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Part 1
Introduction



Fundamental Optimization Problem:
Constrained Optimization

f:R¥ SR

constraint / feasible set differentiable

D+ x CR?
closed & convex

X, := argmin f(x) is nonempty
rEX



Three Ways of Handling Constraints

/Projection Oracle\

o <

X .

X

arg min ||z — z|

Projected GD

k Mirror Descent /

Strong theory
Practical

/ (Global) Linear \

Minimization Oracle

p X

oL

arg min(g, )

Frank—Wolfe

K Conditional GD /

Weak theory
Practical

/Separation Oracle\

X

\ Ellipsoid Method /

Strong theory
Not Practical




Can we design a projection-free gradient
method with projected-GD-grade theory?



New Oracle: Local LMO

(Global)
X '\ 2\
.Y
T
arg min(g, ar min y &L
g rEX g ga:EQmB(y,t)@ >
Frank—Wolfe Local LMO

Conditional GD



Part 2
New Algorithm: Local LMO



New Method: Local LMO

min f(x)

TEX et

€ a min Vi(xg), 2
Tl+1 rgzeXﬂB(a:k,tk) < f( k) >

current iterate
rp €X admissible radius



No Constraints:
Local LMO = Gradient Descent

min f(x) acl o
X = R Ty = arg  min o (VF(k),2)
= ar min Vi(re), 2
Effective stepsize gz : ||Z_wk||§tk < f( k) >
tk = ' X1 " Xg! v
— 2 S ()

IVf (i)



Subspace Constraints:
Local LMO = Gradient Descent in the Subspace

min f(x) X =Ii b fRd
xe;\f f( ) INear supspace o

"HSY%&!(

' Proj I f - - "
Xi !ty F{fgjxx<(! Fa it Projy (" f (xi)) #0

XK it Projy (" f(xx)) =0

Xk+1 =



[Projection Oracle} vs Linear Minimization Oracle

Projection-free

Works even when diam X) = + !

Rate independent of diam(X)

Reduces to GD whenX = R

Linear convergence in
smooth strongly convex regim

Converges for non-smooth function

Easily implementable stepsize rule

f

~

"H#$%&0()*+

* % )/01
B" 4567#,8%9

[#&.,601)
24%::9



Part 3
Convergence Theory



Master Theorem



Two Radius Admissibility Rules

$! f (Xk), Xk %X &
T (xk)'

constrained minimizer

| f(xk) 20, O<ty#

x; | arg mi)?f (x)
x!

S f(Xk) %! (X)), Xk %X, &
T f(xk) %! (X))

L f(xe) ! F(X), O<ty#



Master Theorem
differentiable &

nonempty, closed & convex
not necessarily convex!

T € X
T c ar ' V
ot ngXr%l(I;k,tk) (Vil(@x), 2)

Admissible radius (Type-I| or Type-lIl)
LF() =0, 0<ty# > f,(!xkf)‘(;‘:)%x!‘g
$f (xe) %! f(x1), Xk %X &
1 11 * Pi(xe) = ! f(x), O<ty# Tt %1 f(x )
"#$%&"$(&)*+, U

<=)4%>%")'##)-<?@ tk I " Xk # X! [ constrained minimizer

x; I argminf (x)

Xk! x! X

YAB.,=)'C%)%88%&'<>%)="%D=<E%lg = ! Xy+1
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2D Examples
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Theory in the
Smooth & Convex Regime



Convergence Theorem: Smooth Convex Regime

!"#$%&' constrained minimizer

" f(x ) H#" T (X)! xi | argminf (x) "H$968"$%" (%
ty = (%) (1) o )8*+$,'$-%6./0

L

In the unconstrained case:
Local LMO with this radius = GD with 1/L stepsize

2 2
E> o! min 1" f(x)#" fa)!®$ L X0 # X!

kI K" 1 K

initial iterate
Xo! X

f is L-smooth and strictly convex



Theory in the
Smooth & Strongly Convex Regime



Convergence Theorem:

Smooth & Strongly Convex Regime
($&)"*+,-I"#$% &'

constrained minimizer

2 pL . "HEY6&$Y6" (%
Ik = Xy # X" s arg ) )8x+$,'$-%6./0%
L+ 18286 7$%-*$(%62+98
g *28$895%6:2$"&6;Q
: 11 2K
| n | 2 L l'l
' XK X! # ' X0
L + u
f is L-smooth and p-strongly convex initial iterate

Xo! X



Theory in the
Non-Smooth & Convex Regime



Convergence Theorem:
Non-Smooth Convex Regime

J01"2-I"#$%&'

t —_ f (Xk) ! f (XI ) constrained minimizer
= 1 argminf e
‘ H#T(Xk)" e )g%,'i-%o(/

In the unconstrained case:
Local LMO with Polyak radius = GD with Polyak stepsize

= EICVIRICOE G#’%’L_-X!#

1 If! 1
Xk = K Xk
k=0 " f(x)'# G $x %X

initial iterate
Xo! X

f has bounded gradient



Theory in the
Smooth & Non-Convex Regime



Convergence Theorem:
Smooth Non-Convex Regime

3I"#$,*)-4"55$*6-1"#$%&' _
: 1
! G(Xk)' G(x)=L x! Projy x! f" f (x) I"#$%&"$%" (%

tk = )&*+$,'$-%./0
In the unconstrained case: f is L-smooth initial iterate
G(x)="! f(x) Xo ! X

Local LMO with this radius = GD with 1/L stepsize

|:> o min !G(Xk)!Z-- 2L (f (Xo) # 11)

I n minimum
k! K" 1 K fy < min 09




Theory in Other Regimes



Table 1: Comparison of FW and Local LMO under different regimes. Notation: z, € X, i :

flaw) = f(2s), B = |lox — 2|l Ak = |V f(2r) = VI (@)l er = Lo + La||VF(zx)ll, ex =
Lo+ L1||Vf(zy)|, D := diam X, and G (z) = (:v — Projy (x — vV f(x))).

Property Frank—Wolfe Local LMO (new)
Oracle LMO for X LMO for X N B(zk, t)
Projection-free v v
Works even if diam X = oo X v
Reduces to GD if X = R¢ X v
Rate independent of D X v
Rate for X@ ming<k<x 10k 4§6 GTJ%) (h)

G-gradient bounded & convex f

(with radii tg, = ok/||Vf(z))

4.2 12 p2
2 L7R5 ()
—1 Ak < K

Rate for LD? i
0w = 0O ( ) ming<g<K
L—smooth & convex® f K K (with radii t;, = Ax/L)
5 G.1 4.2Rp2
Rate for S = O ((L0+L1G)D2) © ming<p<x_1 A2 < % (h, d)
(Lo, L1)-smooth & convex f K (with radii tj, = Ak (ck+es)/2chc,)
. 4.5 _N2K
Rate for S _@(LDz) |z x 7‘%*”2 <§+Z) RZ (h)
- - K
L—smooth & p-strongly convex f (with radii 5, = 2«55 Ry)
Ratefor =0(dg)®  mimoskcr |Gy’ S oo
L-smooth & non-convex f VK (with radii ¢, = HGl (@ k)” /L)
Rate f'or o <@ Sk 121 (1— & )K 50
L—smooth & projected-PLY f (with radii t;, = [1G1/1@0)||/L)



Part 4
Plush Toy Experiments



Local LMO vs Projected GD vs Frank-Wolfe

—— Local-LMO
Projected GD
—— Frank--Wolfe

| === Local-LMO bound (55)%|lxo — x.. |1

L+pu
0 20 40 60
iteration k

80 100
(strongly convex quadratic in 2 dimensions)



Practical Radius Rule Inspired by Theory

Theoretical radius: ” 7 it
\\\»\" = Xo# X" |
BTN D — "
2 L —24 | “H".;":' ‘ ,
t, = HL X, # Xi" 0 I HM’*\'E'M'MM L RATRYRTIVIVIVIVIN
k k : - ! v ! A'Hl ,q W ' ‘[‘ ‘ﬂ “‘W“”' !‘ I '” “'
L+ 1 2 1076 | A il M
A ' ";’w’t",\' """ AL ‘
< g VAR
= 10-6| — baseline: ty =0 xx—x.[| —— qi0.883 I\ "'
Practical radius uses 1 e ey TN ’WW.
two tunable parameters: 10-84|—— §=0.833 - 9=0933 I
—— g=0.850 —— ¢=0.950
_ .k —— g=0.867
lk = C aq, ( | (O’ 1) 0 20 40 60 80 100
iteration k

(strongly convex quadratic in 2 dimensions)






