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i=1

fi(x)

Random Reshuffling: Simple Analysis With Vast Improvements

Peter Richtárik

d features/parameters 
representing a ML model

Loss of model x on ith data

1. Sampling With Replacement, aka Stochastic Gradient Descent (SGD)

2. Sampling Without Replacement, aka Random Reshuffling (RR)
<latexit sha1_base64="6bRVEX4E0mDdhDUuoiBxu5ps/hY=">AAACGnicbVBNSwMxEM36WetX1aOXYCsoYtktol6EghePFawtdNsym2Zr2CS7JFlpWfo7vPhXvHhQxJt48d+Y1h78ejDweG+GmXlBwpk2rvvhzMzOzS8s5pbyyyura+uFjc1rHaeK0DqJeayaAWjKmaR1wwynzURREAGnjSA6H/uNW6o0i+WVGSa0LaAvWcgIGCt1C16pNOhk0YE3wmd40InwIfb7IARgX0LAAYfdzE9YJxrtWX cfl0rdQtEtuxPgv8SbkiKaotYtvPm9mKSCSkM4aN3y3MS0M1CGEU5HeT/VNAESQZ+2LJUgqG5nk9dGeNcqPRzGypY0eKJ+n8hAaD0Uge0UYG70b28s/ue1UhOetjMmk9RQSb4WhSnHJsbjnHCPKUoMH1oCRDF7KyY3oIAYm2behuD9fvkvua6UveOyd1kpVo+mceTQNtpBe8hDJ6iKLlAN1RFBd+gBPaFn5955dF6c16/WGWc6s4V+wHn/BOLQnkE=</latexit>

xk+1 = xk � �rf⇡k(xk)

<latexit sha1_base64="wAKKjJAR2jAwDvkVhi7vO1nCB8o=">AAACGHicbVDLSgNBEJz1GeNr1aOXwURQxLgbRL0IghePCuYBedE7mY3DzswuM7OSsOQzvPgrXjwo4tWbf+Mk5qDRgoaiqpvuriDhTBvP+3RmZufmFxZzS/nlldW1dXdjs6rjVBFaITGPVT0ATTmTtGKY4bSeKAoi4LQWRJcjv3ZPlWaxvDWDhLYE9CQLGQFjpY57VCz221l04A/xOe63I3yImz0QAnBTQsABh52MtaPhnvX2cb HYcQteyRsD/yX+hBTQBNcd96PZjUkqqDSEg9YN30tMKwNlGOF0mG+mmiZAIujRhqUSBNWtbPzYEO9apYvDWNmSBo/VnxMZCK0HIrCdAsydnvZG4n9eIzXhWStjMkkNleR7UZhybGI8Sgl3maLE8IElQBSzt2JyBwqIsVnmbQj+9Mt/SbVc8k9K/k25cHE8iSOHttEO2kM+OkUX6Apdowoi6AE9oRf06jw6z86b8/7dOuNMZrbQLzgfX0JjnWE=</latexit>

xk+1 = xk � �rfik(x
k)

<latexit sha1_base64="UKJvniG9mOvRgXyHHaH31zzU0Eg=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARXJSSFFGXBTcuK9gHNKFMptN26GQSZiZCCQV/xY0LRdz6He78G6dtFtp6YOBwzj3cOydMOFPadb+twtr6xuZWcbu0s7u3f2AfHrVUnEpCmyTmseyEWFHOBG1qpjntJJLiKOS0HY5vZ377kUrFYvGgJwkNIjwUbMAI1kbq2SeOg/zMq9Qqfj/WqiL8KXKcnl12q+4caJV4OSlDjkbP/jJxkkZUaMKxUl3PTXSQYakZ4XRa8lNFE0zGeEi7hgocURVk8/On6NwofTSIpXlCo7n6O5HhSKlJFJrJCOuRWvZm4n9eN9WDmyBjIkk1FWSxaJBypGM06wL1maRE84khmEhmbkVkhCUm2jRWMiV4y19eJa1a1buqeve1cv0yr6MIp3AGF+DBNdThDhrQBAIZPMMrvFlP1ov1bn0sRgtWnjmGP7A+fwC6gJNe</latexit>

{1, 2, . . . , n}
Training data

Problem: Find Model Which Minimizes
Prediction Loss on Training Data

Algorithm: How to Choose the Next Training Data Point to Learn From?

<latexit sha1_base64="DAOJ73dnAOdR651m6v/ZMh6sOSg=">AAACG3icbVDLSsNAFJ34rPUVdelmsBVcSElSXxuh4MZlBfuAJi2T6aQdOnkwMxFKyH+48VfcuFDEleDCv3GSZqGtl5nD4dxzmbnHjRgV0jC+taXlldW19dJGeXNre2dX39tvizDmmLRwyELedZEgjAakJalkpBtxgnyXkY47ucn6nQfCBQ2DezmNiOOjUUA9ipFU0kC3qnZC++YppH0rg3oGZxmc2ym8hnYClWTlR7nqdlod6BWjZuQFF4lZkAooqjnQP+1hiGOfBBIzJETPNCLpJIhLihlJy3YsSITwBI1IT9EA+UQ4Sb5bCo+VMoReyNUNJMzV3xMJ8oWY+q5y+kiOxXwvE//r9WLpXTkJDaJYkgDPHvJiBmUIs6DgkHKCJZsqgjCn6q8QjxFHWKo4yyoEc37lRdK2auZFzbyzKo1qEUcJHIIjcAJMcAka4BY0QQtg8AiewSt40560F+1d+5hZl7Ri5gD8Ke3rB/ptmwc=</latexit>

{i1, i2, i3, i4, i5} = {3, 2, 2, 1, 3}

<latexit sha1_base64="EqR6iNr7vdVwbug/RL2bmV4uG84=">AAACJXicbVDLSgMxFM3UV62vUZdugq3gQspMfS4UCm5cVrAP6Iwlk2ba0ExmSDJCGfozbvwVNy4sIrjyV8x0ZqGtF8I5Ofdcknu8iFGpLOvLKCwtr6yuFddLG5tb2zvm7l5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oNu23n4iQNOQPahwRN0ADTn2KkdJSz7yuOIkT0Uf7BKZQy+A0g7MMzp0JvIFOAvVdd7RV27RY6Zllq2rNCi4SOydlkFejZ06dfojjgHCFGZKya1uRchMkFMWMTEpOLEmE8AgNSFdTjgIi3WS25QQeaaUP/VDowxWcqb8nEhRIOQ487QyQGsr5Xir+1+vGyr9yE8qjWBGOs4f8mEEVwjQy2KeCYMXGmiAsqP4rxEMkEFY62JIOwZ5feZG0alX7omrf18r1Sh5HERyAQ3AMbHAJ6uAONEATYPAMXsE7mBovxpvxYXxm1oKRz+yDP2V8/wBJuJ9r</latexit>

{⇡1,⇡2,⇡3,⇡4,⇡5} = {4, 3, 1, 2, 5}

<latexit sha1_base64="08ihtggfPDhfwuH9hAlG+lwiX+w=">AAAB+3icbVDJSgNBFOyJW4zbGI9eGhPBU5gJuCAIARE8RjALJEPo6fQkTXoZunskIeRXvHhQxKs/4s2/sTOZgybWqah6j1evwphRbTzv28mtrW9sbuW3Czu7e/sH7mGxqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpHt3O/9USUplI8mklMAo4GgkYUI2Olnlu8GyMeMwIjqWBZ3JyXr3tuyat4KeAq8TNSAhnqPfer25c44UQYzJDWHd+LTTBFylDMyKzQTTSJER6hAelYKhAnOpim2Wfw1Cr99HokhYGp+ntjirjWEx7aSY7MUC97c/E/r5OY6CqYUhEnhgi8OBQlDBoJ50XAPlUEGzaxBGFFbVaIh0ghbGxdBVuCv/zyKmlWK/5FxX+olmrlrI48OAYn4Az44BLUwD2ogwbAYAyewSt4c2bOi/PufCxGc062cwT+wPn8AfKYkvo=</latexit>

Example for n = 5:

<latexit sha1_base64="08ihtggfPDhfwuH9hAlG+lwiX+w=">AAAB+3icbVDJSgNBFOyJW4zbGI9eGhPBU5gJuCAIARE8RjALJEPo6fQkTXoZunskIeRXvHhQxKs/4s2/sTOZgybWqah6j1evwphRbTzv28mtrW9sbuW3Czu7e/sH7mGxqWWiMGlgyaRqh0gTRgVpGGoYaceKIB4y0gpHt3O/9USUplI8mklMAo4GgkYUI2Olnlu8GyMeMwIjqWBZ3JyXr3tuyat4KeAq8TNSAhnqPfer25c44UQYzJDWHd+LTTBFylDMyKzQTTSJER6hAelYKhAnOpim2Wfw1Cr99HokhYGp+ntjirjWEx7aSY7MUC97c/E/r5OY6CqYUhEnhgi8OBQlDBoJ50XAPlUEGzaxBGFFbVaIh0ghbGxdBVuCv/zyKmlWK/5FxX+olmrlrI48OAYn4Az44BLUwD2ogwbAYAyewSt4c2bOi/PufCxGc062cwT+wPn8AfKYkvo=</latexit>

Example for n = 5:

- unbiased gradient estimator

- thousands of papers since 1950s
- well understood

- biased gradient estimator

- a handful of papers only!
- not understood
- default in deep learning 

software

<latexit sha1_base64="ZNlDx9AXCVdGAYw4zcHKuiywzSc="></latexit>

E
⇥
rfik(x

k) | xk
⇤
= rf(xk)

<latexit sha1_base64="K2ukAzDUnL+9vx5ZiROtDFTfOX0="></latexit>

E
⇥
rf⇡k(xk) | xk

⇤
6= rf(xk)

<latexit sha1_base64="PMaVtd8Mc8rXAQWshoZDlHJMtJs="></latexit>

f(x)
def
=

1

n

nX

i=1

fi(x)

<latexit sha1_base64="tL7asXFRwejrkb3tLA87cCV/8cw="></latexit>

E
h��xtn � x?

��2
i
 (1� �µ)tn

��x0 � x?
��2 + 2��2

Shu✏e

µ

Theorem (Strongly Convex Case)

solution

learning rate
<latexit sha1_base64="8Uh2Ay1rgmIvJvF3vz3tS03Evzs=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwaJqUo6AGMlFgaGItGH1ESV4zqtVdsJtoNURVlY+BUWBhBi5R/Y+BvcNgO0HOlKR+fcq3vvCRNGlXbdb6u0srq2vlHerGxt7+zu2fsHbRWnEpMWjlksuyFShFFBWppqRrqJJIiHjHTC8dXU7zwQqWgs7vQkIQFHQ0EjipE2Ut8+dhx/iDhH0GfkHvo6kghnXp7d5I7Tt6tuzZ0BLhOvIFVQoNm3v/xBjFNOhMYMKdXz3EQHGZKaYkbyip8qkiA8RkPSM1QgTlSQzb7I4alRBjCKpSmh4Uz9PZEhrtSEh6aTIz1Si95U/M/rpTq6DDIqklQTgeeLopRBHcNpJHBAJcGaTQxBWFJzK8QjZHLQJriKCcFbfHmZtOs177zm3darDVjEUQZH4AScAQ9cgAa4Bk3QAhg8gmfwCt6sJ+vFerc+5q0lq5g5BH9gff4Ap/iXSw==</latexit>

�  1
L

Strong convexity parameter

A new notion: 
“shuffling variance”

Model trained after t data passes

- Dramatically new proof technique
- Better dependence on n and condition 

number
- New notion: shuffling variance
- Variant Shuffle-Once: tightly matches 

lower bound of Safran and Shamir (2020)

Rajput et al (2020): “Current theoretical 
bounds [for Shuffle-Once] are insufficient 
to explain this phenomenon, and a new 

theoretical breakthrough may be required 
to tackle it.”

Our Theoretical Rates Significantly Improve on SOTA
(in strongly convex, convex and also nonconvex regimes)
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Minibatch

PAGE: A Simple and Optimal Probabilistic Gradient Estimator 
for Nonconvex Optimization

Peter Richtárik

<latexit sha1_base64="EH92j7FdiCA/U3o8XsD8koap0Bo="></latexit>

min
x2Rd

1

n

nX

i=1

fi(x)

d features/parameters 
representing a ML model

Loss of model x on ith data
<latexit sha1_base64="UKJvniG9mOvRgXyHHaH31zzU0Eg=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrARXJSSFFGXBTcuK9gHNKFMptN26GQSZiZCCQV/xY0LRdz6He78G6dtFtp6YOBwzj3cOydMOFPadb+twtr6xuZWcbu0s7u3f2AfHrVUnEpCmyTmseyEWFHOBG1qpjntJJLiKOS0HY5vZ377kUrFYvGgJwkNIjwUbMAI1kbq2SeOg/zMq9Qqfj/WqiL8KXKcnl12q+4caJV4OSlDjkbP/jJxkkZUaMKxUl3PTXSQYakZ4XRa8lNFE0zGeEi7hgocURVk8/On6NwofTSIpXlCo7n6O5HhSKlJFJrJCOuRWvZm4n9eN9WDmyBjIkk1FWSxaJBypGM06wL1maRE84khmEhmbkVkhCUm2jRWMiV4y19eJa1a1buqeve1cv0yr6MIp3AGF+DBNdThDhrQBAIZPMMrvFlP1ov1bn0sRgtWnjmGP7A+fwC6gJNe</latexit>

{1, 2, . . . , n}
Training data

<latexit sha1_base64="PMaVtd8Mc8rXAQWshoZDlHJMtJs="></latexit>

f(x)
def
=

1

n

nX

i=1

fi(x)

Problem: Train a ML Model on 1 Machine
Using Minimal # of Data Samples

PAGE Learning rate Full gradient
(requires 1 pass 

over all data)

Goal: Find random vector     such that
<latexit sha1_base64="CGjA08JbppNRwKfXR6sCU4UP0q4=">AAAB+HicbVC7TsNAEFzzDOERAyXNiRiJKrJTAGUkGsogkYeUWNH5fE5OOZ+tuzMQrHwJDQUI0fIpdPwNl8QFJIy00mhmV7s7QcqZ0q77ba2tb2xubZd2yrt7+wcV+/CorZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51gfD3zO/dUKpaIOz1JqR/joWARI1gbaWBXHKf/wEI6wjp/nDrOwK66NXcOtEq8glShQHNgf/XDhGQxFZpwrFTPc1Pt51hqRjidlvuZoikmYzykPUMFjqny8/nhU3RmlBBFiTQlNJqrvydyHCs1iQPTGWM9UsveTPzP62U6uvJzJtJMU0EWi6KMI52gWQooZJISzSeGYCKZuRWREZaYaJNV2YTgLb+8Str1mndR827r1YZTxFGCEziFc/DgEhpwA01oAYEMnuEV3qwn68V6tz4WrWtWMXMMf2B9/gDB/5Jp</latexit>

bx

Assumptions:

1
2

<latexit sha1_base64="4ChSG8/GXxMHkGvi7+gF4OjDBks="></latexit>

krfi(x)�rfi(y)k  Likx� yk 8x, y 2 Rd

<latexit sha1_base64="nqjvTE2t3dqX4FqIMWU9kkj4Y+M=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DCaCp7Cbg3oMePEYwTwgWcLsbG8yZHZmmZlVYgj+ihcPinj1P7z5N06SPWhiQUNR1U13V5hypo3nfTsrq2vrG5uFreL2zu7evntw2NQyUxQaVHKp2iHRwJmAhmGGQztVQJKQQyscXk/91j0ozaS4M6MUgoT0BYsZJcZKPfe4HJcx05jLB1A4lJmIIOq5Ja/izYCXiZ+TEspR77lf3UjSLAFhKCdad3wvNcGYKMMoh0mxm2lICR2SPnQsFSQBHYxn10/wmVUiHEtlSxg8U39PjEmi9SgJbWdCzEAvelPxP6+TmfgqGDORZgYEnS+KM46NxNMocMQUUMNHlhCqmL0V0wFRhBobWNGG4C++vEya1Yp/UfFvq6VaOY+jgE7QKTpHPrpENXSD6qiBKHpEz+gVvTlPzovz7nzMW1ecfOYI/YHz+QMlZpRN</latexit>

f is lower bounded

3 <latexit sha1_base64="Jec94yEarOhBNk+KzVlRDwDcdo0=">AAAB/HicbVDLTsJAFJ3iC/FVZelmIhhckZaFuiRx4xITARNoynSYwoR5NDNTk4bgr7hxoTFu/RB3/o0DdKHgSW5ycs69ufeeKGFUG8/7dgobm1vbO8Xd0t7+weGRe3zS0TJVmLSxZFI9REgTRgVpG2oYeUgUQTxipBtNbuZ+95EoTaW4N1lCAo5GgsYUI2Ol0C1X45BWIdVwMNBcSjOu1UK34tW9BeA68XNSATlaofvVH0qcciIMZkjrnu8lJpgiZShmZFbqp5okCE/QiPQsFYgTHUwXx8/guVWGMJbKljBwof6emCKudcYj28mRGetVby7+5/VSE18HUyqS1BCBl4vilEEj4TwJOKSKYMMySxBW1N4K8RgphI3Nq2RD8FdfXiedRt2/rPt3jUqzmsdRBKfgDFwAH1yBJrgFLdAGGGTgGbyCN+fJeXHenY9la8HJZ8rgD5zPH+EZk4k=</latexit>

fi is “smooth”

<latexit sha1_base64="KGWVhNqJqt9W5yhGjhz5kjdirKk=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjARrMJuCrUM2FhGMA9IlmV2cjcZMjuzzMwGw5rCX7GxUMTW37Dzb5w8Ck08cOFwzr3ce0+YcKaN6347ubX1jc2t/HZhZ3dv/6B4eNTUMlUUGlRyqdoh0cCZgIZhhkM7UUDikEMrHN5M/dYIlGZS3JtxAn5M+oJFjBJjpaB4Uo4CVsaUCBwCFlJQKUbwEBRLbsWdAa8Sb0FKaIF6UPzq9iRNYxCGcqJ1x3MT42dEGUY5TArdVENC6JD0oWOpIDFoP5vdP8HnVunhSCpbwuCZ+nsiI7HW4zi0nTExA73sTcX/vE5qoms/YyJJDQg6XxSlHBuJp2HgHlNADR9bQqhi9lZMB0QRamxkBRuCt/zyKmlWK95lxburlmrlRRx5dIrO0AXy0BWqoVtURw1E0SN6Rq/ozXlyXpx352PemnMWM8foD5zPH5UxlRo=</latexit>

fi can be nonconvex

<latexit sha1_base64="za+HX2ccAGOavbYJH4QgYTk7N5Q=">AAACCnicbVC7TgJBFJ3FF+ILtbQZBRNsyC6FGisSG0tM5JHAQu4OszBhdnYzM6uQDbWNv2JjoTG2foGdf+PwKBQ8yU1Ozrk3997jRZwpbdvfVmpldW19I72Z2dre2d3L7h/UVBhLQqsk5KFseKAoZ4JWNdOcNiJJIfA4rXuD64lfv6dSsVDc6VFE3QB6gvmMgDZSJ3v8AEJf4XyvPcAtiCIZDnFLgMcB+4Vhe3CW72RzdtGeAi8TZ05yaI5KJ/vV6oYkDqjQhINSTceOtJuA1IxwOs60YkUjIAPo0aahAgKq3GT6yhifGqWL/VCaEhpP1d8TCQRKjQLPdAag+2rRm4j/ec1Y+5duwkQUayrIbJEfc6xDPMkFd5mkRPORIUAkM7di0gcJRJv0MiYEZ/HlZVIrFZ3zonNbypXz8zjS6AidoAJy0AUqoxtUQVVE0CN6Rq/ozXqyXqx362PWmrLmM4foD6zPH/eRmQ8=</latexit>

want: gk ⇡ rf(xk)
Stochastic gradient estimator

Probability of computing the 
full gradient (should be small)

We prove that 
PAGE is “optimal”

(= in a precise 
mathematical 

sense, this is the 
best gradient-type 
method for solving 
smooth nonconvex 

problems)

<latexit sha1_base64="j3fDQ/xBEO2/5zxMqBMlwtv+MqU=">AAACBnicbVC7SgNBFJ2Nrxhfq5YiDCaCRQi7KdQyYGMZ0Twgu4bZySQZMju7zNwVwpLKxl+xsVDE1m+w82+cJFto4oGBwzn3cOeeIBZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLVDohmgkvWAA6CtWPFSBgI1gpGV1O/9cCU5pG8g3HM/JAMJO9zSsBIXfu4dHs/wp5OAs0Ae6lbrpa9XgS6LL1JqWsXnYozA14mbkaKKEO9a3+ZME1CJoEKonXHdWLwU6KAU8EmBS/RLCZ0RAasY6gkIdN+Ojtjgk+N0sP9SJknAc/U34mUhFqPw8BMhgSGetGbiv95nQT6l37KZZwAk3S+qJ8IDBGedoJ7XDEKYmwIoYqbv2I6JIpQMM0VTAnu4snLpFmtuOcV96ZarJWyOvLoCJ2gM+SiC1RD16iOGoiiR/SMXtGb9WS9WO/Wx3w0Z2WZQ/QH1ucP5dmXZA==</latexit>

Sk ⇢ {1, 2, . . . , n}
Random subset

<latexit sha1_base64="sLijr3Js3x8pdJJO/3R/lBBDR2A="></latexit>

E
⇥
gk | xk, xk�1

⇤
6= rf(xk)

PAGE is a biased estimator of the gradient:

Theorem

<latexit sha1_base64="KNUFGiyp3O6ME2F1vwoo0FHREZM="></latexit>

E
⇥
krf(bx)k2

⇤
 "2

<latexit sha1_base64="PiWprJWKQOzVMkEMRNTYtz315zc="></latexit>

O

✓
n+

p
n

"2

◆
PAGE solves the problem using 

data samples

= # of stochastic 
gradient evaluations

with either of these two parameter choices:

<latexit sha1_base64="5wZUh6bMYc5bLcqdl0Irg/LGMdU="></latexit>

|Sk| =
p
n and p =

1

1 +
p
n

A

B

<latexit sha1_base64="5XsGSqBuY+Ktd8ZZAktSWQGcWno="></latexit>

|Sk| = 1 and p =
1

1 + n

Comparison to Existing Results
<latexit sha1_base64="fUUf0j/Jmy7XLuRu6Ep6BDAE2TY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCMIYkm6UDdCwY3LCvYBbVom00k6ZCYJMxNpCd258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbLtb2NpeWV1bb2wUdzc2t7ZNff2GzJOBSZ1HLNYtDwkCaMRqSuqGGklgiDuMdL0wpuJ33wgQtI4ulejhLgcBRH1KUZKSz3zyLKG3Sw8c8bwGg67ITyHnQBxjmDQDS2rZ5bssj0FXCROTkogR61nfnX6MU45iRRmSMq2YyfKzZBQFDMyLnZSSRKEQxSQtqYR4kS62fSPMTzRSh/6sdAVKThVf09kiEs54p7u5EgN5Lw3Ef/z2qnyr9yMRkmqSIRni/yUQRXDSSiwTwXBio00QVhQfSvEAyQQVjq6og7BmX95kTQqZeei7NxVSlUrj6MADsExOAUOuARVcAtqoA4weATP4BW8GU/Gi/FufMxal4x85gD8gfH5A/iblrw=</latexit>

xk+1 = xk � �gk
<latexit sha1_base64="qvIJ+Xb7wvBL9W8Wx9SERoepzxI="></latexit>

gk+1 =

8
><

>:

1
n

nP
i=1

rfi(xk+1) with probability p

gk + 1
|Sk|

P
i2Sk

�
rfi(xk+1)�rfi(xk)

�
with probability 1� p
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Goal: Find random vector     such that

<latexit sha1_base64="EH92j7FdiCA/U3o8XsD8koap0Bo=">AAACJHicbVDLSgMxFM34tr6qLt0EW0E3ZaaICiIIblyq2Ad0xiGTZtrQJDMkGbGE+Rg3/oobFz5w4cZvMdN24etA4HDOvdycE6WMKu26H87U9Mzs3PzCYmlpeWV1rby+0VRJJjFp4IQlsh0hRRgVpKGpZqSdSoJ4xEgrGpwVfuuWSEUTca2HKQk46gkaU4y0lcLycbXqcypCc+dTAX2OdD+KzFV+082hH0uEjZcbkfsq46GhJ1 5+I2Ac0t27vWo1LFfcmjsC/Eu8CamACS7C8qvfTXDGidCYIaU6npvqwCCpKWYkL/mZIinCA9QjHUsF4kQFZhQyhztW6cI4kfYJDUfq9w2DuFJDHtnJIoX67RXif14n0/FRYKhIM00EHh+KMwZ1AovGYJdKgjUbWoKwpPavEPeRrUbbXku2BO935L+kWa95BzXvsl453Z/UsQC2wDbYBR44BKfgHFyABsDgHjyCZ/DiPDhPzpvzPh6dciY7m+AHnM8vR1ykgA==</latexit>

min
x2Rd

1

n

nX

i=1

fi(x)

Random compression operator

MARINA: Faster Non-convex Distributed Learning 
with (Communication) Compression

Peter Richtárik

d features/parameters 
representing a ML model

Loss of model x
on data stored 
on machine i

# of machines

<latexit sha1_base64="PMaVtd8Mc8rXAQWshoZDlHJMtJs="></latexit>

f(x)
def
=

1

n

nX

i=1

fi(x)

Problem: Train a ML Model on n Machines 
Using Minimal # of Bits Communciated 
by the n Workers to the Master

MARINA Learning 
rate

Uncompressed 
gradient

Assumptions:

1
2

<latexit sha1_base64="4ChSG8/GXxMHkGvi7+gF4OjDBks="></latexit>

krfi(x)�rfi(y)k  Likx� yk 8x, y 2 Rd

<latexit sha1_base64="nqjvTE2t3dqX4FqIMWU9kkj4Y+M=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DCaCp7Cbg3oMePEYwTwgWcLsbG8yZHZmmZlVYgj+ihcPinj1P7z5N06SPWhiQUNR1U13V5hypo3nfTsrq2vrG5uFreL2zu7evntw2NQyUxQaVHKp2iHRwJmAhmGGQztVQJKQQyscXk/91j0ozaS4M6MUgoT0BYsZJcZKPfe4HJcx05jLB1A4lJmIIOq5Ja/izYCXiZ+TEspR77lf3UjSLAFhKCdad3wvNcGYKMMoh0mxm2lICR2SPnQsFSQBHYxn10/wmVUiHEtlSxg8U39PjEmi9SgJbWdCzEAvelPxP6+TmfgqGDORZgYEnS+KM46NxNMocMQUUMNHlhCqmL0V0wFRhBobWNGG4C++vEya1Yp/UfFvq6VaOY+jgE7QKTpHPrpENXSD6qiBKHpEz+gVvTlPzovz7nzMW1ecfOYI/YHz+QMlZpRN</latexit>

f is lower bounded

3 <latexit sha1_base64="Jec94yEarOhBNk+KzVlRDwDcdo0=">AAAB/HicbVDLTsJAFJ3iC/FVZelmIhhckZaFuiRx4xITARNoynSYwoR5NDNTk4bgr7hxoTFu/RB3/o0DdKHgSW5ycs69ufeeKGFUG8/7dgobm1vbO8Xd0t7+weGRe3zS0TJVmLSxZFI9REgTRgVpG2oYeUgUQTxipBtNbuZ+95EoTaW4N1lCAo5GgsYUI2Ol0C1X45BWIdVwMNBcSjOu1UK34tW9BeA68XNSATlaofvVH0qcciIMZkjrnu8lJpgiZShmZFbqp5okCE/QiPQsFYgTHUwXx8/guVWGMJbKljBwof6emCKudcYj28mRGetVby7+5/VSE18HUyqS1BCBl4vilEEj4TwJOKSKYMMySxBW1N4K8RgphI3Nq2RD8FdfXiedRt2/rPt3jUqzmsdRBKfgDFwAH1yBJrgFLdAGGGTgGbyCN+fJeXHenY9la8HJZ8rgD5zPH+EZk4k=</latexit>

fi is “smooth”

<latexit sha1_base64="KGWVhNqJqt9W5yhGjhz5kjdirKk=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjARrMJuCrUM2FhGMA9IlmV2cjcZMjuzzMwGw5rCX7GxUMTW37Dzb5w8Ck08cOFwzr3ce0+YcKaN6347ubX1jc2t/HZhZ3dv/6B4eNTUMlUUGlRyqdoh0cCZgIZhhkM7UUDikEMrHN5M/dYIlGZS3JtxAn5M+oJFjBJjpaB4Uo4CVsaUCBwCFlJQKUbwEBRLbsWdAa8Sb0FKaIF6UPzq9iRNYxCGcqJ1x3MT42dEGUY5TArdVENC6JD0oWOpIDFoP5vdP8HnVunhSCpbwuCZ+nsiI7HW4zi0nTExA73sTcX/vE5qoms/YyJJDQg6XxSlHBuJp2HgHlNADR9bQqhi9lZMB0QRamxkBRuCt/zyKmlWK95lxburlmrlRRx5dIrO0AXy0BWqoVtURw1E0SN6Rq/ozXlyXpx352PemnMWM8foD5zPH5UxlRo=</latexit>

fi can be nonconvex

<latexit sha1_base64="fUUf0j/Jmy7XLuRu6Ep6BDAE2TY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCMIYkm6UDdCwY3LCvYBbVom00k6ZCYJMxNpCd258VfcuFDErb/gzr9x2mahrQcuHM65l3vv8RJGpbLtb2NpeWV1bb2wUdzc2t7ZNff2GzJOBSZ1HLNYtDwkCaMRqSuqGGklgiDuMdL0wpuJ33wgQtI4ulejhLgcBRH1KUZKSz3zyLKG3Sw8c8bwGg67ITyHnQBxjmDQDS2rZ5bssj0FXCROTkogR61nfnX6MU45iRRmSMq2YyfKzZBQFDMyLnZSSRKEQxSQtqYR4kS62fSPMTzRSh/6sdAVKThVf09kiEs54p7u5EgN5Lw3Ef/z2qnyr9yMRkmqSIRni/yUQRXDSSiwTwXBio00QVhQfSvEAyQQVjq6og7BmX95kTQqZeei7NxVSlUrj6MADsExOAUOuARVcAtqoA4weATP4BW8GU/Gi/FufMxal4x85gD8gfH5A/iblrw=</latexit>

xk+1 = xk � �gk

Stochastic gradient estimator
Probability of sending 

an uncompressed 
vector 

(should be small)

<latexit sha1_base64="sLijr3Js3x8pdJJO/3R/lBBDR2A="></latexit>

E
⇥
gk | xk, xk�1

⇤
6= rf(xk)

MARINA uses a biased estimator of the gradient:

Theorem (simplified)
If          is the Rand-1 sparsifier, and                      , 
then MARINA solves the problem using 

communicated bits / 
machine

Comparison to Existing Results: MARINA is SOTA

<latexit sha1_base64="BLeJ31EQtnj4D0QuOtpXHZPTARI="></latexit>

want: gk
def
= 1

n

nP
i=1

gki ⇡ rf(xk)

<latexit sha1_base64="bNwPu1G1cefxXeppD4owBhXH0ms=">AAACGHicbVC7SgNBFJ2NrxhfUUubwawQm7ibQm2EgAiWCZgHZNcwO5ndDJl9MHNXCEs+w8ZfsbFQxDadf+PkUWjigYHDOfdy5xwvEVyBZX0bubX1jc2t/HZhZ3dv/6B4eNRScSopa9JYxLLjEcUEj1gTOAjWSSQjoSdY2xveTv32E5OKx9EDjBLmhiSIuM8pAS31ihem6YQEBp6X3Y0dwXzoZg4lAjfGPf44LAfn2JE8GICLb3Bgmr1iyapYM+BVYi9ICS1Q7xUnTj+macgioIIo1bWtBNyMSOBUsHHBSRVLCB2SgHU1jUjIlJvNgo3xmVb62I+lfhHgmfp7IyOhUqPQ05PTEGrZm4r/ed0U/Gs341GSAovo/JCfCgwxnraE+1wyCmKkCaGS679iOiCSUNBdFnQJ9nLkVdKqVuzLit2olmrmoo48OkGnqIxsdIVq6B7VURNR9Ixe0Tv6MF6MN+PT+JqP5ozFzjH6A2PyAy/pnnk=</latexit>

E
⇥
Qk

i (g)
⇤
= g

<latexit sha1_base64="qzqOCu4YnjTugL6SCptD9BOYNv8="></latexit>

E
⇥
kQk

i (g)k2
⇤
 (! + 1)kgk2

<latexit sha1_base64="KNUFGiyp3O6ME2F1vwoo0FHREZM="></latexit>

E
⇥
krf(bx)k2

⇤
 "2

<latexit sha1_base64="CGjA08JbppNRwKfXR6sCU4UP0q4=">AAAB+HicbVC7TsNAEFzzDOERAyXNiRiJKrJTAGUkGsogkYeUWNH5fE5OOZ+tuzMQrHwJDQUI0fIpdPwNl8QFJIy00mhmV7s7QcqZ0q77ba2tb2xubZd2yrt7+wcV+/CorZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51gfD3zO/dUKpaIOz1JqR/joWARI1gbaWBXHKf/wEI6wjp/nDrOwK66NXcOtEq8glShQHNgf/XDhGQxFZpwrFTPc1Pt51hqRjidlvuZoikmYzykPUMFjqny8/nhU3RmlBBFiTQlNJqrvydyHCs1iQPTGWM9UsveTPzP62U6uvJzJtJMU0EWi6KMI52gWQooZJISzSeGYCKZuRWREZaYaJNV2YTgLb+8Str1mndR827r1YZTxFGCEziFc/DgEhpwA01oAYEMnuEV3qwn68V6tz4WrWtWMXMMf2B9/gDB/5Jp</latexit>

bx

Comparison to Previous SOTA

<latexit sha1_base64="JbXvKH+YaDcD5yzkJ6PDPElpCYM="></latexit>

O

✓
1 + d/

p
n

"2

◆

<latexit sha1_base64="HDqTZPATHro9mNQ5aPJMkQ9igR8=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eNoKJJ9JyQI8kXjxCIh8J1Ga7bGHDdtvsbk2w4Zd48aAxXv0p3vw3LtCDgi+Z5OW9mczMCxLOlHacb6uwtb2zu1fcLx0cHh2X7ZPTropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6e3C7z1SqVgs7vUsoV6Ex4KFjGBtJN8uV7MhwRy15z57mFaRb1ecmrME2iRuTiqQo+XbX8NRTNKICk04VmrgOon2Miw1I5zOS8NU0QSTKR7TgaECR1R52fLwObo0ygiFsTQlNFqqvycyHCk1iwLTGWE9UeveQvzPG6Q6vPEyJpJUU0FWi8KUIx2jRQpoxCQlms8MwUQycysiEywx0SarkgnBXX95k3TrNbdRc9v1SrOax1GEc7iAK3DhGppwBy3oAIEUnuEV3qwn68V6tz5WrQUrnzmDP7A+fwBC8pIV</latexit>

Qk
i

<latexit sha1_base64="a8ENSNLz5hey6alNGbgSoX9Wh58=">AAAB/HicbVDLSgNBEOz1GeNrNUcvg4kgCGEnB/UiBLx4jGAekCxhdnY2GTL7YGZWWJb4K148KOLVD/Hm3zhJ9qCJBQ1FVTfdXV4iuNKO822trW9sbm2Xdsq7e/sHh/bRcUfFqaSsTWMRy55HFBM8Ym3NtWC9RDISeoJ1vcntzO8+Mql4HD3oLGFuSEYRDzgl2khDu1JL0A0aBJLQHE9z/wJPa0O76tSdOdAqwQWpQoHW0P4a+DFNQxZpKohSfewk2s2J1JwKNi0PUsUSQidkxPqGRiRkys3nx0/RmVF8FMTSVKTRXP09kZNQqSz0TGdI9FgtezPxP6+f6uDazXmUpJpFdLEoSAXSMZolgXwuGdUiM4RQyc2tiI6JCUKbvMomBLz88irpNOr4so7vG9VmrYijBCdwCueA4QqacActaAOFDJ7hFd6sJ+vFerc+Fq1rVjFTgT+wPn8AnGCTXQ==</latexit>

p = 1
d+1

<latexit sha1_base64="ivIxvgfgnlKXQW9ZP4aD2I0RGEQ=">AAACGXicbVA9SwNBEN3z2/gVtbRZzAnahLsUainY2KlgTCAXw95mLlnc2zt25wLhuL9h41+xsVDEUiv/jZuPQo0PBh7vzTAzL0ylMOh5X87c/MLi0vLKamltfWNzq7y9c2uSTHOo80QmuhkyA1IoqKNACc1UA4tDCY3w/nzkNwagjUjUDQ5TaMesp0QkOEMrdcqe6+YBZ5JeFoGECA+DSDOed4s8GDANqREyUXe1ItCi18cj1+2UK17VG4POEn9KKmSKq075I+gmPItBIZfMmJbvpdjOmUbBJRSlIDOQMn7PetCyVLEYTDsff1bQA6t0aZRoWwrpWP05kbPYmGEc2s6YYd/89Ubif14rw+i0nQuVZgiKTxZFmaSY0FFMtCs0cJRDSxjXwt5KeZ/ZaNCGWbIh+H9fniW3tap/XPWva5UzdxrHCtkj++SQ+OSEnJELckXqhJMH8kReyKvz6Dw7b877pHXOmc7skl9wPr8BFFugQQ==</latexit>

O

✓
d

"2

◆Gradient Descent

Rand-K sparsifier

<latexit sha1_base64="vhyCKk6QwgnbYZo/sLkyq8HEDOA="></latexit>

O

✓
1 + d3/2/

p
n

"2

◆DIANA

Previous SOTA: 
Mishchenko et al 2019; Horváth et al 2019; Li & R. 2020

<latexit sha1_base64="sfQm6SpaIDgw0XZvCYUMTUil1yY="></latexit>

gk+1
i =

(
rfi(xk+1) with probability p

gk +Qk
i

�
rfi(xk+1)�rfi(xk)

�
with probability 1� p




