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Optimization Problem
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We consider the federated learning problem:
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= fi(x) - local objective on client 4

= Goal: find an e-solution

Challenges in FL

Communication bottleneck: Communication often dominates computation
Partial participation: Only subset of clients active each round

Client drift: Local updates deviate from global objective

FedEXxProx

FedExProx performs extrapolated proximal updates:
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= Equivalent formulation via Moreau envelopes:
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= # of GD iterations to find prox. r.(x) with accuracy e: O ((WLz‘ +1)log %)

Assumptions

Al: Convexity: f; are proper, closed and convex and f attains a minimum at some (potentially
non-unique) point a4

A2: Smoothness: f is L-smooth, i.e,,

V(@) = Vi)l < Lz -yl
and each f; is differentiable and Lj-smooth, with Liax := max;e(,,) L;

A3: Interpolation: There exists zx € R% such that V fj(zx) = 0 for all i € [n]

A4: Polyak-tojasiewicz condition:

IV @2 > i (M7(@) = 20 (2)

A5: Time model: Time complexity n(v) of a FedExProx step is a non-decreasing function of ~.

Not Better than GD on Quadratics
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Prior result: If a, = a = %7 > 1, FedExProx converges after O <

) communication

rounds, where L~ is the smoothness constant of M7 (x) := 1 ” f( z) and R2 := ||lzs — 0%

Pessimistic Result

Let A3 and A5 hold. Consider solving a non- Strongly convex quadratic optimization problem,
where f;(x) = QCIZ‘TAZCC — bTx with A; € Sym+ and b; € R?. Then the total time required by
FedExProx to find z such that Elf(z)] — flzs) < eis
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for all v > 0. Moreover, when v — 0, then m(y) x > m(0) X LRQ , and FedExProx

effectively reduces to GD.
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Contributions

1. Tighter analysis for FedExProx. \We show that previous complexity bounds were overly
pessimistic

2. Linear convergence for quadratics. \We show that FedExProx can achieve
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3. Time complexity insight. Optimal to choose v > 0 when communication dominates

4. Extensions. Partial participation, adaptive extrapolation, and Pt condition

Tighter and More Optimistic Results

Fix any v > 0 and consider solving non-strongly convex quadratic optimization problem, where
filx) = %xTAix - bZ-Tx, with A; € Symi and b; € R%. Under A3, FedExProx with o = 1/~ L, finds
r such that E[f(x)] — f(z4) < € after
L
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iterations, where L is the smoothness constant of M7 and /QF Is the smallest non-zero eigen-
value of the matrix VZM7.

Time model

The time per one global iteration of FedExProx has two main sources:

1. Local computation = O (7 X (yLmax + 1)) seconds: Each step requires clients to compute
prox, r.(zy,) iteratively. Simple solvers return a solution of subproblem i after O (yL; + 1) local
iterations. If each gradient calculation takes T seconds, the total time required for all clients to
calculate prox, r.(zg) is O (T X (7Lmax + 1)).

2. Communication = u seconds: Once the local computations are completed, clients must
communicate their results before the server can execute the global step.

Time Complexity

Total time complexity of FedExProx:
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where p = communication cost, 7 = computation cost

Total time complexity of GD:
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Top = Tu(0) = O ((u+7) x L)

Up to a constant factor, the time complexity is minimized by
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Key insight:

*If > 7, optimal v > 0
= FedExProx is provably better than GD
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Tighter Performance Theory of FedExProx
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Partial Participation

Fix any v > 0 and consider solving non-strongly convex quadratic optimization problem, where
filr) = dx T Aje — bz, with A; € Sym? and b; € RY. Under A3, FedExProx with a = 1/yL,
finds x such that E[f(z)] — f(zx) < € after
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is the smallest non-zero eigenvalue of the matrix V2M7.

iterations, where L, g := L, L~ isthe smoothness constant of M7 anad u;r

Adaptive Strategies

Fix any v > 0 and consider solving non-strongly convex quadratic optimization problem, where
filx) = %xTAZ-a: — b;ra: forall 7 € [n], with A; € Symﬁlr and b; € R?. Let A3 hold and consider two
adaptive extrapolation strategies:
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Then, the iterates of FedExProx satisfy
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Beyond Quadratics (PL)

Let A1, A2, A3, and A5 hold. For all v > 0, FedExProx with a = 1/yL, finds & such that E[f(z)| —

flxy) < ein
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iterations, where L~ is a smoothness constant of M7 and /QF is the Pt constant.

Experiments
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Figure 1. Empirical time complexities of FedExProx on a quadratic optimization task.
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Figure 2. Empirical time complexities of FedExProx with partial client participation on a quadratic optimization task
for S € {1,7,14} clients participating in each round.



