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1. Introduction
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Stochastic Gradient Methods

xk+1 = xk � ↵gk

Stepsize

Unbiased estimator of the gradient:

E
⇥
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⇤
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Next iterate

Current iterate



Variance Matters
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Gradient Descent (GD)

Stochastic Gradient Descent (SGD)



GD vs SGD

x⇤

x0
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Gradient Descent 
(GD)

Stochastic Gradient Descent
(SGD)



Variance Reduction
Decreasing 
stepsizes

Mini-
batching

Importance 
sampling

Adjusting the 
direction

How does it 
work?

Scaling down 
the noise

More samples, 
less variance

Sample more 
important data 
(or parameters) 

more often

Duality (SDCA) 
or Control 

Variate (SVRG, 
S2GD, SAGA)

CONS:
Slow down;
Hard to tune 
the stepsize

More work per 
iteration

Might overfit
probabilities to 

outliers

A bit (SVRG, 
S2GD) or a lot 
(SDCA, SAGA) 
more memory 

needed

PROS: Still converges
Widely known Parallelizable

Improved 
condition
number

Improved 
dependence on 

epsilon

All tricks can be combined!



2. Jacobian Sketching
(JacSketch as a Stochastic 
Quasi-Gradient Method)

Robert M Gower, Peter Richtárik and Francis Bach
Stochastic Quasi-Gradient Methods: Variance Reduction via 
Jacobian Sketching
arXiv:1805.02632, 2018



Lift and Sketch



F (x) =

0

BBB@

f1(x)
f2(x)

...
fn(x)

1

CCCA
2 Rn

Lift and Sketch

Jacobian of F

1 LIFT

2 SKETCH Vector of all onesith unit basis vector

Leads to Stochastic Gradient Descent Leads to Gradient Descent

rF(x) = [rf1(x),rf2(x), . . . ,rfn(x)] 2 Rd⇥n

rF(x)ei = rfi(x)
1

n
rF(x)e = rf(x)



Introducing General Sketches

J = rF(xk)

We would like to solve the linear matrix equation:

JSk = rF(xk)Sk

Solve a random linear matrix equation instead:

Sk ⇠ D
Random matrix

Too expensive 
to solve!

Jacobian sketch

Has many 
solutions: which 
solution to pick?

d

n

q



Sketch and Project



Sketch and Project

Jk+1 := arg min
J2Rd⇥n

kJ� Jkk

subject to JSk = rF(xk)Sk

Current Jacobian 
estimate

New Jacobian 
estimate

Random LME 
ensuring consistency 
with Jacobian sketch

Frobenius norm

Jk+1 = Jk + (rF(xk)� Jk)⇧Sk

Solution:

⇧Sk
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= Sk
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Sketch and Project

Robert Mansel Gower and P.R.
Randomized Iterative Methods for Linear Systems
SIAM J. Matrix Analysis and Applications 36(4):1660-1690, 2015

Robert Mansel Gower and P.R.
Stochastic Dual Ascent for Solving Linear Systems
arXiv:1512.06890, 2015

• 2017 IMA Fox Prize (2nd Prize) in 
Numerical Analysis

• Most downloaded SIMAX paper

Robert Mansel Gower and P.R.
Randomized Quasi-Newton Methods are Linearly Convergent Matrix Inversion Algorithms
SIAM J. on Matrix Analysis and Applications 38(4), 1380-1409, 2017

Robert Mansel Gower, Donald Goldfarb and P.R.
Stochastic Block BFGS: Squeezing More Curvature out of Data
ICML 2016

Original sketch and project

Removal of full rank assumption + duality

Inverting matrices & connection to quasi-Newton updates

Computing the pseudoinverse
Robert Mansel Gower and P.R.
Linearly Convergent Randomized Iterative Methods for Computing the Pseudoinverse 
arXiv:1612.06255, 2016

Application to machine learning

P.R. and Martin Takáč
Stochastic Reformulations of Linear Systems: Algorithms and Convergence Theory
arXiv:1706.01108, 2017

Sketch and project revisited



Constructing
an Unbiased Gradient 

Estimate



Gradient Estimate

gk := (1� ✓Sk)
1

n
Jke+ ✓Sk

1

n
Jk+1e

=
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n
Jke+

1

n
(rF(xk)� Jk)✓Sk⇧Ske

Average of the 
columns of

Jk

Average of the 
columns of

Jk+1ESk⇠D [✓Sk⇧Ske] = e

Bias-correcting 
random variable:

ESk⇠D
⇥
gk

⇤
= rf(xk)

Unbiased estimator of the gradient



3. Stochastic 
Reformulation

(JackSketch as SGD Applied to 
Controlled Stochastic Reformulation)



Simple Stochastic 
Reformulation
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Reformulation

min
x2Rd

f(x) :=
1

n

nX

i=1

fi(x)

Simple stochastic reformulation Original problem

F (x) =
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BBB@

f1(x)
f2(x)

...
fn(x)

1

CCCA
2 Rn

Bias-correcting 
random variable:
ES⇠D [✓S⇧Se] = e

Linearity of expectation

min
x2Rd

f(x) = ES⇠D [fS(x)]

We are minimizing the expectation over random 
linear combinations of the original functions

fS(x) =
nX

i=1

( 1n✓S⇧Se)ifi(x)



SGD Applied to Simple Stochastic 
Reformulation

xk+1 = xk � ↵rfSk(x
k)

Sk ⇠ D

Gradient descent

${

xk+1 = xk � ↵rf(xk)

Non-uniform SGD
xk+1 = xk � ↵

npi
rfi(x

k)

xk+1 = xk � ↵
nc1pSk

X

i2Sk

rfi(x
k)

Non-uniform minibatch SGD✓eS ⌘ 1
c1pS

P
 
S = eS :=

X

i2S

ei

!
= pS

P(S = ei) = pi ✓ei ⌘ 1
pi

S ⌘ I
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Controlled Stochastic 
Reformulation



Adding Control Variate to 
Reduce Variance

fS(x) =
1

n
hF (x), ✓S⇧Sei
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Recall:

zS,J(x) =
1

n
hJ>x, ✓S⇧Sei
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min
x2Rd

f(x) = ES⇠D [fS,J(x)]
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fS,J(x)
def
= fS(x)� zS,J(x) + ES⇠D [zS,J(x)]
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JacSketch = SGD Applied Controlled 
Stochastic Reformulation

xk+1 = xk � ↵rfSk,Jk(xk)
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Sk ⇠ D

Jk+1 = Jk + (rF(xk)� Jk)⇧Sk

Sketch and project



Variance of the 
Stochastic Gradient

ES⇠D
⇥
krfS,J(x)�rf(x)k2

⇤
=

1

n2
kJ�rF(x)k2B
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Theorem

B = ES⇠D
⇥
vSv

>
S

⇤
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vS
def
= (I� ✓S⇧S)e
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Weighted Frobenius norm

kAkB
def
=

q
Tr (ABA>)
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.

<latexit sha1_base64="/sAp2YaslrI4uyioVyRKF4i/vAc="></latexit><latexit sha1_base64="/sAp2YaslrI4uyioVyRKF4i/vAc="></latexit><latexit sha1_base64="/sAp2YaslrI4uyioVyRKF4i/vAc="></latexit><latexit sha1_base64="/sAp2YaslrI4uyioVyRKF4i/vAc="></latexit>

ES⇠D
⇥
krfS,J(x)�rf(x)k2

⇤


ES⇠D
⇥
kvSk2

⇤

n2
kJ�rF(x)k2

<latexit sha1_base64="y/OilluP/eUoDCcwhHo8u3ZLk04="></latexit><latexit sha1_base64="y/OilluP/eUoDCcwhHo8u3ZLk04="></latexit><latexit sha1_base64="y/OilluP/eUoDCcwhHo8u3ZLk04="></latexit><latexit sha1_base64="y/OilluP/eUoDCcwhHo8u3ZLk04="></latexit>

Variance of        as 
an estimator of 0

vS
<latexit sha1_base64="cPRakfaGGcV6BOKk1U+XJbAVPW0=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFjBwlgEfUhNFDmO01p1HrKdSlUUiYVfYWEAIVZ+go2/wUkzQMuRrnR0zr2+vsdLGBXSNL+12tr6xuZWfVvf2d3bPzAOj/oiTjkmPRyzmA89JAijEelJKhkZJpyg0GNk4E1vCn8wI1zQOHqQ84Q4IRpHNKAYSSW5xklz5ma2F0C7fCvjxM/hfd7Udd01GmbLLAFXiVWRBqjQdY0v249xGpJIYoaEGFlmIp0McUkxI7lup4IkCE/RmIwUjVBIhJOVe3N4rhQfBjFXFUlYqr8nMhQKMQ891RkiORHLXiH+541SGVw5GY2SVJIILxYFKYMyhkUg0KecYMnmiiDMqforxBPEEZYqtiIEa/nkVdJvtyyzZd21G53rKo46OAVn4AJY4BJ0wC3ogh7A4BE8g1fwpj1pL9q79rForWnVzDH4A+3zB8PVlkU=</latexit><latexit sha1_base64="cPRakfaGGcV6BOKk1U+XJbAVPW0=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFjBwlgEfUhNFDmO01p1HrKdSlUUiYVfYWEAIVZ+go2/wUkzQMuRrnR0zr2+vsdLGBXSNL+12tr6xuZWfVvf2d3bPzAOj/oiTjkmPRyzmA89JAijEelJKhkZJpyg0GNk4E1vCn8wI1zQOHqQ84Q4IRpHNKAYSSW5xklz5ma2F0C7fCvjxM/hfd7Udd01GmbLLAFXiVWRBqjQdY0v249xGpJIYoaEGFlmIp0McUkxI7lup4IkCE/RmIwUjVBIhJOVe3N4rhQfBjFXFUlYqr8nMhQKMQ891RkiORHLXiH+541SGVw5GY2SVJIILxYFKYMyhkUg0KecYMnmiiDMqforxBPEEZYqtiIEa/nkVdJvtyyzZd21G53rKo46OAVn4AJY4BJ0wC3ogh7A4BE8g1fwpj1pL9q79rForWnVzDH4A+3zB8PVlkU=</latexit><latexit sha1_base64="cPRakfaGGcV6BOKk1U+XJbAVPW0=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFjBwlgEfUhNFDmO01p1HrKdSlUUiYVfYWEAIVZ+go2/wUkzQMuRrnR0zr2+vsdLGBXSNL+12tr6xuZWfVvf2d3bPzAOj/oiTjkmPRyzmA89JAijEelJKhkZJpyg0GNk4E1vCn8wI1zQOHqQ84Q4IRpHNKAYSSW5xklz5ma2F0C7fCvjxM/hfd7Udd01GmbLLAFXiVWRBqjQdY0v249xGpJIYoaEGFlmIp0McUkxI7lup4IkCE/RmIwUjVBIhJOVe3N4rhQfBjFXFUlYqr8nMhQKMQ891RkiORHLXiH+541SGVw5GY2SVJIILxYFKYMyhkUg0KecYMnmiiDMqforxBPEEZYqtiIEa/nkVdJvtyyzZd21G53rKo46OAVn4AJY4BJ0wC3ogh7A4BE8g1fwpj1pL9q79rForWnVzDH4A+3zB8PVlkU=</latexit><latexit sha1_base64="cPRakfaGGcV6BOKk1U+XJbAVPW0=">AAACA3icbVC7TsMwFHXKq4RXgA0WixaJqUq6wFjBwlgEfUhNFDmO01p1HrKdSlUUiYVfYWEAIVZ+go2/wUkzQMuRrnR0zr2+vsdLGBXSNL+12tr6xuZWfVvf2d3bPzAOj/oiTjkmPRyzmA89JAijEelJKhkZJpyg0GNk4E1vCn8wI1zQOHqQ84Q4IRpHNKAYSSW5xklz5ma2F0C7fCvjxM/hfd7Udd01GmbLLAFXiVWRBqjQdY0v249xGpJIYoaEGFlmIp0McUkxI7lup4IkCE/RmIwUjVBIhJOVe3N4rhQfBjFXFUlYqr8nMhQKMQ891RkiORHLXiH+541SGVw5GY2SVJIILxYFKYMyhkUg0KecYMnmiiDMqforxBPEEZYqtiIEa/nkVdJvtyyzZd21G53rKo46OAVn4AJY4BJ0wC3ogh7A4BE8g1fwpj1pL9q79rForWnVzDH4A+3zB8PVlkU=</latexit>

ES⇠D [vS] = 0
<latexit sha1_base64="bQAP920jqxTPN4Z4fvdtd6l2zDg="></latexit><latexit sha1_base64="bQAP920jqxTPN4Z4fvdtd6l2zDg="></latexit><latexit sha1_base64="bQAP920jqxTPN4Z4fvdtd6l2zDg="></latexit><latexit sha1_base64="bQAP920jqxTPN4Z4fvdtd6l2zDg="></latexit>

is bias correcting: ✓S
<latexit sha1_base64="8diLLoQQopezahNl/ZrzPLnEJOY=">AAACCHicbVC7TsNAEDzzDOYVoKTgRIJEFdlpoIygoQyCPKQ4is7ndXLK+aG7NVJkuaThV2goQIiWT6Djb7CTFJAw0kqjmd3b23FjKTRa1rexsrq2vrFZ2jK3d3b39ssHh20dJYpDi0cyUl2XaZAihBYKlNCNFbDAldBxx9eF33kApUUU3uMkhn7AhqHwBWeYS4PySdXBESAbpI7rU2f6YKrAy+hdVjVNc1CuWDVrCrpM7DmpkDmag/KX40U8CSBELpnWPduKsZ8yhYJLyEwn0RAzPmZD6OU0ZAHofjrdm9GzXPGoH6m8QqRT9fdEygKtJ4GbdwYMR3rRK8T/vF6C/mU/FWGcIIR8tshPJMWIFqlQTyjgKCc5YVyJ/K+Uj5hiHPPsihDsxZOXSbtes62afVuvNK7mcZTIMTkl58QmF6RBbkiTtAgnj+SZvJI348l4Md6Nj1nrijGfOSJ/YHz+ALaEmHM=</latexit><latexit sha1_base64="8diLLoQQopezahNl/ZrzPLnEJOY=">AAACCHicbVC7TsNAEDzzDOYVoKTgRIJEFdlpoIygoQyCPKQ4is7ndXLK+aG7NVJkuaThV2goQIiWT6Djb7CTFJAw0kqjmd3b23FjKTRa1rexsrq2vrFZ2jK3d3b39ssHh20dJYpDi0cyUl2XaZAihBYKlNCNFbDAldBxx9eF33kApUUU3uMkhn7AhqHwBWeYS4PySdXBESAbpI7rU2f6YKrAy+hdVjVNc1CuWDVrCrpM7DmpkDmag/KX40U8CSBELpnWPduKsZ8yhYJLyEwn0RAzPmZD6OU0ZAHofjrdm9GzXPGoH6m8QqRT9fdEygKtJ4GbdwYMR3rRK8T/vF6C/mU/FWGcIIR8tshPJMWIFqlQTyjgKCc5YVyJ/K+Uj5hiHPPsihDsxZOXSbtes62afVuvNK7mcZTIMTkl58QmF6RBbkiTtAgnj+SZvJI348l4Md6Nj1nrijGfOSJ/YHz+ALaEmHM=</latexit><latexit sha1_base64="8diLLoQQopezahNl/ZrzPLnEJOY=">AAACCHicbVC7TsNAEDzzDOYVoKTgRIJEFdlpoIygoQyCPKQ4is7ndXLK+aG7NVJkuaThV2goQIiWT6Djb7CTFJAw0kqjmd3b23FjKTRa1rexsrq2vrFZ2jK3d3b39ssHh20dJYpDi0cyUl2XaZAihBYKlNCNFbDAldBxx9eF33kApUUU3uMkhn7AhqHwBWeYS4PySdXBESAbpI7rU2f6YKrAy+hdVjVNc1CuWDVrCrpM7DmpkDmag/KX40U8CSBELpnWPduKsZ8yhYJLyEwn0RAzPmZD6OU0ZAHofjrdm9GzXPGoH6m8QqRT9fdEygKtJ4GbdwYMR3rRK8T/vF6C/mU/FWGcIIR8tshPJMWIFqlQTyjgKCc5YVyJ/K+Uj5hiHPPsihDsxZOXSbtes62afVuvNK7mcZTIMTkl58QmF6RBbkiTtAgnj+SZvJI348l4Md6Nj1nrijGfOSJ/YHz+ALaEmHM=</latexit><latexit sha1_base64="8diLLoQQopezahNl/ZrzPLnEJOY=">AAACCHicbVC7TsNAEDzzDOYVoKTgRIJEFdlpoIygoQyCPKQ4is7ndXLK+aG7NVJkuaThV2goQIiWT6Djb7CTFJAw0kqjmd3b23FjKTRa1rexsrq2vrFZ2jK3d3b39ssHh20dJYpDi0cyUl2XaZAihBYKlNCNFbDAldBxx9eF33kApUUU3uMkhn7AhqHwBWeYS4PySdXBESAbpI7rU2f6YKrAy+hdVjVNc1CuWDVrCrpM7DmpkDmag/KX40U8CSBELpnWPduKsZ8yhYJLyEwn0RAzPmZD6OU0ZAHofjrdm9GzXPGoH6m8QqRT9fdEygKtJ4GbdwYMR3rRK8T/vF6C/mU/FWGcIIR8tshPJMWIFqlQTyjgKCc5YVyJ/K+Uj5hiHPPsihDsxZOXSbtes62afVuvNK7mcZTIMTkl58QmF6RBbkiTtAgnj+SZvJI348l4Md6Nj1nrijGfOSJ/YHz+ALaEmHM=</latexit>



4. JacSketch and SAGA



Algorithm: JacSketch

Jk+1 = Jk + (rF(xk)� Jk)⇧Sk
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xk+1 = xk � ↵gk

Draw Sk ⇠ D

Initialize: x0 2 Rd, J0 2 Rd⇥n, W 2 Rn⇥n

Iterate: Positive definite weight matrix

Update the Jacobian estimate:

Update the gradient estimate:

Take a gradient step:



SAGA as JacSketch

A. Defazio, F. Bach and S. Lacoste-Julien
SAGA: A Fast Incremental Gradient Method with Support for 
Non-strongly Convex Composite Objectives 
NIPS, 2014



Minibatch SAGA
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5. Iteration Complexity
of JacSketch



General Theorem



First Main Result (Theorem 3.6)

 k := kxk � x⇤k2 + ↵
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Special Cases
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Smoothness constant of f
krf(x)�rf(y)k  Lkx� yk

f(x)  f(y) + hrf(y), x� yi+ L
2 kx� yk2
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Worst smoothness constant of

1. Gradient Descent

2. SAGA with uniform sampling fi
krfi(x)�rfi(y)k  Likx� yk

Lmax := maxi Li



Special Cases

3. Minibatch SAGA with uniform sampling
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S = random subset of {1, 2, . . . , n} of size ⌧ chosen uniformly of random

Minibatch size

In this version of JacSketch we sample gradients rif(x) for i 2 S

L  L1  Lmax

This is better than the best known bound for minibatch SAGA 
due to Hofmann, Lucchi, Lacoste-Julien and McWilliams (NIPS 2015)



Specialized Theorem



Minibatch Partition Sketch

S = I:,S

S = Cj with probability pCj > 0

{1, 2, . . . , n} = C1 [ C2 [ · · · [ Cm

|Cj | = ⌧ for all j

m = n
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Bias-correcting random variableSketch matrix

Partition



Second Main Result (Theorem 5.2)

Stochastic Lyapunov function
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Special Cases
4. SAGA with importance sampling

5. Minibatch SAGA with importance sampling

This resolves a conjecture of 
Schmidt, Babanezhad, Ahmed, Defazio, Clifton and Sarkar (AISTATS 2015) 
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First result on minibatch SAGA with importance sampling



Summary of 
Complexity Results





6. Experiments



Ridge Regression
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Uniform vs Optimal Probabilities

Data: synthetic
n = 1,000



Minibatch SAGA
Data: australian
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Previous best bound
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Our bound



Logistic Regression
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JacSketch vs Other Methods

Data: a9a
LIB-SVM 




