+2)
α2

P
L2 + 36(β2+4)

α2
D

L̃2 + 144β2(2β+5)
α2

P α2
D

L̃2
)
.

Then
1
K

K−1∑
k=0

E
[∥∥∇f (Xk)

∥∥2
⋆

]
= O

 δ0ρ̄2L̃0

ρ2αPαDK
+

(
δ0ρ̄4σ2L

ρ2nK

)1/2

+

(
δ0ρ̄3σL

ρ2√αDK

)2/3

+

(
δ0ρ8/3σ2/3L

ρ̄2α
2/3
D K

)3/4


where δ0 = f (X0) − f ⋆.

Convergence under (L0, L1)-smoothness

Let Assumptions A1, A2, A4 and A5 hold. Let {Xk}K−1
k=0 , K ≥ 1, be the iterates of

EF21‐Muon initialized with M0
j = ∇fj(X0; ξ0

j ), G0
j = C0

j (∇fj(X0; ξ0
j )), j ∈ [n], and

run with Ck ≡ I , Ck
j ∈ B2(αD), β = 1/(K+1)1/2 and 0 ≤ tk ≡ t = η/(K+1)3/4, where

η2 ≤ min
{

(K+1)1/2

6(L1)2 ,
(K+1)1/2(1−

√
1−αD)ρ

24
√

1−αDρ̄(L1max)2 ,
ρ

24ρ̄(L1max)2, 1
}
. Then

min
k=0,...,K

E
[∥∥∥∇f (Xk)

∥∥∥
⋆

]
≤

3
(
f (X0) − f⋆

)
η(K + 1)1/4 + ηL0

(K + 1)3/4 + 16
√

1 − αDρ̄σ

(1 −
√

1 − αD)(K + 1)1/2 + 8ρ̄σ
√

n(K + 1)1/4

+ ηρ̄

ρ

(
8

(K + 1)1/4 + 8
√

1 − αD

(1 −
√

1 − αD)(K + 1)3/4

)1
n

n∑
j=1

(L1
j)

2
(

f⋆ − f⋆
j

)
+ L̄0

 .
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Figure 1. Training NanoGPT‐124M on FineWeb10B. Panels 1 and 3: Test loss vs. # of tokens processed. Panels 2 and 4: Test loss vs. # of bytes sent to the server from each worker
normalized by model size to reach test loss 3.31. RankX%/TopX% = RankK/TopK compressor with sparsification level X%; ID = no compression.
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