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The Problem

where f = & Z Aifi(x), f; are smooth and convex, A; > 0 are weights,

and 1) : Rd —> R U {400} is closed and convex.

Sampling

Sampling: A random set valued mapping S with values being subsets
of {1,...,n}. A sampling is uniquely defined by assigning probabilities

to all 2" subsets of {1,...,n}. Let 7 e E|S| be the expected size of S,
and define

pi € Prob(i € 8), i€{l,....n}h

A sampling is called proper if p; > 0 for all 7. For C' C {1,...,n}, let

pe < Prob(S = O).

Bias-correcting random vector: vector s = (0%, ...,0%) € R" with the
property

E[Diag(0s)Ise] = ¢, ie, E|Oilics| =1, Vi (2)
where
e e: n X 1 vector of all ones
e I: n X n identity matrix

e I5: n X n matrix with ones in places (¢,4) for i € S

® 1,cq: indicator random variable of the event 2 € S, ie.,: 1jcg =1 if
i€ Sand ljeg=0if1 ¢ S

Algorithm

Prox operator: proxt(«) = arg min {;aux —ylP +¥(y)}
Gradient matrix: G(x) = dd Vfi(x), -, Vi (x)] € Rdxn

Algorithm 1: SAGA with Arbitrary Sampling (SAGA-AS)

Initialize: " € RY, J0 € RIx"

Parameters: arbitrary sampling S, bias-correcting random vector
s, stepsize a > 0

for k=1,2,... do

Sample fresh S, C {1,...,n}

Jil = J% 4+ (G(2F) — INI,

g" = J*A + (G(2") — J*)Diag(fs,)Is, A

" = prox¥ (z¥ — ag")
end
Smooth Case () = 0)
Assumptions:

e f; is convex and L;-smooth,

e f is p-strongly convex and L-smooth

e There exist constants A; > 0 and 0 < B < 1 such that for any
matrix M € R4

E [|[MDiag(6s)IsA[I”] < ) AN ML[|* + BIIMA|
i=1
Lyapunov function:

ph 2" — 2*[]* + QCVZ%A@')\ZZHJ;IZ -V fiz")|,
i=1

o 1 w - )
where 0; = g and 27 is a solution of (1).
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p is known: o = min; {/L—|—4(1—|—B)LA)\zpz 2(1+1/B)L

{1 4(1+ B)L;

+
Di M

k > max

)

pi B~
p is unknown: o = min, {8 1+B)LiAhipi* 2(1+1/B)L

2 8(1 L AN 2B(1+ %)L
k> max ﬁ(+& AA7 (1+3)
Di 2 U

1

Interface For Sampling

o Proper sampling: A = 4 4 Yol Cl(0L), B =0,

n_ —T n(rt—1
1.n B=1

o Independent sampling (6% = —) A ==—1B=1.

e T-nice sampling (0% = 1)‘ A =

Optimal Bias-Correcting Random Vector

Let ©(S) be the collection of all bias-correcting random vectors associ-

ated with sampling S, i.e., E[fsIse] = e. Let E[-] YR E[- |7 e S]

Let S be a proper sampling. Then

1 1
~ Yciecrc/ICl T pE[L/IS]

for all ¢, and the minimum is obtained at 8 € ©(S) given by
1 1

C Xeiecpc/ICl pilCIEL/|S]]

i, —

forall C':2 € C;

e Moreover,
1

BTLST S B[S, Vie{l,...,n

Importance Sampling

Let 7 & E[|S|] be the expected minibatch size, and L e D iein] LiNi.

Consider the independent sampling with 6% = 1/p;. Let
g = (,LL + SLZ)\Z)T
Z Zie[n] (1 +8LiN;)

By choosing min{g;, 1} < p; < 1 such that .,
complexity becomes:

8L 4L 1
max {E + —, } log (—) . (3)
T  UT W €

n,LL-|—8L

p; = T, the iteration

Linear speedup: When 7 < , (3) becomes

(n 8L> (1)
— 4+ log :
T T €
mH—8[_/7 (3)

which yields linear speedup with respect to 7. When 7 > =55

becomes
41, 1
— log
L4 €
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Nonsmooth Case (strongly convex)

Assumptions:

° fi(z) = ¢i(A] x)

® ¢ is 1/y-smooth and convex

® 1); is p-strongly convex

e Choose 0% = 1/p;

e Let v; satisty the ESO inequality:

.
Es |||) A
€S

n
< ZpZUZHhZHZ
i=1
Lyapunov function:

n
def U;
U= 2t — 2P+ a )y oAl — V(A2

1=1 g

u is known: g; = 2v/3v;A;, @ = minj<;<,

1 3?}@)\2
k>max< 1+ —+ log -] .
2 pi  DPipt?y €

v is unknown: o; = v/(1 + ap)v;A; , o = mini<i<p 1

4v; A 2} (1)
: log (-] .
Pil?y Pi €

Nonsmooth Case (non-strongly convex)

Assumptions:

* filz) = ¢i(A; z)

® ¢ is 1/~-smooth and convex
° 05 =1/p,

e ESO inequality

e Nullspace consistency: For any z*, y* € A* we have
Az =Aly*, Vien],
def

where X* = argmin{ P(z) : x € R%}.

e (Quadratic functional growth condition: there is a constant p > 0
such that

P(zb) — P* > ngk M wpd, VE >,

where [z]* = argmin{||z — y|| : y € X*}, for the sequence {z*}
produced by the Algorithm.

Lyapunov function:

n
O |2 — [P+ Y oAk — VoAl
i=1 ¢

where o; = v/2v;\;

Convergence Result (E[U"] < e-E[UY))

. ) R 2 1
1 is known: o = min {3 min; <;j<n u+4m T BL}

e E)0)

v iS unknown: o = min {m1n1<z<n 120 )\ /,ya 31L

k> |2+ max { —, max : log (-] .
B Kpi7Y  Di €

MOSCOW INSTITUTE
OF PHYSICS AND TECHNOLOGY

Numerical Results

1. mini-batch SAGA versus mini-batch SDCA |1, 2]
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2. Importance sampling versus uniform sampling
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3. SAGA versus CD
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