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(1) SPARSE PCA PROBLEM

• Input: Matrix A = [a1, . . . , an] ∈ R
p×n, p ≤ n

• Goal: Find vector z∗ ∈ R
n which simultaneously

1. maximizes variance zT AT Az

2. is sparse

If sparsity is not required, z∗ is the dominant right singular
vector of A. This is the single-unit (m = 1) case. Often
m > 1 components (sparse dominant singular directions)
are needed – block case.

Our approach:

1. Formulate sPCA as an optimization problem with sparsity-
inducing penalty (ℓ1 or ℓ0) controlled by a single parame-
ter γ

2. Reformulate to get problem of a suitable form

3. Solve reformulation using a gradient scheme

4. Do post-processing in the ℓ1 case (will not detail it here)

(2) SINGLE-UNIT sPCA FORMULATIONS

Notation: ‖z‖1 =
∑

i |zi|, ‖z‖0 = Card{i : zi 6= 0}.

Single-unit sPCA via ℓ1-penalty

φℓ1(γ)
def
= max

zT z≤1

√
zT AT Az − γ‖z‖1. (1)

1. To solve (1), first solve this reformulation

φ2
ℓ1

(γ) = max
x∈R

p

xT x=1

n∑

i=1

[|aT
i x| − γ]2+. (2)

2. and then set

zi = sign(aT
i x)[|aT

i x| − γ]+, z∗ = z/‖z‖2.

Single-unit sPCA via ℓ0-penalty

φℓ0(γ)
def
= max

z∈Bn
zT AT Az − γ ‖z‖0, (3)

1. To solve (3), first solve this reformulation

φℓ1(γ) = max
x∈R

p

xT x=1

n∑

i=1

[(aT
i x)2 − γ]+. (4)

2. and then set

zi = [sign((aT
i x)2 − γ)]+aT

i x, z∗ = z/‖z‖2.

(3) GRADIENT SCHEME

Problems (2) and (4) (and their block generalizations) are
of the form

f∗ = max
x∈Q

f(x). (P)

• E is a finite-dimensional vector space

• f : E→ R is a convex function

• Q ⊂ E is compact

In the single-unit case (m = 1), Q is the unit Euclidean
sphere in R

p, in the block case (m > 1), Q is the Stiefel
manifold in R

p×m, i.e. the set of p × m matrices with or-
thonormal columns.

We will solve (P) using this gradient algorithm (GA) :

1. Input: Initial iterate x0 ∈ E

2. For k ≥ 0 repeat

• xk+1 ∈ Arg max{f(xk) + 〈f ′(xk), y − xk〉 | y ∈ Q}
• k ← k + 1

Theorem 1 (Convergence) Let f be convex with strong
convexity parameter σf ≥ 0 and Conv(Q) be strongly con-
vex with parameter σQ ≥ 0. If 0 < δf ≤ infx∈Q ‖f ′(x)‖∗ and
either σf > 0 or σQ > 0, then

N∑

k=0

‖xk+1 − xk‖2 ≤
2(f∗ − f(x0))

σQδf + σf

.

Our algorithm generalizes the power method for comput-
ing the largest eigenvalue of a symmetric positive definite
matrix C:

max f(x) ≡ 1

2
xT Cx → xk+1 =

Cxk

‖Cxk‖2
.

(4) COMPUTATIONAL EXPERIMENTS

We compare the following Sparse PCA algorithms:

GPowerℓ1 Single-unit sparse PCA via ℓ1-penalty
GPowerℓ0 Single-unit sparse PCA via ℓ0-penalty
GPowerℓ1,m Block sparse PCA via ℓ1-penalty
GPowerℓ0,m Block sparse PCA via ℓ0-penalty
SPCA SPCA algorithm [1]
Greedy Greedy method [2]
rSVDℓ1 Method [3] with ℓ1-penalty (“soft thresholding”)
rSVDℓ0 Method [3] with ℓ0-penalty (“hard thresholding”)

Greedy slows down dramatically, compared to the other
methods, if aimed at obtaining a component of higher car-
dinality.

(4.1) RANDOM DATA: PLOTS

The entries of A are Gaussian with zero mean and unit
variance. The first two plots are based on an average of
100 test problems of size p = 100 and n = 300.
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Trade-off curves. Trade-off curve between explained vari-
ance and cardinality. The algorithms aggregate in two groups.
The methods GPowerℓ1 , GPowerℓ0 , Greedy and rSVDℓ0 do better
(black solid lines), and SPCA and rSVDℓ1 do worse (red dashed
lines).
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Controlling sparsity with γ. Dependence of cardinality on the
value of the sparsity-inducing parameter γ. The horizontal axis
shows a normalized interval of reasonable values of γ. The verti-
cal axis shows percentage of nonzero coefficients of the resulting
sparse loading vector z

∗.

0 0.5 1 1.5 2 2.5 3 3.5
0.5

0.6

0.7

0.8

0.9

1

Computational time [sec]

 

 

P
ro

po
rt

io
n 

of
 e

xp
la

in
ed

 v
ar

ia
nc

e

MaxCvxℓ1 (Variance)
rSVDℓ1 (Variance)

0 0.5 1 1.5 2 2.5 3 3.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Computational time [sec]

P
ro

po
rt

io
n 

of
 n

on
ze

ro
 e

nt
rie

s

 

 

MaxCvxℓ1 (Cardinality)
rSVDℓ1 (Cardinality)

How does the trade-off evolve in time?. Evolution of the ex-
plained variance (solid lines and left axis) and cardinality (dashed
lines and right axis) in time for the methods GPowerℓ1 and rSVDℓ1

on a test problem of size p = 250 and n = 2500.

(4.2) RANDOM DATA: SPEED TABLES

Speed (in seconds):
p × n 250× 2500 500× 5000 750 × 7500 1000 × 10000

GPowerℓ1 0.85 2.61 3.89 5.32
GPowerℓ0 0.46 1.21 2.41 2.93
SPCA 2.77 14.0 41.0 81.6
rSVDℓ1 1.40 6.80 17.8 41.2
rSVDℓ0 1.33 6.20 15.4 36.3
p× n 500 × 2000 500 × 4000 500 × 8000 500× 16000

GPowerℓ1 0.97 1.96 4.30 8.43
GPowerℓ0 0.39 0.97 2.01 4.63
SPCA 7.37 11.4 22.4 44.6
rSVDℓ1 2.56 5.27 11.3 26.8
rSVDℓ0 2.30 4.70 10.3 23.8

(4.3) GENE EXPRESSION DATA

Data sets (breast cancer cohorts):
Study Samples (p) Genes (n) Reference
Vijver 295 13319 van de Vijver et al. [2002]
Wang 285 14913 Wang et al. [2005]
Naderi 135 8278 Naderi et al. [2006]
JRH-2 101 14223 Sotiriou et al. [2006]

Speed (in seconds):
Vijver Wang Naderi JRH-2

GPowerℓ1 7.72 6.96 2.15 2.69
GPowerℓ0 3.80 4.07 1.33 1.73
GPowerℓ1,m 5.40 4.37 1.77 1.14
GPowerℓ0,m 5.61 7.21 2.25 1.47
SPCA 77.7 82.1 26.7 11.2
rSVDℓ1 46.4 49.3 13.8 15.7
rSVDℓ0 46.8 48.4 13.7 16.5

PEI-values based on 536 cancer-related pathways:
Vijver Wang Naderi JRH-2

PCA 0.0728 0.0466 0.0149 0.0690
GPowerℓ1 0.1493 0.1026 0.0728 0.1250
GPowerℓ1 0.1250 0.1250 0.0672 0.1026
GPowerℓ1,m 0.1418 0.1250 0.1026 0.1381
GPowerℓ0,m 0.1362 0.1287 0.1007 0.1250
SPCA 0.1362 0.1007 0.0840 0.1007
rSVDℓ1 0.1213 0.1175 0.0914 0.0914
rSVDℓ0 0.1175 0.0970 0.0634 0.1063

Pathway Enrichment Index (PEI) measures the statistical significance of
the overlap between two kinds of gene sets.
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