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The Problem

min
x∈Rd

P (x) def=
(

n∑
i=1

λifi(x)
)

+ ψ(x), (1)

where f def=
n∑
i=1
λifi(x), fi are smooth and convex, λi > 0 are weights,

and ψ : Rd→ R ∪ {+∞} is closed and convex.

Sampling

Sampling: A random set valued mapping S with values being subsets
of {1, . . . , n}. A sampling is uniquely defined by assigning probabilities
to all 2n subsets of {1, . . . , n}. Let τ def= E|S| be the expected size of S,
and define

pi
def= Prob(i ∈ S), i ∈ {1, . . . , n}.

A sampling is called proper if pi > 0 for all i. For C ⊆ {1, . . . , n}, let

pC
def= Prob(S = C).

Bias-correcting random vector: vector θS = (θ1
S, . . . , θ

n
S) ∈ Rn with the

property

E [Diag(θS)ISe] = e, i.e., E
[
θiS1i∈S

]
= 1, ∀i, (2)

where
• e: n× 1 vector of all ones
• I: n× n identity matrix
• IS: n× n matrix with ones in places (i, i) for i ∈ S
• 1i∈S: indicator random variable of the event i ∈ S, i.e.,: 1i∈S = 1 if
i ∈ S and 1i∈S = 0 if i /∈ S

Algorithm

Prox operator: proxψα(x) def= arg min
{ 1

2α‖x− y‖
2 + ψ(y)

}
Gradient matrix: G(x) def= [∇f1(x), · · · ,∇fn(x)] ∈ Rd×n

Algorithm 1: SAGA with Arbitrary Sampling (SAGA-AS)
Initialize: x0 ∈ Rd, J0 ∈ Rd×n

Parameters: arbitrary sampling S, bias-correcting random vector
θS, stepsize α > 0
for k = 1, 2, . . . do
Sample fresh Sk ⊆ {1, . . . , n}
Jk+1 = Jk + (G(xk)− Jk)ISk
gk = Jkλ + (G(xk)− Jk)Diag(θSk)ISkλ
xk+1 = proxψα

(
xk − αgk

)
end

Smooth Case (ψ ≡ 0)

Assumptions:
• fi is convex and Li-smooth,
• f is µ-strongly convex and L-smooth
• There exist constants Ai ≥ 0 and 0 ≤ B ≤ 1 such that for any
matrix M ∈ Rd×n

E
[
‖MDiag(θS)ISλ‖2] ≤ n∑

i=1
Aiλ2

i‖M:i‖2 + B‖Mλ‖2

Lyapunov function:

Ψk def= ‖xk − x∗‖2 + 2α
n∑
i=1

σiAiλ2
i‖Jk:i −∇fi(x∗)‖2,

where σi = 1
4(1+B)LiAipiλi and x

∗ is a solution of (1).

Convergence Result (E[Ψk] ≤ ε · E[Ψ0])

µ is known: α = mini
{

pi
µ+4(1+B)LiAiλipi,

B−1

2(1+1/B)L

}
k ≥ max

i

{
1
pi

+ 4(1 + B)LiAiλi
µ

,
2B(1 + 1

B)L
µ

}
log
(1
ε

)
.

µ is unknown: α = mini
{

pi
8(1+B)LiAiλipi,

B−1

2(1+1/B)L

}
k ≥ max

i

{
2
pi
,
8(1 + B)LiAiλi

µ
,
2B(1 + 1

B)L
µ

}
log
(1
ε

)
.

Interface For Sampling

• Proper sampling: Ai = βi
def=
∑

C⊆[n]:i∈C pC|C|(θiC)2, B = 0.
• τ -nice sampling (θiS = 1

pi
): Ai = n

τ ·
n−τ
n−1, B = n(τ−1)

τ (n−1).
• Independent sampling (θiS = 1

pi
): Ai = 1

pi
− 1, B = 1.

Optimal Bias-Correcting Random Vector

Let Θ(S) be the collection of all bias-correcting random vectors associ-
ated with sampling S, i.e., E[θSISe] = e. Let Ei[·] def= E[· | i ∈ S].

Lemma

Let S be a proper sampling. Then
•

min
θ∈Θ(S)

βi = 1∑
C:i∈C pC/|C|

= 1
piEi[1/|S|]

for all i, and the minimum is obtained at θ ∈ Θ(S) given by

θiC = 1
|C|

∑
C:i∈C pC/|C|

= 1
pi|C|Ei[1/|S|]

for all C : i ∈ C;
•Moreover,

1
Ei[1/|S|]

≤ Ei[|S|], ∀i ∈ {1, . . . , n}.

Importance Sampling

Let τ def= E[|S|] be the expected minibatch size, and L̄ def=
∑

i∈[n]Liλi.
Consider the independent sampling with θiS = 1/pi. Let

qi = (µ + 8Liλi)τ∑
i∈[n](µ + 8Liλi)

.

By choosing min{qi, 1} ≤ pi ≤ 1 such that
∑

i∈[n] pi = τ , the iteration
complexity becomes:

max
{
n

τ
+ 8L̄
µτ
,
4L
µ

}
log
(1
ε

)
. (3)

Linear speedup: When τ ≤ nµ+8L̄
4L , (3) becomes(

n

τ
+ 8L̄
µτ

)
log
(1
ε

)
,

which yields linear speedup with respect to τ . When τ ≥ nµ+8L̄
4L , (3)

becomes
4L
µ

log
(1
ε

)
.

Nonsmooth Case (strongly convex)

Assumptions:
• fi(x) = φi(A>i x)
• φ is 1/γ-smooth and convex
• ψi is µ-strongly convex
• Choose θiS = 1/pi
• Let vi satisfy the ESO inequality:

ES


∥∥∥∥∥∥
∑
i∈S

Aihi

∥∥∥∥∥∥
2
 ≤ n∑

i=1
pivi‖hi‖2.

Lyapunov function:

Ψk def= ‖xk − x∗‖2 + α
n∑
i=1

σi
vi
pi
λ2
i‖αki −∇φi(A>i x∗)‖2.

Convergence Result (E[Ψk] ≤ ε · E[Ψ0])

µ is known: σi = 2γ/3viλi, α = min1≤i≤n
pi

µ+3viλi/γ

k ≥ max
i

{
1 + 1

pi
+ 3viλi
piµγ

}
log
(1
ε

)
.

µ is unknown: σi = γ/(1 + αµ)viλi , α = min1≤i≤n
piγ

4viλi

k ≥ max
i

{
1 + 4viλi

piµγ
,

2
pi

}
log
(1
ε

)
.

Nonsmooth Case (non-strongly convex)

Assumptions:

• fi(x) = φi(A>i x)
• φ is 1/γ-smooth and convex
• θiS = 1/pi
• ESO inequality
•Nullspace consistency: For any x∗, y∗ ∈ X ∗ we have

A>i x∗ = A>i y∗, ∀i ∈ [n],

where X ∗ def= arg min{P (x) : x ∈ Rd}.
•Quadratic functional growth condition: there is a constant µ > 0
such that

P (xk)− P ∗ ≥ µ

2
‖xk − [xk]∗‖2, w.p.1, ∀k ≥ 1,

where [x]∗ = arg min{‖x− y‖ : y ∈ X ∗}, for the sequence {xk}
produced by the Algorithm.

Lyapunov function:

Ψk def= ‖xk − [xk]∗‖2 + α
n∑
i=1

σi
vi
pi
λ2
i‖αki −∇φi(A>i x∗)‖2,

where σi = γ/2viλi.

Convergence Result (E[Ψk] ≤ ε · E[Ψ0])

µ is known: α = min
{

2
3 min1≤i≤n

pi
µ+4viλi/γ ,

1
3L

}
k ≥

(
2 + max

{6L
µ
, 3 max

i

( 1
pi

+ 4viλi
piµγ

)})
log
(1
ε

)
.

µ is unknown: α = min
{

min1≤i≤n
pi

12viλi/γ ,
1

3L

}
k ≥

(
2 + max

{6L
µ
,max

i

{24viλi
µpiγ

,
2
pi

}})
log
(1
ε

)
.

Numerical Results

1. mini-batch SAGA versus mini-batch SDCA [1, 2]
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2. Importance sampling versus uniform sampling
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3. SAGA versus CD
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