1. The Problem:

Stochastic Optimization Problem:

min f(z) :=

rceRd

s~p|fs ()] (1)

o fs(z):=L|Az—b|%4 = L(Az —b)TH(Az —b) and H:= S(STAATS)'ST = 0.

e S is a random matrix with n rows (and arbitrary number of columns, e.g., 1).

e D i1s a distribution over such matrices.

Best Approximation Problem:

1 1
in P(x):= <||r — = —(x—x0) (z—
min  P(a) = 5o - 2o|* = 5(z — 20) (2 — 20) "

subject to Ax =0

Exactness (|3]) : |argmingcpe f(z) ={z: Ax = b}

2. Stochastic Heav

Ll — CUVfSk (:Ek)
N—— —
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Momentum Term

Lk4+1 =

e S; ~ D in each iteration (i.i.d)

e We do not have (or do not wish to exercise, as it may be prohibitively expensive) explicit access
to function f. We only have access to stochastic function fg, and its gradient V fg, .

5. Conve 4. Eigen

L2 Convergence / Function Values
Theorem: Choose g = 21 € RY. Assume ex-
actness. Let {zy}7°, be the sequence of ran-
dom iterates produced by SHB. Assume 0 <
w < 2 and 8 > 0 and that the expressions

= 1+38+28% — (w(2 —w) +wB)A. and

= B+ 28% +wBAmax satisfy a1 + a9 < 1. Let
r, be the solution of (2). Then

Amax (resp. M. ) is the largest (resp. smallest
nonzero) eigenvalue of V2 f(x).
It turns out that 0 < AT, < Ajax < 1.

min —

6. Conve

Cesaro average: sublinear rate

Theorem: Choose g = x;1 and let {z}72, be
the random iterates produced by SHB, where
the momentum parameter 0 < [ < 1 and
relaxation parameter (stepsize) w > 0 satisfy

w+ 26 < 2. Let x, be any vector satisfying
f(z,) =0. If we let 2 = %Zle r¢, then

I7] < ¢"(1+0)[|zo — @.||”

B[ f(r)] < 725 (1 +9) |20 — 2.

ai1++/a?+4a
where ¢ = — \/21 =

over, a; + ag < g < 1.

More-

and 0 = q — a;.

(1 = B)%|wo — w||* + 2wBf (w0)
2w(2 — 28 — w)k

zr)| <

(5)

8. Numerical Eval
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Figure 2: The performance of randomized Kaczmarz and randomized Kaczmarz with momentum for several momen-
tum parameters § on real data from LIBSVM. mushrooms: (n,d) = (8124, 112), splice: (n,d) = (1000, 60). The graphs
in the first (second) column plot iterations (time) against residual error while in the third (forth) column plot iterations
(time) against function values. The “Error" on the vertical axis represents the relative error ||z — x«||?/||z«||?, and
the function values f(xj) refer to function (1).
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Let S = ¢; (unit coordinate vector in R™) with
probability p; > 0. In this setup, SHB simplifies
to:

||A H

Thtl =T — W AT+5(SEk—£Uk 1)

(b) Randomized Kaczmarz Method with
Momentum [This paper]

Figure 1: Graphical interpretation of the randomized
Kaczmarz method and the randomized Kaczmarz method
with momentum on a simple example with only two hy-
perplanes H; = {x A;.x —b;} where i = 1,2 and a
unique solution x,. That is, n = 2 and d = 2.

L1 convergence: accelerated linear rate

Theorem: Assume exactness. Let {xx}72, be
the sequence of random iterates produced SHB,
started with zg,z; € R? satisfying the relation
ro — v1 € Range(A'), with stepsize parame-
ter 0 < w < 1/Amnax and momentum parameter

(1 — (WA, )1/2)2 < B < 1. Then there exists

min

constant C' > 0 such that for all £ > 0 we have

oy — a.]||? < B°C (6)

Special Cases:

(i) w=

(1 - /0. 99>\mm>
ey — 2|3 < (1 - /0. 99>\mm> C

(11) W = 1/>\maX7 6 — (1 - \/O 99 ;n:;>

)\—F
0.99 /% C
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lar —alg < [ 1-
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