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Part 1
Introduction



<latexit sha1_base64="MdQQWl3PZy0DnHKWKjo+AaJmiEA=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYNUlirpUBgrWBiLRB9SE0WO67RWHSeyHdQq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPkDAqlW1/G4WNza3tneJuaW//4PDIPD7pyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcY38z97gMRksb8Xk0T4kVoyGlIMVJa8s2yZbkR5X42cSmHLkYM9mYwrE4uLMs3K3bNXgCuEycnFZCj5Ztf7iDGaUS4wgxJ2XfsRHkZEopiRmYlN5UkQXiMhqSvKUcRkV62eGIGz7UygGEsdHEFF+rviQxFUk6jQHdGSI3kqjcX//P6qQqvvIzyJFWE4+WiMGVQxXCeCBxQQbBiU00QFlTfCvEICYSVzq2kQ3BWX14nnXrNadQad/VK8zqPowjK4AxUgQMuQRPcghZoAwwewTN4BW/Gk/FivBsfy9aCkc+cgj8wPn8AAQCWZw==</latexit>

min
x2X

f(x)

Fundamental Optimization Problem: 
Constrained Optimization

<latexit sha1_base64="mhfwnOIRBEV4m3QtykVrV3bCFmM=">AAACGXicbZC7SgNBFIZnvcZ4i1raDEbBKuyKRMuAjWUUc4FsDLOTszo4O7vOnBWWJa9h46vYWChiqZVv4+RSaOIPAz/fOYc55w8SKQy67rczN7+wuLRcWCmurq1vbJa2tpsmTjWHBo9lrNsBMyCFggYKlNBONLAokNAK7s6G9dYDaCNidYVZAt2I3SgRCs7Qol7J3fchSjAzgNRXcE9znzNJ2wPqmzSw1CI/YngbBPnl4Lq/3yuV3Yo7Ep013sSUyUT1XunT78c8jUAhl8yYjucm2M2ZRsElDIp+aiBh/I7dQMdaxSIw3Xx02YAeWNKnYaztU0hH9PdEziJjsiiwncMlzXRtCP+rdVIMT7u5UEmKoPj4ozCVFGM6jIn2hQaOMrOGcS3srpTfMs042jCLNgRv+uRZ0zyqeNVK9eKoXDuexFEgu2SPHBKPnJAaOSd10iCcPJJn8krenCfnxXl3Psatc85kZof8kfP1AypPoF8=</latexit>

; 6= X ✓ Rd

constraint / feasible set

closed & convex

loss / cost / objective function
<latexit sha1_base64="+qM8r3HGYIosVx/h0lxSD4U0RC0=">AAACCXicbVC7SgNBFL0bXzG+Vi1tBhPBKuwGiWIVsLGMYh6QXcPsZDYZMvtgZlYIS1obf8XGQhFb/8DOv3E22UITDwwczrmXued4MWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjjq8zvPFAhWRTeqUlM3QAPQ+YzgpWW+iaq+JfICbAaeV56O70fIEdFv4RK3yxbVWsGtEzsnJQhR7NvfjmDiCQBDRXhWMqebcXKTbFQjHA6LTmJpDEmYzykPU1DHFDpprMkU3SilQHyI6FfqNBM/b2R4kDKSeDpyexEuehl4n9eL1H+hZuyME4UDcn8Iz/hSIfNakEDJihRfKIJJoLpWxEZYYGJ0uWVdAn2YuRl0q5V7Xq1flMrN87yOopwBMdwCjacQwOuoQktIPAIz/AKb8aT8WK8Gx/z0YKR7xzCHxifPyhymVc=</latexit>

f : Rd ! R

differentiable

<latexit sha1_base64="0pLLt5ouIyA+klmzheaALkfgDmU="></latexit>

X? := argmin
x2X

f(x) is nonempty



Three Ways of Handling Constraints

Projection Oracle (Global) Linear 
Minimization Oracle

Separation Oracle

Projected GD
Mirror Descent

Frank–Wolfe
Conditional GD Ellipsoid Method

<latexit sha1_base64="QzLUWiR9nu4n9qQwPGnnYJcr5TI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3SPVY8OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud56o0iyWD2aa0EDgkWQRI9hY6dF1+wRz1HXdQbniVb0F0Drxc1KBHM1B+as/jEkqqDSEY617vpeYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYXz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugkyJpPUUEmWi6KUIxOj+ftoyBQlhk8twUQxeysiY6wwMTakkg3BX315nbRrVb9erd/XKo2rPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP2//j20=</latexit>

X
<latexit sha1_base64="QzLUWiR9nu4n9qQwPGnnYJcr5TI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3SPVY8OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud56o0iyWD2aa0EDgkWQRI9hY6dF1+wRz1HXdQbniVb0F0Drxc1KBHM1B+as/jEkqqDSEY617vpeYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYXz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugkyJpPUUEmWi6KUIxOj+ftoyBQlhk8twUQxeysiY6wwMTakkg3BX315nbRrVb9erd/XKo2rPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP2//j20=</latexit>

X
<latexit sha1_base64="QzLUWiR9nu4n9qQwPGnnYJcr5TI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3SPVY8OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud56o0iyWD2aa0EDgkWQRI9hY6dF1+wRz1HXdQbniVb0F0Drxc1KBHM1B+as/jEkqqDSEY617vpeYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYXz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugkyJpPUUEmWi6KUIxOj+ftoyBQlhk8twUQxeysiY6wwMTakkg3BX315nbRrVb9erd/XKo2rPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP2//j20=</latexit>

X

Strong theory
Practical

Weak theory
Practical

Strong theory
Not Practical

<latexit sha1_base64="OLh6kZzoep3GYuI5kjNEkXuLgAM="></latexit>

argmin
x2X

hg, xi

<latexit sha1_base64="u3POrAPCpArcv752UPmXL13I2ZY=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFg0SU5V0KIwVLIxFog+pjSrHdVurjhPZDqgK/RQWBhBi5UvY+BvcNAO0HOlKR+fc6+t7gpgzpV332ypsbG5t7xR3S3v7B4dHdvm4raJEEtoiEY9kN8CKciZoSzPNaTeWFIcBp51gerPwOw9UKhaJez2LqR/isWAjRrA20sAuO04/eyUNeELnY8cZ2BW36mZA68TLSQVyNAf2V38YkSSkQhOOlep5bqz9FEvNCKfzUj9RNMZkise0Z6jAIVV+mi2do3OjDNEokqaERpn6eyLFoVKzMDCdIdYTteotxP+8XqJHV37KRJxoKshy0SjhSEdokQMaMkmJ5jNDMJHM/BWRCZaYaJNWyYTgrZ68Ttq1qlev1u9qlcZ1HkcRTuEMLsCDS2jALTShBQQe4Rle4c16sl6sd+tj2Vqw8pkT+APr8wdeWZNw</latexit>g

<latexit sha1_base64="Li1DLxjCzVUoI2PVh3JKkRSHx/w=">AAACKHicbVDLSgMxFM34tr6qLt0EW8GFlJlSqjtFNy4V7APaUjKZO21oJjMkGbEM8zlu/BU3Iop065eYTmehrRcSDueec29y3IgzpW17Yi0tr6yurW9sFra2d3b3ivsHTRXGkkKDhjyUbZco4ExAQzPNoR1JIIHLoeWObqb91iNIxULxoMcR9AIyEMxnlGhD9YuXXQ98480mJZFBAwkg0kQO3DSxK/YZtiu18+yupYVyuTtTSvBS/FQu94slI8oKLwInByWU112/+N71QhoHIDTlRKmOY0e6lxCpGeWQFrqxgojQERlAx0BBAlC9JFua4hPDeNgPpTlC44z97UhIoNQ4cI0yIHqo5ntT8r9eJ9b+RS9hIoo1CDpb5Mcc6xBPU8Mek0A1HxtAqGTmrZgOiSRUm2wLJgRn/suLoFmtOPVK/b5aurrO49hAR+gYnSIHnaMrdIvuUANR9Ixe0Qf6tF6sN+vLmsykS1buOUR/yvr+AdfApIU=</latexit>x

<latexit sha1_base64="Li1DLxjCzVUoI2PVh3JKkRSHx/w=">AAACKHicbVDLSgMxFM34tr6qLt0EW8GFlJlSqjtFNy4V7APaUjKZO21oJjMkGbEM8zlu/BU3Iop065eYTmehrRcSDueec29y3IgzpW17Yi0tr6yurW9sFra2d3b3ivsHTRXGkkKDhjyUbZco4ExAQzPNoR1JIIHLoeWObqb91iNIxULxoMcR9AIyEMxnlGhD9YuXXQ98480mJZFBAwkg0kQO3DSxK/YZtiu18+yupYVyuTtTSvBS/FQu94slI8oKLwInByWU112/+N71QhoHIDTlRKmOY0e6lxCpGeWQFrqxgojQERlAx0BBAlC9JFua4hPDeNgPpTlC44z97UhIoNQ4cI0yIHqo5ntT8r9eJ9b+RS9hIoo1CDpb5Mcc6xBPU8Mek0A1HxtAqGTmrZgOiSRUm2wLJgRn/suLoFmtOPVK/b5aurrO49hAR+gYnSIHnaMrdIvuUANR9Ixe0Qf6tF6sN+vLmsykS1buOUR/yvr+AdfApIU=</latexit>x
<latexit sha1_base64="Bi0L/OnUuqnm3EYMPPwgWMx+1Vc="></latexit>

argmin
x2X

kx� zk

<latexit sha1_base64="r5C+xBpDSpXATQ2L2O4S6+aDAZM=">AAAB+nicbVC7TsMwFHV4lvJKYWSxaJGYqqRDYaxgYSwSfUhtVDnuTWvVcSLbAZXQT2FhACFWvoSNv8FNM0DLka50dM69vr7HjzlT2nG+rbX1jc2t7cJOcXdv/+DQLh21VZRICi0a8Uh2faKAMwEtzTSHbiyBhD6Hjj+5nvude5CKReJOT2PwQjISLGCUaCMN7FIl7WevpD5PYPY4qwzsslN1MuBV4uakjHI0B/ZXfxjRJAShKSdK9Vwn1l5KpGaUw6zYTxTEhE7ICHqGChKC8tJs6QyfGWWIg0iaEhpn6u+JlIRKTUPfdIZEj9WyNxf/83qJDi69lIk40SDoYlGQcKwjPM8BD5kEqvnUEEIlM3/FdEwkodqkVTQhuMsnr5J2rerWq/XbWrlxlcdRQCfoFJ0jF12gBrpBTdRCFD2gZ/SK3qwn68V6tz4WrWtWPnOM/sD6/AGLjJQz</latexit>z

<latexit sha1_base64="r5C+xBpDSpXATQ2L2O4S6+aDAZM=">AAAB+nicbVC7TsMwFHV4lvJKYWSxaJGYqqRDYaxgYSwSfUhtVDnuTWvVcSLbAZXQT2FhACFWvoSNv8FNM0DLka50dM69vr7HjzlT2nG+rbX1jc2t7cJOcXdv/+DQLh21VZRICi0a8Uh2faKAMwEtzTSHbiyBhD6Hjj+5nvude5CKReJOT2PwQjISLGCUaCMN7FIl7WevpD5PYPY4qwzsslN1MuBV4uakjHI0B/ZXfxjRJAShKSdK9Vwn1l5KpGaUw6zYTxTEhE7ICHqGChKC8tJs6QyfGWWIg0iaEhpn6u+JlIRKTUPfdIZEj9WyNxf/83qJDi69lIk40SDoYlGQcKwjPM8BD5kEqvnUEEIlM3/FdEwkodqkVTQhuMsnr5J2rerWq/XbWrlxlcdRQCfoFJ0jF12gBrpBTdRCFD2gZ/SK3qwn68V6tz4WrWtWPnOM/sD6/AGLjJQz</latexit>z



Can we design a projection-free gradient 
method with projected-GD-grade theory?



<latexit sha1_base64="QzLUWiR9nu4n9qQwPGnnYJcr5TI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3SPVY8OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud56o0iyWD2aa0EDgkWQRI9hY6dF1+wRz1HXdQbniVb0F0Drxc1KBHM1B+as/jEkqqDSEY617vpeYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYXz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugkyJpPUUEmWi6KUIxOj+ftoyBQlhk8twUQxeysiY6wwMTakkg3BX315nbRrVb9erd/XKo2rPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP2//j20=</latexit>

X

New Oracle: Local LMO

(Global) LMO

Frank–Wolfe
Conditional GD

<latexit sha1_base64="QzLUWiR9nu4n9qQwPGnnYJcr5TI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CXYFT2W3SPVY8OKxgv3AdinZNNuGJtklyQpl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5Hbud56o0iyWD2aa0EDgkWQRI9hY6dF1+wRz1HXdQbniVb0F0Drxc1KBHM1B+as/jEkqqDSEY617vpeYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYXz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugkyJpPUUEmWi6KUIxOj+ftoyBQlhk8twUQxeysiY6wwMTakkg3BX315nbRrVb9erd/XKo2rPI4inME5XIIP19CAO2hCCwhIeIZXeHO08+K8Ox/L1oKTz5zCHzifP2//j20=</latexit>

X

(Local) LMO

Local LMO

<latexit sha1_base64="OLh6kZzoep3GYuI5kjNEkXuLgAM="></latexit>

argmin
x2X

hg, xi

<latexit sha1_base64="u3POrAPCpArcv752UPmXL13I2ZY=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFg0SU5V0KIwVLIxFog+pjSrHdVurjhPZDqgK/RQWBhBi5UvY+BvcNAO0HOlKR+fc6+t7gpgzpV332ypsbG5t7xR3S3v7B4dHdvm4raJEEtoiEY9kN8CKciZoSzPNaTeWFIcBp51gerPwOw9UKhaJez2LqR/isWAjRrA20sAuO04/eyUNeELnY8cZ2BW36mZA68TLSQVyNAf2V38YkSSkQhOOlep5bqz9FEvNCKfzUj9RNMZkise0Z6jAIVV+mi2do3OjDNEokqaERpn6eyLFoVKzMDCdIdYTteotxP+8XqJHV37KRJxoKshy0SjhSEdokQMaMkmJ5jNDMJHM/BWRCZaYaJNWyYTgrZ68Ttq1qlev1u9qlcZ1HkcRTuEMLsCDS2jALTShBQQe4Rle4c16sl6sd+tj2Vqw8pkT+APr8wdeWZNw</latexit>g <latexit sha1_base64="u3POrAPCpArcv752UPmXL13I2ZY=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFg0SU5V0KIwVLIxFog+pjSrHdVurjhPZDqgK/RQWBhBi5UvY+BvcNAO0HOlKR+fc6+t7gpgzpV332ypsbG5t7xR3S3v7B4dHdvm4raJEEtoiEY9kN8CKciZoSzPNaTeWFIcBp51gerPwOw9UKhaJez2LqR/isWAjRrA20sAuO04/eyUNeELnY8cZ2BW36mZA68TLSQVyNAf2V38YkSSkQhOOlep5bqz9FEvNCKfzUj9RNMZkise0Z6jAIVV+mi2do3OjDNEokqaERpn6eyLFoVKzMDCdIdYTteotxP+8XqJHV37KRJxoKshy0SjhSEdokQMaMkmJ5jNDMJHM/BWRCZaYaJNWyYTgrZ68Ttq1qlev1u9qlcZ1HkcRTuEMLsCDS2jALTShBQQe4Rle4c16sl6sd+tj2Vqw8pkT+APr8wdeWZNw</latexit>g

<latexit sha1_base64="gYRuvxcBQdWKdQq9xFyIfwen/xA="></latexit>

arg min
x2X\B(y,t)

hg, xi

<latexit sha1_base64="7opXC5gTej9C/Lt6NWHHmRhZfDg=">AAACLnicbVDLSgMxFM3UV62vqks3wVZwIWWmlNZlUQSXFewD2lIy6Z02NJMZkoxQhvkiN/6KLgQVcetnmE670NYLCYdzz7k3OW7ImdK2/WZl1tY3Nrey27md3b39g/zhUUsFkaTQpAEPZMclCjgT0NRMc+iEEojvcmi7k+tZv/0AUrFA3OtpCH2fjATzGCXaUIP8TW8InvGmk+LQoJEEEEksR24S2yX7AtulSi29K0muWOwtK/G0WBzkC0aaFl4FzgIU0KIag/xLbxjQyAehKSdKdR071P2YSM0ohyTXixSEhE7ICLoGCuKD6sfp6gSfGWaIvUCaIzRO2d+OmPhKTX3XKH2ix2q5NyP/63Uj7V32YybCSIOg80VexLEO8Cw7PGQSqOZTAwiVzLwV0zGRhGqTcM6E4Cx/eRW0yiWnWqrelQv1q0UcWXSCTtE5clAN1dEtaqAmougRPaN39GE9Wa/Wp/U1l2ashecY/Snr+wcSoKdE</latexit>y

<latexit sha1_base64="zJUsK9jBd68hraONUTF6evVqwwY=">AAACLnicbVDLSgMxFM3UV62vqks3wVZwIWWmlNZlUQSXFewD2lIy6Z02NJMZkoxQhvkiN/6KLgQVcetnmE670NYLCYdzz7k3OW7ImdK2/WZl1tY3Nrey27md3b39g/zhUUsFkaTQpAEPZMclCjgT0NRMc+iEEojvcmi7k+tZv/0AUrFA3OtpCH2fjATzGCXaUIP8TW8InvGmk+LQoJEEEEksR24S2yX7AtulSi29K0muWOwtK7EuFgf5gpGmhVeBswAFtKjGIP/SGwY08kFoyolSXccOdT8mUjPKIcn1IgUhoRMygq6Bgvig+nG6OsFnhhliL5DmCI1T9rcjJr5SU981Sp/osVruzcj/et1Ie5f9mIkw0iDofJEXcawDPMsOD5kEqvnUAEIlM2/FdEwkodoknDMhOMtfXgWtcsmplqp35UL9ahFHFp2gU3SOHFRDdXSLGqiJKHpEz+gdfVhP1qv1aX3NpRlr4TlGf8r6/gELAqc/</latexit>

t

<latexit sha1_base64="Li1DLxjCzVUoI2PVh3JKkRSHx/w=">AAACKHicbVDLSgMxFM34tr6qLt0EW8GFlJlSqjtFNy4V7APaUjKZO21oJjMkGbEM8zlu/BU3Iop065eYTmehrRcSDueec29y3IgzpW17Yi0tr6yurW9sFra2d3b3ivsHTRXGkkKDhjyUbZco4ExAQzPNoR1JIIHLoeWObqb91iNIxULxoMcR9AIyEMxnlGhD9YuXXQ98480mJZFBAwkg0kQO3DSxK/YZtiu18+yupYVyuTtTSvBS/FQu94slI8oKLwInByWU112/+N71QhoHIDTlRKmOY0e6lxCpGeWQFrqxgojQERlAx0BBAlC9JFua4hPDeNgPpTlC44z97UhIoNQ4cI0yIHqo5ntT8r9eJ9b+RS9hIoo1CDpb5Mcc6xBPU8Mek0A1HxtAqGTmrZgOiSRUm2wLJgRn/suLoFmtOPVK/b5aurrO49hAR+gYnSIHnaMrdIvuUANR9Ixe0Qf6tF6sN+vLmsykS1buOUR/yvr+AdfApIU=</latexit>x
<latexit sha1_base64="Li1DLxjCzVUoI2PVh3JKkRSHx/w=">AAACKHicbVDLSgMxFM34tr6qLt0EW8GFlJlSqjtFNy4V7APaUjKZO21oJjMkGbEM8zlu/BU3Iop065eYTmehrRcSDueec29y3IgzpW17Yi0tr6yurW9sFra2d3b3ivsHTRXGkkKDhjyUbZco4ExAQzPNoR1JIIHLoeWObqb91iNIxULxoMcR9AIyEMxnlGhD9YuXXQ98480mJZFBAwkg0kQO3DSxK/YZtiu18+yupYVyuTtTSvBS/FQu94slI8oKLwInByWU112/+N71QhoHIDTlRKmOY0e6lxCpGeWQFrqxgojQERlAx0BBAlC9JFua4hPDeNgPpTlC44z97UhIoNQ4cI0yIHqo5ntT8r9eJ9b+RS9hIoo1CDpb5Mcc6xBPU8Mek0A1HxtAqGTmrZgOiSRUm2wLJgRn/suLoFmtOPVK/b5aurrO49hAR+gYnSIHnaMrdIvuUANR9Ixe0Qf6tF6sN+vLmsykS1buOUR/yvr+AdfApIU=</latexit>x



Part 2
New Algorithm: Local LMO



New Method: Local LMO

<latexit sha1_base64="odpXiH8c83o8A39Gv66FC68n6O4="></latexit>

xk+1 2 arg min
z2X\B(xk,tk)

hrf(xk), zi

admissible radius

differentiable & 
not necessarily convex!

nonempty, closed & convex

<latexit sha1_base64="/hyE8oxbh1FAIPLs0cxiRCgJqHk=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hSMkccE8gjmqFcN7IpTcxZA68QtSAUKtAL7yxskJIup0IRjpfquk2o/x1Izwums7GWKppiM8ZD2DRU4psrPF5fP0KVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmGVTQju6svrpFOvuY1a46FeaV4XcZTgHC7gCly4gSbcQwvaQGACz/AKb1ZuvVjv1seydcMqZs7gD6zPH44kkkc=</latexit>

xk 2 X
current iterate

<latexit sha1_base64="MdQQWl3PZy0DnHKWKjo+AaJmiEA=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYNUlirpUBgrWBiLRB9SE0WO67RWHSeyHdQq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPkDAqlW1/G4WNza3tneJuaW//4PDIPD7pyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcY38z97gMRksb8Xk0T4kVoyGlIMVJa8s2yZbkR5X42cSmHLkYM9mYwrE4uLMs3K3bNXgCuEycnFZCj5Ztf7iDGaUS4wgxJ2XfsRHkZEopiRmYlN5UkQXiMhqSvKUcRkV62eGIGz7UygGEsdHEFF+rviQxFUk6jQHdGSI3kqjcX//P6qQqvvIzyJFWE4+WiMGVQxXCeCBxQQbBiU00QFlTfCvEICYSVzq2kQ3BWX14nnXrNadQad/VK8zqPowjK4AxUgQMuQRPcghZoAwwewTN4BW/Gk/FivBsfy9aCkc+cgj8wPn8AAQCWZw==</latexit>

min
x2X

f(x)



No Constraints: 
Local LMO = Gradient Descent

<latexit sha1_base64="MdQQWl3PZy0DnHKWKjo+AaJmiEA=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYNUlirpUBgrWBiLRB9SE0WO67RWHSeyHdQq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPkDAqlW1/G4WNza3tneJuaW//4PDIPD7pyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcY38z97gMRksb8Xk0T4kVoyGlIMVJa8s2yZbkR5X42cSmHLkYM9mYwrE4uLMs3K3bNXgCuEycnFZCj5Ztf7iDGaUS4wgxJ2XfsRHkZEopiRmYlN5UkQXiMhqSvKUcRkV62eGIGz7UygGEsdHEFF+rviQxFUk6jQHdGSI3kqjcX//P6qQqvvIzyJFWE4+WiMGVQxXCeCBxQQbBiU00QFlTfCvEICYSVzq2kQ3BWX14nnXrNadQad/VK8zqPowjK4AxUgQMuQRPcghZoAwwewTN4BW/Gk/FivBsfy9aCkc+cgj8wPn8AAQCWZw==</latexit>

min
x2X

f(x)
<latexit sha1_base64="svJmDh4Y5kuJ0totWXKBLGPh7JQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUm6qG6EohuXVewDmlgmk0k7dDIJMxOhhODGX3HjQhG3foU7/8ZJm4W2HrhwOOde7r3HixmVyrK+jaXlldW19dJGeXNre2fX3NvvyCgRmLRxxCLR85AkjHLSVlQx0osFQaHHSNcbX+V+94EISSN+pyYxcUM05DSgGCktDczDaupgxGAvgxfQCZEaeV56m9371YFZsWrWFHCR2AWpgAKtgfnl+BFOQsIVZkjKvm3Fyk2RUBQzkpWdRJIY4TEakr6mHIVEuun0hQyeaMWHQSR0cQWn6u+JFIVSTkJPd+ZHynkvF//z+okKzt2U8jhRhOPZoiBhUEUwzwP6VBCs2EQThAXVt0I8QgJhpVMr6xDs+ZcXSadesxu1xk290rws4iiBI3AMToENzkATXIMWaAMMHsEzeAVvxpPxYrwbH7PWJaOYOQB/YHz+AI3AlkU=</latexit>

X = Rd

<latexit sha1_base64="2SJ4cdgI8E4+2QN8Tl6rDP1/mjU="></latexit>

xk+1 = arg min
z2X\B(xk,tk)

hrf(xk), zi

= arg min
z : kz�xkktk

hrf(xk), zi

= xk � tk
rf(xk)

krf(xk)k

Effective stepsize
<latexit sha1_base64="6AmncfBJjRuh+cCr84ZYDk+IdGQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSxJkepGKLhxWcE+IAlhMp22QyaTMDORlrS48VfcuFDErV/hzr9x2mah1QMXDufcy733BAmjUlnWl1FYWl5ZXSuulzY2t7Z3zN29loxTgUkTxywWnQBJwignTUUVI51EEBQFjLSD8Hrqt++JkDTmd2qUEC9CfU57FCOlJd88cB3lh/AKuuOhn4Wn9uRs6Ifu2PV8s2xVrBngX2LnpAxyNHzz0+3GOI0IV5ghKR3bSpSXIaEoZmRSclNJEoRD1CeOphxFRHrZ7IUJPNZKF/ZioYsrOFN/TmQoknIUBbozQmogF72p+J/npKp36WWUJ6kiHM8X9VIGVQynecAuFQQrNtIEYUH1rRAPkEBY6dRKOgR78eW/pFWt2LVK7bZarp/ncRTBITgCJ8AGF6AObkADNAEGD+AJvIBX49F4Nt6M93lrwchn9sEvGB/f+8qWgA==</latexit>

tk = ! xk+1 " xk !

Local LMO



Subspace Constraints: 
Local LMO = Gradient Descent in the Subspace

<latexit sha1_base64="/zHe62A93Hc+//jW+SwC+gePMic="></latexit>

xk+1 =

!
xk ! tk

Proj X ( ! f (x k ))
" Proj X ( ! f (x k )) " if Proj X (" f (xk )) #= 0

xk if Proj X (" f (xk )) = 0

<latexit sha1_base64="bgrEPwDZvy8vSAdDbUeApYB6YmM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokFiipIOhQWpgoWxIPqQmlA5jtNadR6yHaQqyl+w8CssDCDECht/g9NmgJYjWTo6517fe4+XMCqkZX1rlZXVtfWN6mZta3tnd0/fP+iKOOWYdHDMYt73kCCMRqQjqWSkn3CCQo+Rnje5KvzeA+GCxtGdnCbEDdEoogHFSCppqJtG5mDEYD834AUsfkEcitQTCcIExgE0nBDJsedlt/m9bwz1umVaM8BlYpekDkq0h/qX48c4DUkkMUNCDGwrkW6GuKSYkbzmpIKoURM0IgNFIxQS4Wazu3J4ohQfBjFXL5Jwpv7uyFAoxDT0VGWxpFj0CvE/b5DK4NzNaJSkkkR4PihIGZQxLEKCPuUESzZVBGFO1a4QjxFHWKooayoEe/HkZdJtmHbTbN406q3LMo4qOALH4BTY4Ay0wDVogw7A4BE8g1fwpj1pL9q79jEvrWhlzyH4A+3zB6dGnmU=</latexit>

X = linear subspace ofRd

!"#$%&!'(

<latexit sha1_base64="MdQQWl3PZy0DnHKWKjo+AaJmiEA=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYNUlirpUBgrWBiLRB9SE0WO67RWHSeyHdQq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPkDAqlW1/G4WNza3tneJuaW//4PDIPD7pyDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDcY38z97gMRksb8Xk0T4kVoyGlIMVJa8s2yZbkR5X42cSmHLkYM9mYwrE4uLMs3K3bNXgCuEycnFZCj5Ztf7iDGaUS4wgxJ2XfsRHkZEopiRmYlN5UkQXiMhqSvKUcRkV62eGIGz7UygGEsdHEFF+rviQxFUk6jQHdGSI3kqjcX//P6qQqvvIzyJFWE4+WiMGVQxXCeCBxQQbBiU00QFlTfCvEICYSVzq2kQ3BWX14nnXrNadQad/VK8zqPowjK4AxUgQMuQRPcghZoAwwewTN4BW/Gk/FivBsfy9aCkc+cgj8wPn8AAQCWZw==</latexit>

min
x2X

f(x)



!"#$%&'%()*+
*,#-.,)/01

23".4567#,8%9

! "
<latexit sha1_base64="PpEfSAJxBqHZFUNBBfWKKDrc7/c=">AAACE3icbVC7TsMwFHV4lvIqMLJYtEiFoUo6FMYKFsaC6ENqospxb1qrdhLZDlIV9R9Y+BUWBhBiZWHjb3DbDNByJVtH59xr33P8mDOlbfvbWlldW9/YzG3lt3d29/YLB4ctFSWSQpNGPJIdnyjgLISmZppDJ5ZAhM+h7Y+up3r7AaRiUXivxzF4ggxCFjBKtKF6hfM7ogGzsA8xmCvUOApwKXWlwH1GxKScupRw3JmclXqFol2xZ4WXgZOBIsqq0St8uf2IJsK8SjlRquvYsfZSIjWjHCZ5N1EQEzoiA+gaGBIByktnnib41DB9HETSHLPVjP09kRKh1Fj4plMQPVSL2pT8T+smOrj0UhbGiYaQzj8KEo51hKcBGdsSqObjqX8qmdkV0yGRhGoTY96E4CxaXgatasWpVWq31WL9Kosjh47RCSojB12gOrpBDdREFD2iZ/SK3qwn68V6tz7mrStWNnOE/pT1+QNPaZ0q</latexit>

Rate independent of diam(X )

<latexit sha1_base64="aa1eDxEUkxSmiXmWLnuAKsQfXQc="></latexit>

Works even when diam (X ) = + !

! "
<latexit sha1_base64="sfvSJI3tRJH+u3ZM0n4udjJyPAg=">AAACFXicbVA9SwNBEN3zM8avqKXNYiJYSLhLEW2EoIKWMZgPSGLY25skS/b2jt09JRz5Ezb+FRsLRWwFO/+Ne0kKTXww8Hhvhpl5bsiZ0rb9bS0sLi2vrKbW0usbm1vbmZ3dmgoiSaFKAx7IhksUcCagqpnm0AglEN/lUHcHF4lfvwepWCBu9TCEtk96gnUZJdpIncxxBbyIgsI6wFeX+KEPAufiFiUcN0b4DLd8ovuuG1dGd16uk8naeXsMPE+cKcmiKcqdzFfLC2jkg9CUE6Wajh3qdkykZpTDKN2KFISEDkgPmoYK4oNqx+OvRvjQKB7uBtKU0His/p6Iia/U0HdNZ3KkmvUS8T+vGenuaTtmIow0CDpZ1I14EkESEfaYBKr50BBCJTO3YtonklBtgkybEJzZl+dJrZB3ivniTSFbOp/GkUL76AAdIQedoBK6RmVURRQ9omf0it6sJ+vFerc+Jq0L1nRmD/2B9fkD6gidbg==</latexit>

Reduces to GD whenX = Rd ! "

/#&.,6/01)
24%:;9

<latexit sha1_base64="DauJi/EdUgej1CkVgO51kPFiKpc=">AAAB+HicbVC7TsMwFHV4lvJogJHFokJioUo6FMYKFsYi0YfURpXj3rSmjh3ZDlKp+iUsDCDEyqew8Tc4bQZoOZKl43Pu1b33hAln2njet7O2vrG5tV3YKe7u7R+U3MOjlpapotCkkkvVCYkGzgQ0DTMcOokCEocc2uH4JvPbj6A0k+LeTBIIYjIULGKUGCv13VJDyQeg2eciUgB9t+xVvDnwKvFzUkY5Gn33qzeQNI1BGMqJ1l3fS0wwJcowymFW7KUaEkLHZAhdSwWJQQfT+eIzfGaVAY6ksk8YPFd/d0xJrPUkDm1lTMxIL3uZ+J/XTU10FUyZSFIDgi4GRSnHRuIsBTxgyh7NJ5YQqpjdFdMRUYQam1XRhuAvn7xKWtWKX6vU7qrl+nUeRwGdoFN0jnx0ieroFjVQE1GUomf0it6cJ+fFeXc+FqVrTt5zjP7A+fwB1EqTNg==</latexit>

Projection-free !"

!

!

!

!

<latexit sha1_base64="+Whg8ZZxnpkEVzVo+ubGCsj91ts=">AAACHnicbVC7SgNBFJ31GeMramkzGASrsCsYLYM2FhYRjApJCLOTm82QeSwzd8UQ8iU2/oqNhSKClf6Nk0eh0QMDh3PP5c45cSqFwzD8CubmFxaXlnMr+dW19Y3Nwtb2tTOZ5VDjRhp7GzMHUmiooUAJt6kFpmIJN3HvbDS/uQPrhNFX2E+hqViiRUdwhl5qFY4u/CKzlBvtbQloDlRo2mg4ZQx2qUNrdCL7E8M9tZAIBa1CMSyFY9C/JJqSIpmi2ip8NNqGZwo0csmcq0dhis0Bsyi4hGG+kTlIGe+xBOqeaqbANQfjeEO675U27Rjrn0Y6Vn9uDJhyrq9i71QMu252NhL/m9Uz7Jw0B0KnGfrgk0OdTFI0dNQVbQsLHH34tmDcCv9XyrvMMo6+0bwvIZqN/JdcH5aicql8eVisnE7ryJFdskcOSESOSYWckyqpEU4eyBN5Ia/BY/AcvAXvE+tcMN3ZIb8QfH4DKn6jJw==</latexit>

Linear convergence in
smooth strongly convex regime ! " !

<latexit sha1_base64="8VE03NbxZV63j13vVXhZehDxTko=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAjGxkexSoCWRxhITeSSwIbPDLEyYx2Zm1oRs6G38FRsLjbH1B+z8G4dlCwVPdXLOubn3njBmVBvP+3YKG5tb2zvF3dLe/sHhkXt80tEyUZi0sWRS9UKkCaOCtA01jPRiRRAPGemG0+bC7z4QpakU92YWk4CjsaARxchYaeiWm1JYf0w0jKSCQopLzaU0ExglAi8yeuhWvKqXAa4TPycVkKM1dL8GI4kTToTBDGnd973YBClShmJG5qVBokmM8BSNSd9SgTjRQZr9MofnVhllt0RSGJipvydSxLWe8dAmOTITveotxP+8fmKi6yClIk4MEXi5KEoYNBIuioEjqgg2bGYJworaWyGeIIWwsfWVbAn+6svrpFOr+vVq/a5WadzkdRTBGSiDC+CDK9AAt6AF2gCDR/AMXsGb8+S8OO/OxzJacPKZU/AHzucPXNKbRg==</latexit>

Converges for non-smooth functions ! " !
<latexit sha1_base64="JIo6KmSt2nRF/ZOU5o9IFqqDTiw=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaaL6rIogssK9gHtUDKZO21oJhOSjFCHfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOfcJPcEkjNtXPfbWVldW9/YLGwVt3d29/ZLB4ctnaSKQpMmPFGdgGjgTEDTMMOhIxWQOODQDkZXU799D0qzRNyZsQQ/JgPBIkaJsVK/VL4mmvExZrHkEIMwxE5ibUBq9gBYpRy0TbkVdwa8TLyclFGORr/01QsTmk6vo5xo3fVcafyMKMMoh0mxl2qQhI7IALqWChKD9rPZMhN8apUQR4myRxg8U39PZCTWehwHNhkTM9SL3lT8z+umJrrwMyZkakDQ+UNRyrFJ8LQZHDIF1NguQkaoYvavmA6JItTY/oq2BG9x5WXSqla8WqV2Wy3XL/M6CugYnaAz5KFzVEc3qIGaiKJH9Ixe0Zvz5Lw4787HPLri5DNH6A+czx9kVZva</latexit>

Easily implementable stepsize rules ! ! "

Projection Oracle vs Linear Minimization Oracle



Part 3
Convergence Theory



Master Theorem



<latexit sha1_base64="ooF1IGIj/hxaF5gAcUkXGWUXvKc="></latexit>

! f (xk ) "= 0 , 0 < t k #
$! f (xk ), xk %x! &

'! f (xk )'

Two Radius Admissibility Rules

Type-I Admissibility:

Type-II Admissibility:
<latexit sha1_base64="sKNUsE03AIuV2TtXPZ3/qbV8/8Y="></latexit>

! f (xk ) "= ! f (x! ), 0 < t k #
$! f (xk ) % ! f (x! ), xk %x! &

'! f (xk ) % ! f (x! )'

<latexit sha1_base64="Ik0n+cr+1+GBMlUwFiAwWqrHSqU=">AAACG3icbVDLSsNAFJ34rPVVdelmsBXqpiRFqsuCG5cV7AOaEm6mk3boZBJmJtIS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4/5kxp2/621tY3Nre2czv53b39g8PC0XFLRYkktEkiHsmOD4pyJmhTM81pJ5YUQp/Ttj+6mfrtByoVi8S9nsS0F8JAsIAR0EbyCtVSaeylrtIgM+wygV2QA+yGTHjpeCakLgGOOxnOcFAeX5RKXqFoV+wZ8CpxFqSIFmh4hU+3H5EkpEITDkp1HTvWvRSkZoTTLO8misZARjCgXUMFhFT10tlvGT43Sh8HkTQlNJ6pvydSCJWahL7pDEEP1bI3Ff/zuokOrnspE3GiqSDzRUHCsY7wNCjcZ5ISzSeGAJHM3IrJECQQbeLMmxCc5ZdXSatacWqV2l21WL9cxJFDp+gMlZGDrlAd3aIGaiKCHtEzekVv1pP1Yr1bH/PWNWsxc4L+wPr6ARyen4U=</latexit>

x ! ! arg min
x ! X

f (x)

constrained minimizer



Master Theorem

<latexit sha1_base64="odpXiH8c83o8A39Gv66FC68n6O4="></latexit>

xk+1 2 arg min
z2X\B(xk,tk)

hrf(xk), zi

<latexit sha1_base64="apHWxI78ckvQA1Exl6wkaFm+RpI=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDAbBxrCbIloGbSwjmAfsLsvsZJIMmX04c1cSNqls/BUbC0Vs/QY7/8bJo9DEAxcO59zLvfcEieAKLOvbyK2srq1v5DcLW9s7u3vm/kFDxamkrE5jEctWQBQTPGJ14CBYK5GMhIFgzaB/PfGbD0wqHkd3MEyYF5JuxDucEtCSbx67Dga/7wp2j93RwO+fD3xXAZHuCLuebxatkjUFXib2nBTRHDXf/HLbMU1DFgEVRCnHthLwMiKBU8HGBTdVLCG0T7rM0TQiIVNeNn1jjE+10sadWOqKAE/V3xMZCZUahoHuDAn01KI3Ef/znBQ6l17GoyQFFtHZok4qMMR4kgluc8koiKEmhEqub8W0RyShoJMr6BDsxZeXSaNcsiulym25WL2ax5FHR+gEnSEbXaAqukE1VEcUPaJn9IrejCfjxXg3PmatOWM+c4j+wPj8AY09mI4=</latexit>

t k ! " xk # x! "

<latexit sha1_base64="PTTDWA9j6l9bWsimC/qpARcLP6I=">AAACJnicbVDLSgMxFM3U9/iqunQTLIIglplZVDdC0Y3LCrYKM9Mhk6Y2TOZBckdapv0aN/6KGxeKiDs/xfSx0OqBkMM555LcE2aCK7CsT6O0sLi0vLK6Zq5vbG5tl3d2WyrNJWVNmopU3oVEMcET1gQOgt1lkpE4FOw2jC7H/u0Dk4qnyQ0MMubH5D7hXU4JaCkon3uuN+wHRXRsj076gaeASG/Ydkys4Qk2vXUi+umeQBC1Hc8PyhWrak2A/xJ7RipohkZQfvU6Kc1jlgAVRCnXtjLwCyKBU8FGppcrlhEakXvmapqQmCm/mKw5woda6eBuKvVJAE/UnxMFiZUaxKFOxgR6at4bi/95bg7dM7/gSZYDS+j0oW4uMKR43BnucMkoiIEmhEqu/4ppj0hCQTdr6hLs+ZX/kpZTtWvV2rVTqV/M6lhF++gAHSEbnaI6ukIN1EQUPaJn9IrejCfjxXg3PqbRkjGb2UO/YHx9A23Ro04=</latexit>

! xk+1 " x! ! 2 # ! xk " x! ! 2 " t2
k

<latexit sha1_base64="ooF1IGIj/hxaF5gAcUkXGWUXvKc="></latexit>

! f (xk ) "= 0 , 0 < t k #
$! f (xk ), xk %x! &

'! f (xk )'
<latexit sha1_base64="sKNUsE03AIuV2TtXPZ3/qbV8/8Y="></latexit>

! f (xk ) "= ! f (x! ), 0 < t k #
$! f (xk ) % ! f (x! ), xk %x! &

'! f (xk ) % ! f (x! )'

Admissible radius (Type-I or Type-II)

differentiable & 
not necessarily convex!

nonempty, closed & convex

<latexit sha1_base64="Ik0n+cr+1+GBMlUwFiAwWqrHSqU=">AAACG3icbVDLSsNAFJ34rPVVdelmsBXqpiRFqsuCG5cV7AOaEm6mk3boZBJmJtIS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4/5kxp2/621tY3Nre2czv53b39g8PC0XFLRYkktEkiHsmOD4pyJmhTM81pJ5YUQp/Ttj+6mfrtByoVi8S9nsS0F8JAsIAR0EbyCtVSaeylrtIgM+wygV2QA+yGTHjpeCakLgGOOxnOcFAeX5RKXqFoV+wZ8CpxFqSIFmh4hU+3H5EkpEITDkp1HTvWvRSkZoTTLO8misZARjCgXUMFhFT10tlvGT43Sh8HkTQlNJ6pvydSCJWahL7pDEEP1bI3Ff/zuokOrnspE3GiqSDzRUHCsY7wNCjcZ5ISzSeGAJHM3IrJECQQbeLMmxCc5ZdXSatacWqV2l21WL9cxJFDp+gMlZGDrlAd3aIGaiKCHtEzekVv1pP1Yr1bH/PWNWsxc4L+wPr6ARyen4U=</latexit>

x ! ! arg min
x ! X

f (x)

constrained minimizer<=)4%>%")'##)-<?@

%AB.,=)'C%)%88%&'<>%)='%D=<E%@

("<>%=)&#4>%"?%4&%@

!"#$%&''$(&)*+,

<latexit sha1_base64="yT8jrNi55vI89KtvlkbjScQpNLs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgZbQRBL0kV1IxTduKxgH9CEMJlO2iGTBzMTaUmz8VfcuFDErZ/hzr9x2mahrQcuHM65l3vvcWNGhTSMb62wsrq2vlHcLG1t7+zu6fsHbRElHJMWjljEuy4ShNGQtCSVjHRjTlDgMtJx/dup33kkXNAofJDjmNgBGoTUoxhJJTn6UUU6Pry2JiMn9c/N7GLk+NYEVhy9bFSNGeAyMXNSBjmajv5l9SOcBCSUmCEheqYRSztFXFLMSFayEkFihH00ID1FQxQQYaezBzJ4qpQ+9CKuKpRwpv6eSFEgxDhwVWeA5FAselPxP6+XSO/KTmkYJ5KEeL7ISxiUEZymAfuUEyzZWBGEOVW3QjxEHGGpMiupEMzFl5dJu1Y169X6fa3cuMnjKIJjcALOgAkuQQPcgSZoAQwy8AxewZv2pL1o79rHvLWg5TOH4A+0zx/jNpVS</latexit>

t k = ! xk+1 " xk !

<latexit sha1_base64="/hyE8oxbh1FAIPLs0cxiRCgJqHk=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hSMkccE8gjmqFcN7IpTcxZA68QtSAUKtAL7yxskJIup0IRjpfquk2o/x1Izwums7GWKppiM8ZD2DRU4psrPF5fP0KVRBihKpCmh0UL9PZHjWKlpHJrOGOuRWvXm4n9eP9PRrZ8zkWaaCrJcFGUc6QTNY0ADJinRfGoIJpKZWxEZYYmJNmGVTQju6svrpFOvuY1a46FeaV4XcZTgHC7gCly4gSbcQwvaQGACz/AKb1ZuvVjv1seydcMqZs7gD6zPH44kkkc=</latexit>

xk 2 X



2D Examples











Theory in the
Smooth & Convex Regime



<latexit sha1_base64="TbcRXTeF7lbStTOmMvr6Ow3EdiU="></latexit>

t k =
!" f (xk ) # " f (x! )!

L

Convergence Theorem: Smooth Convex Regime

<latexit sha1_base64="qOxmuaK3zCkBwF82/tw88uPRb5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hQ4yGMCeQRz1KsGdsWpOQugdeIWpAIFWoH95Q0SksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni8tn6NIoAxQl0pTQaKH+nshxrNQ0Dk1njPVIrXpz8T+vn+no1s+ZSDNNBVkuijKOdILmMaABk5RoPjUEE8nMrYiMsMREm7DKJgR39eV10qnX3Eat8VCvNK+LOEpwDhdwBS7cQBPuoQVtIDCBZ3iFNyu3Xqx362PZumEVM2fwB9bnDzH0kgw=</latexit>

x0 ! X

<latexit sha1_base64="Ik0n+cr+1+GBMlUwFiAwWqrHSqU=">AAACG3icbVDLSsNAFJ34rPVVdelmsBXqpiRFqsuCG5cV7AOaEm6mk3boZBJmJtIS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4/5kxp2/621tY3Nre2czv53b39g8PC0XFLRYkktEkiHsmOD4pyJmhTM81pJ5YUQp/Ttj+6mfrtByoVi8S9nsS0F8JAsIAR0EbyCtVSaeylrtIgM+wygV2QA+yGTHjpeCakLgGOOxnOcFAeX5RKXqFoV+wZ8CpxFqSIFmh4hU+3H5EkpEITDkp1HTvWvRSkZoTTLO8misZARjCgXUMFhFT10tlvGT43Sh8HkTQlNJ6pvydSCJWahL7pDEEP1bI3Ff/zuokOrnspE3GiqSDzRUHCsY7wNCjcZ5ISzSeGAJHM3IrJECQQbeLMmxCc5ZdXSatacWqV2l21WL9cxJFDp+gMlZGDrlAd3aIGaiKCHtEzekVv1pP1Yr1bH/PWNWsxc4L+wPr6ARyen4U=</latexit>

x ! ! arg min
x ! X

f (x)

constrained minimizer

initial iterate

!"#$%&'
!"#$%&"'$%"(%
)&*+$,'$-%./0

<latexit sha1_base64="63PMmB9XlnoH2zfOjmPxWkFxGJk="></latexit>

min
0! k ! K " 1

!" f (xk ) # " f (x! )! 2 $
L 2! x0 # x! ! 2

K

<latexit sha1_base64="osagTdHNQj8GJAH/W2wR7eXt7HU=">AAACDnicbVC7TgJBFJ3FF+ILtbSZCCQ2kl1i0JLExsICE3kksCGzs7MwYXZmM3OXSAhfYOOv2FhojK21nX/jAlsoeJJJTs65N3fO8SLBDdj2t5VZW9/Y3Mpu53Z29/YP8odHTaNiTVmDKqF02yOGCS5ZAzgI1o40I6EnWMsbXs/81ohpw5W8h3HE3JD0JQ84JZBIvXypGBQxN7h4Wzw3oVIwwET62IDmFMQYUyVH7KGXL9hlew68SpyUFFCKei//1fUVjUMmgQpiTMexI3AnRAOngk1z3diwiNAh6bNOQiUJmXEn8zhTXEoUHwdKJ08Cnqu/NyYkNGYceslkSGBglr2Z+J/XiSG4cidcRjEwSReHglhgUHjWDfa5ZvPUPidU8+SvmA6IJhSSBnNJCc5y5FXSrJSdarl6VynULtI6sugEnaIz5KBLVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHYjRjpTvH6A+szx8O/Zrh</latexit>

f is L -smooth and strictly convex

Local LMO = GD with stepsize 1/L

In the unconstrained case:
Local LMO with this radius = GD with 1/L stepsize



Theory in the
Smooth & Strongly Convex Regime



<latexit sha1_base64="v96tS7NW1mon+DauMVJvZaeVtjk="></latexit>

! xK " x! ! 2 #
!

L " µ
L + µ

" 2K

! x0 " x! ! 2

Convergence Theorem:
Smooth & Strongly Convex Regime

<latexit sha1_base64="qOxmuaK3zCkBwF82/tw88uPRb5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hQ4yGMCeQRz1KsGdsWpOQugdeIWpAIFWoH95Q0SksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni8tn6NIoAxQl0pTQaKH+nshxrNQ0Dk1njPVIrXpz8T+vn+no1s+ZSDNNBVkuijKOdILmMaABk5RoPjUEE8nMrYiMsMREm7DKJgR39eV10qnX3Eat8VCvNK+LOEpwDhdwBS7cQBPuoQVtIDCBZ3iFNyu3Xqx362PZumEVM2fwB9bnDzH0kgw=</latexit>

x0 ! X

<latexit sha1_base64="Ik0n+cr+1+GBMlUwFiAwWqrHSqU=">AAACG3icbVDLSsNAFJ34rPVVdelmsBXqpiRFqsuCG5cV7AOaEm6mk3boZBJmJtIS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4/5kxp2/621tY3Nre2czv53b39g8PC0XFLRYkktEkiHsmOD4pyJmhTM81pJ5YUQp/Ttj+6mfrtByoVi8S9nsS0F8JAsIAR0EbyCtVSaeylrtIgM+wygV2QA+yGTHjpeCakLgGOOxnOcFAeX5RKXqFoV+wZ8CpxFqSIFmh4hU+3H5EkpEITDkp1HTvWvRSkZoTTLO8misZARjCgXUMFhFT10tlvGT43Sh8HkTQlNJ6pvydSCJWahL7pDEEP1bI3Ff/zuokOrnspE3GiqSDzRUHCsY7wNCjcZ5ISzSeGAJHM3IrJECQQbeLMmxCc5ZdXSatacWqV2l21WL9cxJFDp+gMlZGDrlAd3aIGaiKCHtEzekVv1pP1Yr1bH/PWNWsxc4L+wPr6ARyen4U=</latexit>

x ! ! arg min
x ! X

f (x)

constrained minimizer

initial iterate<latexit sha1_base64="c7Cd8SwgbyfUy0YOQCq5R/K6yS4=">AAACFHicbVC7SgNBFJ31GeNr1dJmMCsIYtgNopYBGwuLCEaFJITZ2dlkyDyWmbtiCPkIG3/FxkIRWws7/8ZJTKHRAwOHc+7lzjlxJriFMPz0Zmbn5hcWC0vF5ZXVtXV/Y/PK6txQVqdaaHMTE8sEV6wOHAS7yQwjMhbsOu6djvzrW2Ys1+oS+hlrSdJRPOWUgJPa/n6QBphbHJwHB1ZqDV1MVIKDpsydAEarjuhjqtUtu2v7pbAcjoH/kmhCSmiCWtv/aCaa5pIpoIJY24jCDFoDYoBTwYbFZm5ZRmiPdFjDUUUks63BONQQ7zolwak27inAY/XnxoBIa/sydpOSQNdOeyPxP6+RQ3rSGnCV5cAU/T6U5gKDxqOGcMINo+BSJ5xQw91fMe0SQyi4HouuhGg68l9yVSlHR+Wji0qpejipo4C20Q7aQxE6RlV0hmqojii6R4/oGb14D96T9+q9fY/OeJOdLfQL3vsXziec1A==</latexit>

f is L -smooth and µ-strongly convex

($&)"*+,-!"#$%&'
<latexit sha1_base64="/F3OIeqV0r8E+kL7X3XB1tYDnKc="></latexit>

t k =
2
!

µL
L + µ

" xk # x! "
!"#$%&"'$%"(%
)&*+$,'$-%./0%

1&"2345*67$%-*$(%2*'%
,*28$&9$%6:2$"&6;0



Theory in the
Non-Smooth & Convex Regime



<latexit sha1_base64="cJsiCLBUfC7jiqM2TnQ9wYajT6k="></latexit>

f (öxK ) ! f (x! ) "
G#x0 ! x! #

$
K

Convergence Theorem: 
Non-Smooth Convex Regime

<latexit sha1_base64="qOxmuaK3zCkBwF82/tw88uPRb5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hQ4yGMCeQRz1KsGdsWpOQugdeIWpAIFWoH95Q0SksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni8tn6NIoAxQl0pTQaKH+nshxrNQ0Dk1njPVIrXpz8T+vn+no1s+ZSDNNBVkuijKOdILmMaABk5RoPjUEE8nMrYiMsMREm7DKJgR39eV10qnX3Eat8VCvNK+LOEpwDhdwBS7cQBPuoQVtIDCBZ3iFNyu3Xqx362PZumEVM2fwB9bnDzH0kgw=</latexit>

x0 ! X

<latexit sha1_base64="Ik0n+cr+1+GBMlUwFiAwWqrHSqU=">AAACG3icbVDLSsNAFJ34rPVVdelmsBXqpiRFqsuCG5cV7AOaEm6mk3boZBJmJtIS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4/5kxp2/621tY3Nre2czv53b39g8PC0XFLRYkktEkiHsmOD4pyJmhTM81pJ5YUQp/Ttj+6mfrtByoVi8S9nsS0F8JAsIAR0EbyCtVSaeylrtIgM+wygV2QA+yGTHjpeCakLgGOOxnOcFAeX5RKXqFoV+wZ8CpxFqSIFmh4hU+3H5EkpEITDkp1HTvWvRSkZoTTLO8misZARjCgXUMFhFT10tlvGT43Sh8HkTQlNJ6pvydSCJWahL7pDEEP1bI3Ff/zuokOrnspE3GiqSDzRUHCsY7wNCjcZ5ISzSeGAJHM3IrJECQQbeLMmxCc5ZdXSatacWqV2l21WL9cxJFDp+gMlZGDrlAd3aIGaiKCHtEzekVv1pP1Yr1bH/PWNWsxc4L+wPr6ARyen4U=</latexit>

x ! ! arg min
x ! X

f (x)

constrained minimizer

initial iterate

./01"2-!"#$%&'

!"#$%&"'$%"(%
)&*+$,'$-%./0

Local LMO = GD with stepsize 1/L

<latexit sha1_base64="XqI44GegbifFmCGpbiXievxha5I="></latexit>

t k =
f (xk ) ! f (x! )

"# f (xk )"

<latexit sha1_base64="1r5wsDEKXUno73coyL3UKMKqz5E=">AAACInicbVBNSwMxEM36bf2qevQyWAS9lF0RP26CBz1WsLXQLGU2zdrQbHZNsmKp/hYv/hUvHhT1JPhjTGsP2vog8PLeDDPzokwKY33/05uYnJqemZ2bLywsLi2vFFfXaibNNeNVlspU1yM0XArFq1ZYyeuZ5phEkl9GnZO+f3nDtRGpurDdjIcJXikRC4bWSc3iEW0A0DuqMJII8fbtjvtIDqcFcKDX1zm2gMapRinhlgoFlKGEOg2bxZJf9geAcRIMSYkMUWkW32krZXnClWUSjWkEfmbDHmormOT3BZobniHr4BVvOKow4SbsDU68hy2ntMDt4Z6yMFB/d/QwMaabRK4yQds2o15f/M9r5DY+DHtCZbnliv0MinMJNoV+XtASmjMru44g08LtCqyNGpl1qRZcCMHoyeOktlsO9sv757ul471hHHNkg2ySbRKQA3JMzkiFVAkjD+SJvJBX79F79t68j5/SCW/Ys07+wPv6BuHDoWo=</latexit>

!" f (x)! # G $x %X

<latexit sha1_base64="Mzr9ElK8txqOEnBiCBGNG21tu3E=">AAACGHicbVDLSsNAFJ3UV62vqEs3g63gxpoUqSIUCm6EbirYBzQ1TKaTdsjkwcxELCGf4cZfceNCEbfd+TdO2yy09cDA4ZxzuXOPEzEqpGF8a7mV1bX1jfxmYWt7Z3dP3z9oizDmmLRwyELedZAgjAakJalkpBtxgnyHkY7j3Uz9ziPhgobBvRxHpO+jYUBdipFUkq2fl0rWCEn4ZDfgdQ1aLkc4MdOkkVoi9u3EqxnpQ9I4M1MV8UolWy8aZWMGuEzMjBRBhqatT6xBiGOfBBIzJETPNCLZTxCXFDOSFqxYkAhhDw1JT9EA+UT0k9lhKTxRygC6IVcvkHCm/p5IkC/E2HdU0kdyJBa9qfif14ule9VPaBDFkgR4vsiNGZQhnLYEB5QTLNlYEYQ5VX+FeIRUN1J1WVAlmIsnL5N2pWxWy9W7SrF+kdWRB0fgGJwCE1yCOrgFTdACGDyDV/AOPrQX7U371L7m0ZyWzRyCP9AmP6VfnkM=</latexit>

öxK :=
1
K

K ! 1!

k=0

xk

<latexit sha1_base64="yKK5jhUjFWPvQ1sAZcOtZpoW+wg=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKrkpSpLosuHFZwT6gDeVmMmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhts9DWAwOHc+7hzj1+wpnSjvNtFdbWNza3itulnd29/QP78Kit4lQS2iIxj2XXB0U5E7Slmea0m0gKkc9pxx/fzPzOA5WKxeJeTxLqRTAULGQEtJEG9kklrOARKOzHqQhogIcSAkaFVgO77FSdOfAqcXNSRjmaA/urH8QkjUyYcFCq5zqJ9jKQmhFOp6V+qmgCZAxD2jNUQESVl81PmOJzowQ4jKV5QuO5+juRQaTUJPLNZAR6pJa9mfif10t1eO1lTCSppoIsFoUpxzrGsz5wwCQlmk8MASKZ+SsmI5BAtGmtZEpwl09eJe1a1a1X63e1cuMyr6OITtEZukAuukINdIuaqIUIekTP6BW9WU/Wi/VufSxGC1aeOUZ/YH3+AAdwlow=</latexit>

f has bounded gradients

In the unconstrained case:
Local LMO with Polyak radius = GD with Polyak stepsize



Theory in the
Smooth & Non-Convex Regime



Convergence Theorem: 
Smooth Non-Convex Regime

<latexit sha1_base64="qOxmuaK3zCkBwF82/tw88uPRb5o=">AAAB+XicbVBNS8NAEJ34WetX1KOXxVbwVJIi1WPBi8cK9gOaEDbbTbt0swm7m2IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZemHKmtON8WxubW9s7u6W98v7B4dGxfXLaUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpv73QmViiXiUU9T6sd4KFjECNZGCmy7+hQ4yGMCeQRz1KsGdsWpOQugdeIWpAIFWoH95Q0SksVUaMKxUn3XSbWfY6kZ4XRW9jJFU0zGeEj7hgocU+Xni8tn6NIoAxQl0pTQaKH+nshxrNQ0Dk1njPVIrXpz8T+vn+no1s+ZSDNNBVkuijKOdILmMaABk5RoPjUEE8nMrYiMsMREm7DKJgR39eV10qnX3Eat8VCvNK+LOEpwDhdwBS7cQBPuoQVtIDCBZ3iFNyu3Xqx362PZumEVM2fwB9bnDzH0kgw=</latexit>

x0 ! X

minimum

initial iterate

3!"#$,*)-4"55$*6-!"#$%&'
!"#$%&"'$%"(%
)&*+$,'$-%./0

Local LMO = GD with stepsize 1/L

In the unconstrained case:

Local LMO with this radius = GD with 1/L stepsize

<latexit sha1_base64="Br4c0z6V35YNC7f2sRxO/Fi2Akw=">AAACCXicbVC7TsNAEDzzDOFloKQ5kSCFJrJTBBqkCAooKIJEHlJsWefLOTn5/NDdGRE5bmn4FRoKEKLlD+j4Gy6JC0gYaaXRzK52d9yYUSEN41tbWl5ZXVsvbBQ3t7Z3dvW9/baIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuP7lxO/cEy5oFN7JUUzsAA1C6lGMpJIcHZbL0vHhObQ8jnBqja8qD45/Yo2z9CaDynX0klE1poCLxMxJCeRoOvqX1Y9wEpBQYoaE6JlGLO0UcUkxI1nRSgSJEfbRgPQUDVFAhJ1OP8ngsVL60Iu4qlDCqfp7IkWBEKPAVZ0BkkMx703E/7xeIr0zO6VhnEgS4tkiL2FQRnASC+xTTrBkI0UQ5lTdCvEQqUikCq+oQjDnX14k7VrVrFfrt7VS4yKPowAOwRGoABOcgga4Bk3QAhg8gmfwCt60J+1Fe9c+Zq1LWj5zAP5A+/wBYEyYPQ==</latexit>

t k =
! G(xk )!

L

<latexit sha1_base64="VrrP+cxFcdTXlBjIZs8kGNkGX2Q="></latexit>

min
0! k ! K " 1

! G(xk )! 2 "
2L(f (x0) # f ! )

K <latexit sha1_base64="atHenQKiBDub/QrGmdZsEjSrlcg=">AAACD3icbVDLSsNAFJ34rPUVdelmsFHqpiRFqhuh4MZlBfuAJoTJdNIOnUzCzERaQv/Ajb/ixoUibt2682+ctllo64ELh3Pu5d57goRRqWz721hZXVvf2CxsFbd3dvf2zYPDloxTgUkTxywWnQBJwignTUUVI51EEBQFjLSD4c3Ubz8QIWnM79U4IV6E+pyGFCOlJd88s6zQd6VCAl5DN6Lcz0bQpRy6GDHYmcCwPDq3LN8s2RV7BrhMnJyUQI6Gb365vRinEeEKMyRl17ET5WVIKIoZmRTdVJIE4SHqk66mHEVEetnsnwk81UoPhrHQxRWcqb8nMhRJOY4C3RkhNZCL3lT8z+umKrzyMsqTVBGO54vClEEVw2k4sEcFwYqNNUFYUH0rxAMkEFY6wqIOwVl8eZm0qhWnVqndVUv1izyOAjgGJ6AMHHAJ6uAWNEATYPAInsEreDOejBfj3fiYt64Y+cwR+APj8wdJd5o/</latexit>

f ! = min
x ! X

f (x)

<latexit sha1_base64="kxm9GoFCZqfbL3xqBnlIi3NYZ8E=">AAAB+nicbVC7SgNBFJ2NrxhfGy1tBhPBxrAbJFoGbCwsIpgHJEuYncwmQ+axzMwqYc2n2FgoYuuX2Pk3TpItNPHAhcM593LvPWHMqDae9+3k1tY3Nrfy24Wd3b39A7d42NIyUZg0sWRSdUKkCaOCNA01jHRiRRAPGWmH4+uZ334gSlMp7s0kJgFHQ0EjipGxUt8tlqMypBqWb8vnmktpRn235FW8OeAq8TNSAhkafferN5A44UQYzJDWXd+LTZAiZShmZFroJZrECI/RkHQtFYgTHaTz06fw1CoDGEllSxg4V39PpIhrPeGh7eTIjPSyNxP/87qJia6ClIo4MUTgxaIoYdBIOMsBDqgi2LCJJQgram+FeIQUwsamVbAh+Msvr5JWteLXKrW7aql+kcWRB8fgBJwBH1yCOrgBDdAEGDyCZ/AK3pwn58V5dz4WrTknmzkCf+B8/gDmEZJ1</latexit>

f is L -smooth

<latexit sha1_base64="cegGYTYpj6o2L/z44XzqYupXgCI="></latexit>

G(x) = L
!
x ! ProjX

"
x !

1
L

" f (x)
#$

<latexit sha1_base64="JqhXrOZTRKITffep8mx4ZxEmMYs=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAV6qbMFKluhIILXVawD2iHkkkzbWgmMyQZsdQu/BU3LhRx62+4829M21lo64ELJ+fcS+49fsyZ0o7zbS0tr6yurWc2sptb2zu79t5+XUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4GriN+6pVCwSd3oYUy/EPcECRrA2Usc+zOevCw+n6BK1BfY5RoF55fMdO+cUnSnQInFTkoMU1Y791e5GJAmp0IRjpVquE2tvhKVmhNNxtp0oGmMywD3aMlTgkCpvNN1/jE6M0kVBJE0Jjabq74kRDpUahr7pDLHuq3lvIv7ntRIdXHgjJuJEU0FmHwUJRzpCkzBQl0lKNB8agolkZldE+lhiok1kWROCO3/yIqmXim65WL4t5SpnaRwZOIJjKIAL51CBG6hCDQg8wjO8wpv1ZL1Y79bHrHXJSmcO4A+szx+rh5NI</latexit>

G(x) = ! f (x)



Theory in Other Regimes





Part 4
Plush Toy Experiments



Local LMO vs Projected GD vs Frank-Wolfe

(strongly convex quadratic in 2 dimensions)



Practical Radius Rule Inspired by Theory

Theoretical radius:

Practical radius uses 
two tunable parameters:

<latexit sha1_base64="7yDHL7HSrnbfG5dyk+syJgPjvz0="></latexit>

t k =
2
!

µL
L + µ

" xk # x! "

<latexit sha1_base64="Xk301EjpAL1HO0ZWmFDkIo0dYgY=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSBGCGE3RbQRgjaWEcwDsmuYnZ0kQ2ZnNzN3hRDyCTb+io2FIraWdv6Nk0ehiQcuHM65l3vv8WPBNdj2t5VaWV1b30hvZra2d3b3svsHdR0lirIajUSkmj7RTHDJasBBsGasGAl9wRp+/3riNx6Y0jySdzCMmReSruQdTgkYqZ09dVvQ7uNLTLFLgwjw4L5fwO4gIQEeuFzivF1wzlyvnc3ZRXsKvEycOcmhOart7JcbRDQJmQQqiNYtx47BGxEFnAo2zriJZjGhfdJlLUMlCZn2RtOHxvjEKAHuRMqUBDxVf0+MSKj1MPRNZ0igpxe9ifif10qgc+GNuIwTYJLOFnUSgSHCk3RwwBWjIIaGEKq4uRXTHlGEgskwY0JwFl9eJvVS0SkXy7elXOVqHkcaHaFjlEcOOkcVdIOqqIYoekTP6BW9WU/Wi/VufcxaU9Z85hD9gfX5A4Onml0=</latexit>

t k = c áqk , q ! (0, 1)

<latexit sha1_base64="W3dkdldPw3TlsJRf1WnE2abWRxE="></latexit>

c =
2
!

µL
L + µ

" x0 # x! "

(strongly convex quadratic in 2 dimensions)



The End


