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Motivation

We consider a convex optimization problem: min
x∈Q

F (x), Q ⊂ RN.

• Gradient Descent requires K = O
(

1/ε
)

iterations to solve the problem
with accuracy ε: F (xK)− F ∗ ≤ ε. Cubic Newton [1] requires O

(
1/
√
ε
)

iterations, which is much faster.

• But the costs of one iteration are O(N) and O(N3) respectively. This is
too high for huge-scale applications.

• Modern block coordinate methods [3, 2] have computationally effective
steps (updating only a subset of coordinates per step) and their
convergence rate is similar to that of the full methods. Thus, they are
suitable for huge-scale applications.

• Our aim is to develop a fast second-order method with global
complexity guarantees and low cost of every iteration. By utilizing the
problem structure, we combine the block-coordinate randomization
technique and cubic regularization of Newton’s method.

Problem Structure

Consider the following decomposition for F : RN → R:

F (x) ≡ φ(x)︸︷︷︸
twice

differentiable

+ g(x)︸︷︷︸
differentiable

+ ψ(x)︸︷︷︸
nonsmooth
but simple

For a given space decomposition
RN ≡ RN1 × · · · × RNn, x ≡

(
x(1), . . . , x(n)

)
, x(i) ∈ RNi,

assume that φ and ψ are block separable:

φ(x) ≡
n∑

i=1

φi(x(i)), ψ(x) ≡
n∑

i=1

ψi(x(i)).

There are no assumptions on the block separability of g : RN → R.

Thus, our Convex Optimization Problem has the following structure:

min
x∈Q

[
F (x) ≡

n∑
i=1

φi(x(i)) + g(x) +
n∑

i=1

ψi(x(i))

]
,

where Q ⊂ RN is a simple convex set.

Assumptions

• Every φi , i ∈ {1, . . . , n}, is twice-differentiable and convex, with
Lipschitz-continuous Hessian:

‖∇2φi(x)−∇2φi(y)‖ ≤ Hi‖x − y‖, ∀x , y ∈ RNi.

• g is differentiable, and for some fixed symmetric positive semi-definite
matrices A � G � 0 we have, for all x , y ∈ RN:

• g(y) ≤ g(x) + 〈∇g(x), y − x〉 + 1
2〈A(y − x), y − x〉,

• g(y) ≥ g(x) + 〈∇g(x), y − x〉 + 1
2〈G (y − x), y − x〉.

• ψi are arbitrary convex functions, possibly nondifferentiable but simple.

Model of the Objective

• Fix a subset of blocks: S ⊂ {1, . . . , n}.
• For y ∈ RN denote by y[S ] ∈ RN the vector with zeroed i /∈ S .

• MH ,S(x ; y) ≡ F (x) + 〈∇φ(x), y[S ]〉 +
1

2
〈∇2φ(x)y[S ], y[S ]〉 + H

6‖y[S ]‖3

+ 〈∇g(x), y[S ]〉 +
1

2
〈Ay[S ], y[S ]〉 +

∑
i∈S

[
ψi(x(i) + y(i))− ψi(x(i))

]
.

• From smoothness: F (x + y) ≤ MH ,S(x ; y) ∀x , y ∈ RN for H ≥
∑
i∈S

Hi .

• Step of the method: TH ,S(x) ≡ argmin
y∈RN

[S ]

s.t. x+y∈Q

MH ,S(x ; y).

Algorithm 1: Randomized Block Cubic Newton (RBCN)

Parameters: starting point x0 ∈ Q, uniform random distribution Ŝ .

Iteration k ≥ 0:

1: Sample Sk ∼ Ŝ

2: Find Hk > 0 such that

F (xk + THk,Sk(x
k)) ≤ MHk,Sk(x

k; xk + THk,Sk(x
k)).

3: Make the step: xk+1 def
= xk + THk,Sk(x

k).

Convergence Results

We want to obtain: P
(
F (xK)− F ∗ ≤ ε

)
≥ 1− ρ,

ε > 0 is the required accuracy, ρ ∈ (0, 1) is the confidence level.

Theorem 1. Under our assumptions, it is enough to set

K = O

(
1

ε
· n
τ
·
(

1 + log
1

ρ

))
, where τ ≡ E[|Ŝ |].

Theorem 2. Let σ ∈ [0, 1] be a special condition number (see our paper).

We have a bound for it: σ ≥ λmin(G ) / λmax(A).

Then if σ > 0, it is enough to set

K = O

(
1√
ε
· n
τ
· 1

σ
·
(

1 + log
1

ρ

))
.

Theorem 3. Strongly convex case. Let µ ≡ λmin(G ) be greater than zero.

Then it is enough to set

K = O

(
log

(
1

ερ

)
· n
τ
· 1

σ
·

√
max

{
HD

µ
, 1

} )
, where D ≥ ‖x0 − x∗‖.

Empirical Risk Minimization

min
w∈Rd

[
P(w) ≡

n∑
i=1

φi(b
T
i w)︸ ︷︷ ︸

loss

+ g(w)︸︷︷︸
regularizer

]
Examples. Logistic regression: φi(a) = log(1 + exp(−yia)), Poisson
regression: φi(a) = exp(a)− yia, Generalized linear models.

Reformulation: min
w∈Rd

P(w) = min
w∈Rd

µ∈Rn

bTi w=µi︸ ︷︷ ︸
≡ Q

[ n∑
i=1

φi(µi)︸ ︷︷ ︸
separable,

twice
differentiable

+ g(w)︸︷︷︸
differentiable

]

• Option 1: Solve this using the primal method (Algorithm 1).

Dual Problem: min
w∈Rd

P(w) ≥ max
α∈Rn

D(α) ≡
n∑

i=1

−φ∗i (αi)︸ ︷︷ ︸
separable, twice

differentiable

− g∗
(
−BTα

)
︸ ︷︷ ︸

differentiable

.

• Option 2: Primal-Dual algorithm: updates of the cubic model M̃H ,S(α; ·) for Dual
problem.

Algorithm 2: Stochastic Dual Cubic Newton Ascent (SDCNA)

Parameters: starting dual variable α0 ∈ Q, distribution Ŝ , H0 > 0.

Iteration k ≥ 0:

1: Make the primal update: w k def
= ∇g∗

(
BTαk

)
2: Sample Sk ∼ Ŝ

3: While M̃Hk,Sk(α
k;αk + T̃Hk,Sk(α

k)) > −D(αk + T̃Hk,Sk(α
k)) do

Hk := 0.5 · Hk

4: Make the dual update: αk+1 def
= αk + T̃Hk,Sk(α

k)
5: Set Hk+1 := 2 · Hk

Experiments

Training Logistic Regression (Algorithm 1)
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Training Poisson Regression (Algorithm 2)
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SDNA: [2] and SDCA: [4] methods.
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