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The Problem

# training data points
(Assumed to be of reasonable size)

# parameters / features
(Allowed to be large)

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
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Well behaved:

1. Self-concordant
2. Strongly convex, Lipschitz 

gradient, Lipschitz Hessian



The Problem

min
x2Rd

f(x)
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Detour: Randomized 2nd Order Methods 
in the Big n Regime

Dmitry Kovalev, Konstantin Mishchenko and P.R.
Stochastic Newton and cubic Newton methods with simple local linear-quadratic rates 
NeurIPS 2019 Workshop: Beyond First Order Methods in ML (arXiv:1912.01597, 2019) 

First “2nd Order SGD” method which works even 
when sampling 1 datapoint in each iteration

Unlike all first order methods, enjoys (local) linear 
rate independent of condition number!

April 27, 2020 talk at the “One World Optimization Seminar”



Talk Outline

I. Quasi-Newton Methods

II. Randomized BFGS for Matrix Inversion

III. Randomized BFGS for Optimization

Robert M. Gower and P. R.
Randomized Quasi-Newton Updates are Linearly Convergent Matrix Inversion Algorithms 
SIAM Journal on Matrix Analysis and Applications 38(4):1380-1409, 2017 

Dmitry Kovalev, Robert M. Gower, P. R. and Alexander Rogozin
Fast Linear Convergence of Randomized BFGS
arXiv:2002.11337, February 2020



Part I
Quasi-Newton Methods



Gradient Descent

Newton’s Method

From Gradient Descent to Newton’s Method

Quasi-Newton Methods

f(xk + h) ⇡ Tk(h)
def
= f(xk) + hrf(xk), hi+ 1

2 hB
�1
k h, hi
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xk+1 = xk + arg min
h2Rd

Tk(h) = xk �Bkrf(xk)
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Bk = ↵kI
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Bk =
�
r2f(xk)

��1
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Bk ⇡
�
r2f(xk)

��1
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k ⇡ r2f(xk)
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Quasi-Newton Methods: 
Secant Equation for Convex Quadratics

f(x) = 1
2x

>
Hx+ b>x+ c
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rf(x) = Hx+ b
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r2f(x) ⌘ H
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u� v =
�
r2f(x)

��1
(rf(u)�rf(v))
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r2f(x)(u� v) = rf(u)�rf(v)

<latexit sha1_base64="daVWyEj4uyyFwKrJnvhsW83nxhw=">AAACG3icbZDLSgMxFIYzXmu9jbp0E2yFdtEyMwjqQii6cVnBXqAdSybNtKGZzJBkimXoe7jxVdy4UMSV4MK3MW0H1NYDgT/ffw7J+b2IUaks68tYWl5ZXVvPbGQ3t7Z3ds29/boMY4FJDYcsFE0PScIoJzVFFSPNSBAUeIw0vMHVxG8MiZA05LdqFBE3QD1OfYqR0qhjOvk2Rx5Ddw70C/dFWIhLwyK8gDOqWVyEpZ+b9vIdM2eVrWnBRWGnIgfSqnbMj3Y3xHFAuMIMSdmyrUi5CRKKYkbG2XYsSYTwAPVIS0uOAiLdZLrbGB5r0oV+KPThCk7p74kEBVKOAk93Bkj15bw3gf95rVj5Z25CeRQrwvHsIT9mUIVwEhTsUkGwYiMtEBZU/xXiPhIIKx1nVodgz6+8KOpO2T4pn984ucplGkcGHIIjUAA2OAUVcA2qoAYweABP4AW8Go/Gs/FmvM9al4x05gD8KePzG/8QnQo=</latexit>

(rf(u)�rf(v))>
�
r2f(x)

��1
= (u� v)>
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H � 0
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Known 
vector

Known 
vector

Secant Equation

This can be seen as a system if linear equations with the unknown Bk+1
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Generally, there will be multiple solutions. Which one to choose?
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(rf (xk+1)�rf (xk))
> Bk+1 = (xk+1 � xk)>
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Bk+1 ⇡
�
r2f(xk+1)

��1
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Unknown matrix

Desire:

(rf(u)�rf(v))>
�
r2f(x)

��1
= (u� v)>
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u = xk+1, v = xk, x = xk+1
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“Solving” the Secant Equation

Secant equation

Enforcing symmetry (optional)

Closest matrix to the current one satisfying 
the secant equation and symmetry

Bk+1 = arg min
B2Rd⇥d

kB�BkkF (W)

subject to (rf(xk+1)�rf(xk))
> B = (xk+1 � xk)

>

B = B>

<latexit sha1_base64="AkokFjhtlhrmxtxLvvFV1cL+CCg="></latexit>

Weighted Frobenius norm

kXkF (W)
def
=

��W1/2XW1/2
��
F

<latexit sha1_base64="ra23ye95dIBomyEBKIdY3KeZwQk="></latexit>

W � 0
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Broyden-Fletcher-Goldfarb-Shanno (1970)

B F G S



Issues with Theoretical Analysis 
of Quasi-Newton Methods

Virtually all previous analyses rely on 
(assumed or proved) bounds of the type: µ̂I � B�1

k � L̂I 8k

<latexit sha1_base64="GggtP9MgGMVCdBZ90SDguaicizM="></latexit>

The analysis then proceeds similarly to analysis of GD

Rate depends on the condition number
L̂

µ̂
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• Can be astronomical! Much worse (by many orders of magnitude!) than 
the condition number of GD. 

• Analysis does not benefit from what QN methods are all about: “better 
estimation of the inverse Hessian”.



Issues with Theoretical Analysis 
of Quasi-Newton Methods

Despite 50+ years of history, 
theoretical understanding of Quasi-Newton 

methods is very weak!



Part II
Randomized BFGS for Matrix Inversion

Robert M. Gower and P. R.
Randomized Quasi-Newton Updates are Linearly Convergent Matrix Inversion Algorithms 
SIAM Journal on Matrix Analysis and Applications 38(4):1380-1409, 2017 





Matrix Inversion: The Problem

Approximate the inverse of H 2 Sd++

<latexit sha1_base64="AL095fsijNEWpVWPhWCOLKhsqDI="></latexit>



Hessian (a symmetric positive 
definite) matrix whose inverse we 

want to approximate

“Unknown” variable we want 
to find (the inverse)

Linear Algebra Formulation of Matrix Inversion

Identity matrix

d
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Unique solution:

H ·B = I

<latexit sha1_base64="zm6hC7S7jdvCgds5FX6c658F+oM=">AAACE3icbVDLSsNAFJ3UV62vqEs3g60gLkpSBHUhlLqpuwr2AU0ok8mkHTp5MDMRSsg/uPFX3LhQxK0bd/6NkzaKth4YOHPOvdx7jxMxKqRhfGqFpeWV1bXiemljc2t7R9/d64gw5pi0cchC3nOQIIwGpC2pZKQXcYJ8h5GuM77K/O4d4YKGwa2cRMT20TCgHsVIKmmgn1QsH8mR4yXNFFrYDSX8FhopvPz5XKeVgV42qsYUcJGYOSmDHK2B/mG5IY59EkjMkBB904iknSAuKWYkLVmxIBHCYzQkfUUD5BNhJ9ObUnikFBd6IVcvkHCq/u5IkC/ExHdUZbaimPcy8T+vH0vv3E5oEMWSBHg2yIsZlCHMAoIu5QRLNlEEYU7VrhCPEEdYqhhLKgRz/uRF0qlVzdPqxU2tXG/kcRTBATgEx8AEZ6AOmqAF2gCDe/AInsGL9qA9aa/a26y0oOU9++APtPcv3PydiQ==</latexit>

B = H
�1

<latexit sha1_base64="QJbNaSYniB65x6UoYYOQRBXvk4Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsBHcWJIiqAuh1E2XFewD2lgm00k7dDIJMxOhhGzd+CtuXCji1j9w5984aSNo64GBM+fcy733eBGjUtn2l7G0vLK6tl7YKG5ube/smnv7LRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl74+vMb98TIWnIb9UkIm6Ahpz6FCOlpb4JLasXIDXy/KSWwiv486mnd8mpk1pW3yzZZXsKuEicnJRAjkbf/OwNQhwHhCvMkJRdx46UmyChKGYkLfZiSSKEx2hIuppyFBDpJtNLUnislQH0Q6EfV3Cq/u5IUCDlJPB0ZbaonPcy8T+vGyv/wk0oj2JFOJ4N8mMGVQizWOCACoIVm2iCsKB6V4hHSCCsdHhFHYIzf/IiaVXKzln58qZSqtbyOArgEByBE+CAc1AFddAATYDBA3gCL+DVeDSejTfjfVa6ZOQ9B+APjI9vQSGYzA==</latexit>



Classical Secant Equation

H ·B = I

<latexit sha1_base64="zm6hC7S7jdvCgds5FX6c658F+oM=">AAACE3icbVDLSsNAFJ3UV62vqEs3g60gLkpSBHUhlLqpuwr2AU0ok8mkHTp5MDMRSsg/uPFX3LhQxK0bd/6NkzaKth4YOHPOvdx7jxMxKqRhfGqFpeWV1bXiemljc2t7R9/d64gw5pi0cchC3nOQIIwGpC2pZKQXcYJ8h5GuM77K/O4d4YKGwa2cRMT20TCgHsVIKmmgn1QsH8mR4yXNFFrYDSX8FhopvPz5XKeVgV42qsYUcJGYOSmDHK2B/mG5IY59EkjMkBB904iknSAuKWYkLVmxIBHCYzQkfUUD5BNhJ9ObUnikFBd6IVcvkHCq/u5IkC/ExHdUZbaimPcy8T+vH0vv3E5oEMWSBHg2yIsZlCHMAoIu5QRLNlEEYU7VrhCPEEdYqhhLKgRz/uRF0qlVzdPqxU2tXG/kcRTBATgEx8AEZ6AOmqAF2gCDe/AInsGL9qA9aa/a26y0oOU9++APtPcv3PydiQ==</latexit>

Sketched System aka Random Secant Equation

Random matrix

Random Secant Equation

S
> ·H ·B = S

> · I

<latexit sha1_base64="pL9J3rIdHY/zj7xs1x8HaKdQFNs=">AAACW3icfVFdS8MwFE07dXN+TcUnX4JT8Gm0IqgPwpgv822ic4N1jjRNNZg2JbkVRumf9Ekf/CtiOidoFS8EDufce3Ny4ieCa3CcV8uuLCwuVWvL9ZXVtfWNxubWrZapoqxPpZBq6BPNBI9ZHzgINkwUI5Ev2MB/vCj0wRNTmsv4BqYJG0fkPuYhpwQMNWmo/cybbckUC3IvIvDgh9l1fueBTHKMPRpIwF98Ny8RnRyf43824PLAZb4/aTSdljMr/Bu4c9BE8+pNGs9eIGkasRioIFqPXCeBcUYUcCpYXvdSzRJCH8k9GxkYk4jpcTbzlOMDwwQ4lMqcGPCM/T6RkUjraeSbzsKiLmsF+Zc2SiE8HWc8TlJgMf28KEwFBomLoHHAFaMgpgYQqrjxiukDUYSC+Y66CcEtP/k3uD1qucets6ujZrszj6OGdtEeOkQuOkFt1EU91EcUvaB3q2rVrDe7Ytft1c9W25rPbKMfZe98ADpVtsM=</latexit>

S 2 Rd⇥⌧

<latexit sha1_base64="qOGuThYg8Yz7nrqK3/zNUcfjIDM=">AAACIHicbVC7TsMwFHV4lvIqMLJYFCSmKqmQClsFC2N5FJCaUjmOA1YdJ7JvkCorn8LCr7AwgBBs8DW4aQZeV7J0fM69vscnSAXX4LofztT0zOzcfGWhuri0vLJaW1u/0EmmKOvSRCTqKiCaCS5ZFzgIdpUqRuJAsMtgeDTWL++Y0jyR5zBKWT8mN5JHnBKw1KDW2jZ+8YpRLMz9mMBtEJmzPMc+l3hyD8xpfm1CH3jMNPaBZPn2oFZ3G25R+C/wSlBHZXUGtXc/TGgWMwlUEK17nptC3xAFnAqWV/1Ms5TQIblhPQslsbv6prCW4x3LhDhKlD0ScMF+nzAk1noUB7Zz7Fj/1sbkf1ovg2i/b7hMM2CSThZFmcCQ4HFaOOSKURAjCwhV3HrF9JYoQsFmWrUheL+//BdcNBveXuPgpFlvH5ZxVNAm2kK7yEMt1EbHqIO6iKJ79Iie0Yvz4Dw5r87bpHXKKWc20I9yPr8AelGkZw==</latexit>

(rf(xk+1)�rf(xk))
> ·B = (xk+1 � xk)>

<latexit sha1_base64="uVi53zeyjvgm4HDObrgUIg70E/g="></latexit>



Classical vs Random Secant Equation
Classical Random

1 equation per column of B

<latexit sha1_base64="ViYH+zL4rF90idp2j46VuO9ho0w=">AAACEHicbVC7TsMwFHXKq5RXgZHFokEwVUmFBN0qWBiLRB9SG1WOe9NadZxgO0hV1E9g4VdYGECIlZGNv8FNO0DLkSwdn3Ovfe/xY86UdpxvK7eyura+kd8sbG3v7O4V9w+aKkokhQaNeCTbPlHAmYCGZppDO5ZAQp9Dyx9dT/3WA0jFInGnxzF4IRkIFjBKtJF6xVPbtTHcJ9kVxyCxeTMJBY4CbHdDood+kF5N7F6x5JSdDHiZuHNSQnPUe8Wvbj+iSQhCU06U6rhOrL2USM0oh0mhmyiICR2RAXQMFSQE5aXZQhN8YpQ+DiJpjtA4U393pCRUahz6pnI6olr0puJ/XifRwaWXMhEnGgSdfRQkHOsIT9PBfSaBaj42hFDJzKyYDokkVJsMCyYEd3HlZdKslN3zcvW2UqpV53Hk0RE6RmfIRReohm5QHTUQRY/oGb2iN+vJerHerY9Zac6a9xyiP7A+fwCPP5ur</latexit>

B = H
�1 is a solution

<latexit sha1_base64="5KMgB+437Jp48lWYMhzWc3raobM=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQwTJTBO1CKLrpsoJ9QDuWTJppQzPJkGSEMsw/uPFX3LhQxK0bd/6NmbaCth4IHM45l9x7vJBRpW37y8osLa+srmXXcxubW9s7+d29phKRxKSBBROy7SFFGOWkoalmpB1KggKPkZY3uk791j2Rigp+q8chcQM04NSnGGkj9fInxW6A9NDz46vk8ofWkrv41EmKkCqIoBIsmoYLdsmeAC4SZ0YKYIZ6L//Z7QscBYRrzJBSHccOtRsjqSlmJMl1I0VChEdoQDqGchQQ5caTmxJ4ZJQ+9IU0j2s4UX9PxChQahx4Jplurea9VPzP60Tav3BjysNIE46nH/kRg1rAtCDYp5JgzcaGICyp2RXiIZIIa1NjzpTgzJ+8SJrlknNWqtyUC9XKrI4sOACH4Bg44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep9GM9ZsZh/8gfXxDTMjnbk=</latexit>

B = H
�1 may not be a solution

<latexit sha1_base64="78Xp+FGkPxjbDdxJssdZaGmIAVo=">AAACG3icbVDLSgMxFM34rPVVdekm2ApuLDNF0C6EopsuK9gHtLVk0kwbmkmGJCMMw/yHG3/FjQtFXAku/Bsz7QjaeiBwOOcecu9xA0aVtu0va2l5ZXVtPbeR39za3tkt7O23lAglJk0smJAdFynCKCdNTTUjnUAS5LuMtN3Jdeq374lUVPBbHQWk76MRpx7FSBtpUKiUej7SY9eLr5LLH1pP7uJTJylBH0WQCw1dAhFUgoWzUNEu21PAReJkpAgyNAaFj95Q4NAnXGOGlOo6dqD7MZKaYkaSfC9UJEB4gkakayhHPlH9eHpbAo+NMoSekOZxDafq70SMfKUi3zWT6fZq3kvF/7xuqL2Lfkx5EGrC8ewjL2RQC5gWBYdUEqxZZAjCkppdIR4jibA2deZNCc78yYukVSk7Z+XqTaVYq2Z15MAhOAInwAHnoAbqoAGaAIMH8ARewKv1aD1bb9b7bHTJyjIH4A+sz28QJaDM</latexit>

Needs access to H

<latexit sha1_base64="4x+q1YE/FHLqQGEdIHuSYYSgo14=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDCaCVdgNgqYL2KSSCOYByRJmZ+8mQ2YfzMwKYUlj46/YWChi6z/Y+TfOJlto4oGBwzn3MvccN+ZMKsv6Ngpr6xubW8Xt0s7u3v6BeXjUkVEiKLRpxCPRc4kEzkJoK6Y49GIBJHA5dN3JTeZ3H0BIFoX3ahqDE5BRyHxGidLS0Dy9BfAkJpSClFhFuDIIiBq7ftqcVYZm2apac+BVYuekjHK0hubXwItoEkCoKCdS9m0rVk5KhGKUw6w0SCTEhE7ICPqahiQA6aTzFDN8rhUP+5HQL1R4rv7eSEkg5TRw9WR2olz2MvE/r58o/9pJWRgnCkK6+MhPeJY2qwR7TABVfKoJoYLpWzEdE0Go0sWVdAn2cuRV0qlV7ctq/a5WbtTzOoroBJ2hC2SjK9RATdRCbUTRI3pGr+jNeDJejHfjYzFaMPKdY/QHxucPN8eXvg==</latexit>

Does not need access to H

<latexit sha1_base64="3n6xUCBv7sPK7MPWFgih7lKS7No=">AAACDXicbVBNTwIxFOziF+IX6tFLI5h4IrvERLmR6IEjJgImQEi3vIWGbrtpuyZkwx/w4l/x4kFjvHr35r+xC3tQcJImk5n30jfjR5xp47rfTm5tfWNzK79d2Nnd2z8oHh61tYwVhRaVXKp7n2jgTEDLMMPhPlJAQp9Dx59cp37nAZRmUtyZaQT9kIwECxglxkqDYvlGgsZCGiwAhphQClpjI3G5FxIz9oOkMSsPiiW34s6BV4mXkRLK0BwUv3pDSeMQhKGcaN313Mj0E6IMoxxmhV6sISJ0QkbQtVSQEHQ/maeZ4TOrDHEglX3C4Ln6eyMhodbT0LeT6Yl62UvF/7xubIKrfsJEFBsQdPFREPM0bVoNHjIF1PCpJYQqZm/FdEwUocYWWLAleMuRV0m7WvEuKrXbaqley+rIoxN0is6Rhy5RHTVQE7UQRY/oGb2iN+fJeXHenY/FaM7Jdo7RHzifP/L7mtc=</latexit>

Equations are
random and stationary

<latexit sha1_base64="27PigSI63jE15R/jDAOMbOqTuEo=">AAACL3icbVDLSsQwFE19W1+jLt0EB8HV0Iqg7gRRXCo4KkyH4Ta9MwbTtCa3wlDmj9z4K25EFHHrX5ipg/g6kHA45x6Se+JcSUtB8OSNjU9MTk3PzPpz8wuLS7XllXObFUZgU2QqM5cxWFRSY5MkKbzMDUIaK7yIrw+G/sUtGiszfUb9HNsp9LTsSgHkpE7tKIqxJ3VJEBcKzKAUg8ObojItB4M8inwDOslS7m5uqbLA9P0IdfIV69TqQSOowP+ScETqbISTTu0hSjJRpKhJKLC2FQY5tUswJIXCgR8VFnMQ19DDlqMaUrTtstp3wDeckvBuZtzRxCv1e6KE1Np+GrvJFOjK/vaG4n9eq6DubruUOi8Itfh8qFsoThkflscTaVCQ6jsCwkj3Vy6uwIAgV7HvSgh/r/yXnG81wu3G3ulWfX9vVMcMW2PrbJOFbIfts2N2wppMsDv2wJ7Zi3fvPXqv3tvn6Jg3yqyyH/DePwDV3qq8</latexit>

Equations are
deterministic and adaptive

<latexit sha1_base64="N236iwdgOx7scxx4Sk/1700Tzso="></latexit>

S
> ·H ·B = S

> · I

<latexit sha1_base64="pL9J3rIdHY/zj7xs1x8HaKdQFNs=">AAACW3icfVFdS8MwFE07dXN+TcUnX4JT8Gm0IqgPwpgv822ic4N1jjRNNZg2JbkVRumf9Ekf/CtiOidoFS8EDufce3Ny4ieCa3CcV8uuLCwuVWvL9ZXVtfWNxubWrZapoqxPpZBq6BPNBI9ZHzgINkwUI5Ev2MB/vCj0wRNTmsv4BqYJG0fkPuYhpwQMNWmo/cybbckUC3IvIvDgh9l1fueBTHKMPRpIwF98Ny8RnRyf43824PLAZb4/aTSdljMr/Bu4c9BE8+pNGs9eIGkasRioIFqPXCeBcUYUcCpYXvdSzRJCH8k9GxkYk4jpcTbzlOMDwwQ4lMqcGPCM/T6RkUjraeSbzsKiLmsF+Zc2SiE8HWc8TlJgMf28KEwFBomLoHHAFaMgpgYQqrjxiukDUYSC+Y66CcEtP/k3uD1qucets6ujZrszj6OGdtEeOkQuOkFt1EU91EcUvaB3q2rVrDe7Ytft1c9W25rPbKMfZe98ADpVtsM=</latexit>

(rf(xk+1)�rf(xk))
> ·B = (xk+1 � xk)>

<latexit sha1_base64="uVi53zeyjvgm4HDObrgUIg70E/g="></latexit>

S 2 Rd⇥⌧

<latexit sha1_base64="zt7+lEwiFyZZsK6vrUyp/sPmh8E=">AAACLXicbVDLSgMxFM34rPVVdekmWAVXZUYEdSfqwmV9tBU6tWQymTaYyQzJHaGE+SE3/ooILiri1t8wfSxs64XAyTn35tycIBVcg+v2nbn5hcWl5cJKcXVtfWOztLVd10mmKKvRRCTqISCaCS5ZDTgI9pAqRuJAsEbwdDnQG89MaZ7Ie+ilrBWTjuQRpwQs1S5d7Rt/+IpRLMz9mEA3iMxdnmOfSzy6B+Y2fzShDzxmGk/0A8nyfL9dKrsVd1h4FnhjUEbjqrZL736Y0CxmEqggWjc9N4WWIQo4FSwv+plmKaFPpMOaFkpijVtm6JvjA8uEOEqUPRLwkP07YUisdS8ObOdgfT2tDcj/tGYG0WnLcJlmwCQdGUWZwJDgQXQ45IpRED0LCFXc7opplyhCwQZctCF401+eBfWjindcObs5Kp9fjOMooF20hw6Rh07QObpGVVRDFL2gN9RHn86r8+F8Od+j1jlnPLODJsr5+QUvKKqP</latexit>

⌧ equations per column of B

<latexit sha1_base64="UbHoAJPnxrKchtCbzaFJjAmVx24=">AAACH3icbVDLSgMxFM34rPVVdekm2AquyoyI2l3RjcsK9gGdUjLpHRuayYx5CGXon7jxV9y4UETc9W9Mp7PQ6oHA4Zx7k5MTJJwp7bpTZ2l5ZXVtvbBR3Nza3tkt7e23VGwkhSaNeSw7AVHAmYCmZppDJ5FAooBDOxhdz/z2I0jFYnGnxwn0InIvWMgo0Vbql84rfnZJKmEw8TUxFQwPJjMVTkBi65pI4DjEFT8iehiE6dWk0i+V3aqbAf8lXk7KKEejX/ryBzE1EQhNOVGq67mJ7qVEakY5TIq+UZAQOiL30LVUkAhUL82iTfCxVQY4jKU9QuNM/bmRkkipcRTYyVlEtejNxP+8rtHhZS9lIjEaBJ0/FBqOdYxnZeEBk0A1H1tCqGQ2K6ZDIgnVttKiLcFb/PJf0jqtemfV2u1puV7L6yigQ3SETpCHLlAd3aAGaiKKntALekPvzrPz6nw4n/PRJSffOUC/4Ey/AeLvotc=</latexit>

⌧ 2 {1, 2, . . . }

<latexit sha1_base64="Asj+Q/1RFWlpLbDxLpo9T3LNw0M=">AAACD3icbVDLSgMxFM3UV62vqks3wVZxUcpMEbS7ghuXFewDOkPJpGkbmskMyR2hDPMHbvwVNy4UcevWnX9jOu1CWw8EDufck9wcPxJcg21/W7m19Y3Nrfx2YWd3b/+geHjU1mGsKGvRUISq6xPNBJesBRwE60aKkcAXrONPbmZ+54EpzUN5D9OIeQEZST7klICR+sXzcuJmtySKDVIXSJxil0vsJk6lVsHuIATtpuV+sWRX7Qx4lTgLUkILNPvFLxOlccAkUEG07jl2BF5CFHAqWFpwY80iQidkxHqGShIw7SXZJik+M8oAD0NljgScqb8TCQm0nga+mQwIjPWyNxP/83oxDK+9hMsoBibp/KFhLDCEeFYOHnDFKIipIYQqbnbFdEwUoWAqLJgSnOUvr5J2repcVut3tVKjvqgjj07QKbpADrpCDXSLmqiFKHpEz+gVvVlP1ov1bn3MR3PWInOM/sD6/AHCrJvQ</latexit>



Three Equivalent Formulations 
of Randomized BFGS



RBFGS: Primal Formulation (Sketch & Project)

Random secant equation

Enforcing symmetry

Closest matrix to the current one satisfying 
the random secant equation and symmetry

Weighted Frobenius norm

kXkF (W)
def
=

��W1/2XW1/2
��
F

<latexit sha1_base64="ra23ye95dIBomyEBKIdY3KeZwQk="></latexit>

Current estimate of the inverse Hessian

W = H

<latexit sha1_base64="IEpFmxlaSws9VJTlIiE7cXUOkfo=">AAACAnicbVDLSsNAFL3xWesr6krcDLaCq5IUQV0IRTddVrAPaEOZTCft0MmDmYlQQnDjr7hxoYhbv8Kdf+OkjaCtBwbOnHMv997jRpxJZVlfxtLyyuraemGjuLm1vbNr7u23ZBgLQpsk5KHouFhSzgLaVExx2okExb7Ladsd32R++54KycLgTk0i6vh4GDCPEay01DcPyz0fq5HrJe0UXaGfTz0t982SVbGmQIvEzkkJcjT65mdvEJLYp4EiHEvZta1IOQkWihFO02IvljTCZIyHtKtpgH0qnWR6QopOtDJAXij0CxSaqr87EuxLOfFdXZmtKOe9TPzP68bKu3ASFkSxogGZDfJijlSIsjzQgAlKFJ9ogolgeldERlhgonRqRR2CPX/yImlVK/ZZ5fK2Wqpd53EU4AiO4RRsOIca1KEBTSDwAE/wAq/Go/FsvBnvs9IlI+85gD8wPr4BG8+Wnw==</latexit>

Bk ⇡ H
�1

<latexit sha1_base64="7HhD6hTf0nZ5IYo2RnBdY2LzBw8=">AAACEXicbVDLSsNAFJ3UV62vqEs3g63QjSUpgrorddNlBfuAJobJdNIOnTyYmYgl5Bfc+CtuXCji1p07/8ZJG0FbD1w4nHMv997jRowKaRhfWmFldW19o7hZ2tre2d3T9w+6Iow5Jh0cspD3XSQIowHpSCoZ6UecIN9lpOdOrjK/d0e4oGFwI6cRsX00CqhHMZJKcvRqxfKRHLte0kydZJJCC0URD+/hj9xKb5NTM604etmoGTPAZWLmpAxytB390xqGOPZJIDFDQgxMI5J2grikmJG0ZMWCRAhP0IgMFA2QT4SdzD5K4YlShtALuapAwpn6eyJBvhBT31Wd2Z1i0cvE/7xBLL0LO6FBFEsS4PkiL2ZQhjCLBw4pJ1iyqSIIc6puhXiMOMJShVhSIZiLLy+Tbr1mntUur+vlRjOPowiOwDGoAhOcgwZogTboAAwewBN4Aa/ao/asvWnv89aCls8cgj/QPr4BSdudTw==</latexit>

Bk+1 = arg min
B2Rd⇥d

kB�BkkF (H)

subject to S
>
k HB = S

>
k

B = B
>

<latexit sha1_base64="zuY6l8oFq8KltSZCoBvCDD5anR4="></latexit>



RBFGS: Dual Formulation (Constrain & Approximate)

Symmetric rank- update

Inverse HessianClosest matrix to the inverse Hessian 
belonging to a certain random affine space

2⌧

<latexit sha1_base64="7AmLGzyep+ye6PxR1nQYxRRt8Z4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GWwFVyUpgrorunFZwT6gCWUyuWmHTh7MTIQair/ixoUibv0Pd/6N0zQLbT1w4XDOvXPnHi/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKii0acxj0fOIBM4iaCumOPQSAST0OHS98c3M7z6AkCyO7tUkATckw4gFjBKlpYF5VHPyRzIB/hQ3sKNIWhuYVatu5cDLxC5IFRVoDcwvx49pGkKkKCdS9m0rUW5GhGKUw7TipBISQsdkCH1NIxKCdLN88RSfasXHQSx0RQrn6u+JjIRSTkJPd4ZEjeSiNxP/8/qpCi7djEVJqiCi80VByrGK8SwK7DMBVPGJJoQKpv+K6YgIQpUOrKJDsBdPXiadRt0+r1/dNarN6yKOMjpGJ+gM2egCNdEtaqE2ougRPaNX9GY8GS/Gu/Exby0Zxcwh+gPj8wdhw5SL</latexit>

Current estimate of the inverse Hessian

Bk ⇡ H
�1

<latexit sha1_base64="7HhD6hTf0nZ5IYo2RnBdY2LzBw8=">AAACEXicbVDLSsNAFJ3UV62vqEs3g63QjSUpgrorddNlBfuAJobJdNIOnTyYmYgl5Bfc+CtuXCji1p07/8ZJG0FbD1w4nHMv997jRowKaRhfWmFldW19o7hZ2tre2d3T9w+6Iow5Jh0cspD3XSQIowHpSCoZ6UecIN9lpOdOrjK/d0e4oGFwI6cRsX00CqhHMZJKcvRqxfKRHLte0kydZJJCC0URD+/hj9xKb5NTM604etmoGTPAZWLmpAxytB390xqGOPZJIDFDQgxMI5J2grikmJG0ZMWCRAhP0IgMFA2QT4SdzD5K4YlShtALuapAwpn6eyJBvhBT31Wd2Z1i0cvE/7xBLL0LO6FBFEsS4PkiL2ZQhjCLBw4pJ1iyqSIIc6puhXiMOMJShVhSIZiLLy+Tbr1mntUur+vlRjOPowiOwDGoAhOcgwZogTboAAwewBN4Aa/ao/asvWnv89aCls8cgj/QPr4BSdudTw==</latexit>

Bk+1 = arg min
B2Rd⇥d,Y2Rd⇥⌧

��B�H
�1

��
F (H)

subject to B = Bk +YS
>
k + SkY

>

<latexit sha1_base64="zK9GNktQDwmqd+hLbHsW+xcu8ps="></latexit>



RBFGS: Explicit Solution

Hessian whose inverse 
we want to approximate

Current estimate of the inverse Hessian
New and better estimate of the 

inverse Hessian
Bk+1 ⇡ H

�1

<latexit sha1_base64="JU9NndvS6RSSDgqtk2pT/CaSZ3k=">AAACE3icbVDLSsNAFJ3UV62vqEs3g60giiUpgrorddNlBfuAJobJdFKHTh7MTMQS8g9u/BU3LhRx68adf+OkjaCtBy4czrmXe+9xI0aFNIwvrbCwuLS8Ulwtra1vbG7p2zsdEcYckzYOWch7LhKE0YC0JZWM9CJOkO8y0nVHl5nfvSNc0DC4luOI2D4aBtSjGEklOfpRxfKRvHW9pJE6yejYTKGFooiH9/DHaKY3yYmZVhy9bFSNCeA8MXNSBjlajv5pDUIc+ySQmCEh+qYRSTtBXFLMSFqyYkEihEdoSPqKBsgnwk4mP6XwQCkD6IVcVSDhRP09kSBfiLHvqs7sTjHrZeJ/Xj+W3rmd0CCKJQnwdJEXMyhDmAUEB5QTLNlYEYQ5VbdCfIs4wlLFWFIhmLMvz5NOrWqeVi+uauV6I4+jCPbAPjgEJjgDddAELdAGGDyAJ/ACXrVH7Vl7096nrQUtn9kFf6B9fAM0Y52/</latexit>

Bk ⇡ H
�1

<latexit sha1_base64="7HhD6hTf0nZ5IYo2RnBdY2LzBw8=">AAACEXicbVDLSsNAFJ3UV62vqEs3g63QjSUpgrorddNlBfuAJobJdNIOnTyYmYgl5Bfc+CtuXCji1p07/8ZJG0FbD1w4nHMv997jRowKaRhfWmFldW19o7hZ2tre2d3T9w+6Iow5Jh0cspD3XSQIowHpSCoZ6UecIN9lpOdOrjK/d0e4oGFwI6cRsX00CqhHMZJKcvRqxfKRHLte0kydZJJCC0URD+/hj9xKb5NTM604etmoGTPAZWLmpAxytB390xqGOPZJIDFDQgxMI5J2grikmJG0ZMWCRAhP0IgMFA2QT4SdzD5K4YlShtALuapAwpn6eyJBvhBT31Wd2Z1i0cvE/7xBLL0LO6FBFEsS4PkiL2ZQhjCLBw4pJ1iyqSIIc6puhXiMOMJShVhSIZiLLy+Tbr1mntUur+vlRjOPowiOwDGoAhOcgwZogTboAAwewBN4Aa/ao/asvWnv89aCls8cgj/QPr4BSdudTw==</latexit>

Bk+1 = Gk + (I�GkH)Bk (I�HGk)

<latexit sha1_base64="c4HwoG6gnik1nR4oqa7WVMEJd9o="></latexit>

Gk
def
= Sk

�
S
>
k HSk

��1
S
>
k

<latexit sha1_base64="jvae8SI39kdD851LYI/mo49tbUU="></latexit>



Three Equivalent Formulations of RBFGS

Primal
(Sketch & Project)

Dual
(Constrain & Approximate)

Explicit Solution



Randomized BFGS for Matrix Inversion

Any initial matrix B0 2 Sd+

<latexit sha1_base64="wpnEWbH9DFEJxnWSHMlp7nFkYWg=">AAACHXicbZDLSsNAFIYnXmu9RV26GWwFQShJKai7qhuXFe0F2hom00k7dDIJMxMxhLyIG1/FjQtFXLgR38ZJm4W2/jDw8Z9zOHN+N2RUKsv6NhYWl5ZXVgtrxfWNza1tc2e3JYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213fJnV2/dESBrwWxWHpO+jIacexUhpyzFr5zyGlFNFEYM+UoI+wHJPw8j1kovUsWCPcjg13OQmvRs4x2XHLFkVayI4D3YOJZCr4ZifvUGAI59whRmSsmtboeonSCiKGUmLvUiSEOExGpKuRo58IvvJ5LoUHmpnAL1A6McVnLi/JxLkSxn7ru7Mvilna5n5X60bKe+0n1AeRopwPF3kRQyqAGZRwQEVBCsWa0BY6IgwxCMkEFY60KIOwZ49eR5a1Ypdq5xdV0v1Wh5HAeyDA3AEbHAC6uAKNEATYPAInsEreDOejBfj3fiYti4Y+cwe+CPj6wdXcaFp</latexit>

Matrix H 2 Sd+ whose inverse we want to find

<latexit sha1_base64="gk/tVVuw8cLoHC2pcN4pMiv3wSw="></latexit>

Random matrix Sk 2 Rd⇥⌧ sampled from D

<latexit sha1_base64="a1EHVZzQUxKuNHPToT3fR1FxvVo="></latexit>

Bk+1 = RBFGS(Bk,H,Sk)

<latexit sha1_base64="ey/+BVwOmLGVZIoCzSHwO8nPDlU="></latexit>



Convergence Rate
of RBFGS



RBFGS: Convergence Rate

Theorem (Gower-R, 2017)

⇢
def
= �min

⇣
ES⇠D

h
H

1/2
S
�
S
>
HS

��1
S
>
H

1/2
i⌘

<latexit sha1_base64="vP4dXRe2KeCiwGd3K/8UQ3srJO4="></latexit>

0  ⇢  ⌧
d

<latexit sha1_base64="FqNO+hgk/87lt6TbpbxJIF6o+L0=">AAACCnicbZC7TsMwFIYdrqXcAowshhaJqUqqSsBWiYWxSPQiNVHluE5r1bGD7SBVUWYWXoWFAYRYeQI23ganzQAtv2Tp03/O0fH5g5hRpR3n21pZXVvf2Cxtlbd3dvf27YPDjhKJxKSNBROyFyBFGOWkralmpBdLgqKAkW4wuc7r3QciFRX8Tk9j4kdoxGlIMdLGGtgnVcdj5B56cizgnEKJcOpplGTpMKuWB3bFqTkzwWVwC6iAQq2B/eUNBU4iwjVmSKm+68TaT5HUFDOSlb1EkRjhCRqRvkGOIqL8dHZKBs+MM4ShkOZxDWfu74kURUpNo8B0RkiP1WItN/+r9RMdXvop5XGiCcfzRWHCoBYwzwUOqSRYs6kBhCU1f4V4jEwU2qSXh+AunrwMnXrNbdSubuuVZqOIowSOwSk4By64AE1wA1qgDTB4BM/gFbxZT9aL9W59zFtXrGLmCPyR9fkDvyCZpg==</latexit>

S 2 Rd⇥⌧

<latexit sha1_base64="Uszrqhw42hKFfzqn8/FaLLm8y3o=">AAACIHicbVC7TsMwFHV4lvIqMLJYFCSmKkGVClslFsbyaIvUhMpxHLBwnMi+QaqsfAoLv8LCAEKwwdfgtB14XcnS8Tn3+h6fMBNcg+t+ODOzc/MLi5Wl6vLK6tp6bWOzp9NcUdalqUjVZUg0E1yyLnAQ7DJTjCShYP3w9rjU+3dMaZ7KCxhlLEjIteQxpwQsNay1do0/fsUoFhV+QuAmjM15UWCfSzy5h+asuDKRDzxhGvtA8mJ3WKu7DXdc+C/wpqCOptUZ1t79KKV5wiRQQbQeeG4GgSEKOBWsqPq5Zhmht+SaDSyUxO4KzNhagfcsE+E4VfZIwGP2+4QhidajJLSdpWP9WyvJ/7RBDvFhYLjMcmCSThbFucCQ4jItHHHFKIiRBYQqbr1iekMUoWAzrdoQvN9f/gt6Bw2v2Tg6Pai3m9M4Kmgb7aB95KEWaqMT1EFdRNE9ekTP6MV5cJ6cV+dt0jrjTGe20I9yPr8AdhukWQ==</latexit>

E
h��Bk �H

�1
��2
F (H)

i
 (1� ⇢)k

��B0 �H
�1

��2
F (H)

<latexit sha1_base64="BjqnDUB5QMSoTzoho2WjXucswdg="></latexit>



Part III
Randomized BFGS for Optimization

Dmitry Kovalev, Robert M. Gower, P. R. and Alexander Rogozin
Fast Linear Convergence of Randomized BFGS
arXiv:2002.11337, 2020



From Matrix Inversion to Optimization

min
x2Rd

f(x)

<latexit sha1_base64="Aianiz0lXPa0n7adRx3BlmEj2VY=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CCVpUoqJGCrYGEsiD6kpkSO67RWHSeyHdQqyszCr7AwgBArX8DG3+A+Bmg50pWOzrlX997jx4xKZdvfRm5peWV1Lb9e2Njc2t4xd/caMkoEJnUcsUi0fCQJo5zUFVWMtGJBUOgz0vQHV2O/+UCEpBG/U6OYdELU4zSgGCkteeahZbkh5V46dCmHbohU3/fT2+y+m8GgNDyxLM8s2mV7ArhInBkpghlqnvnldiOchIQrzJCUbceOVSdFQlHMSFZwE0lihAeoR9qachQS2Uknr2TwWCtdGERCF1dwov6eSFEo5Sj0def4VjnvjcX/vHaigvNOSnmcKMLxdFGQMKgiOM4FdqkgWLGRJggLqm+FuI8EwkqnV9AhOPMvL5JGpeycli9uKsXq5SyOPDgAR6AEHHAGquAa1EAdYPAInsEreDOejBfj3fiYtuaM2cw++APj8wduO5l2</latexit>

Compute H
�1

<latexit sha1_base64="6xRvPRdEV6icLTAq+WHrsrt4P40=">AAACAnicbVDLSgMxFM3UV62vUVfiJtgKbiwzRVB3xW66rGAf0I4lk2ba0EwyJBmhDIMbf8WNC0Xc+hXu/BszbRfaeiBwOOdecs/xI0aVdpxvK7eyura+kd8sbG3v7O7Z+wctJWKJSRMLJmTHR4owyklTU81IJ5IEhT4jbX9cy/z2A5GKCn6nJxHxQjTkNKAYaSP17aOaCKNYE1jqhUiP/CCpp/fJuZuW+nbRKTtTwGXizkkRzNHo21+9gcBxSLjGDCnVdZ1IewmSmmJG0kIvViRCeIyGpGsoRyFRXjKNkMJTowxgIKR5XMOp+nsjQaFSk9A3k9mdatHLxP+8bqyDKy+hPAvJ8eyjIGZQC5j1AQdUEqzZxBCEJTW3QjxCEmFtWiuYEtzFyMukVSm7F+Xr20qxejOvIw+OwQk4Ay64BFVQBw3QBBg8gmfwCt6sJ+vFerc+ZqM5a75zCP7A+vwBQz6Wtg==</latexit>

x⇤ = argminx f(x)

<latexit sha1_base64="pV3w8obHkSOU7tvnFLMtZdxpEcA=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJEC3CbgiohRCwsYxgHpBdltnJbDJkZnaZmZWEkMZfsbFQxNbPsPNvnCRbaPTAhcM593LvPWHCqNKO82XlVlbX1jfym4Wt7Z3dPXv/oKXiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLyZ+e0HIhWNxb0eJ8TnqC9oRDHSRgrso9IoOIfX0EOy73EqghGMyqOzUmAXnYozB/xL3IwUQYZGYH96vRinnAiNGVKq6zqJ9idIaooZmRa8VJEE4SHqk66hAnGi/Mn8gSk8NUoPRrE0JTScqz8nJogrNeah6eRID9SyNxP/87qpji79CRVJqonAi0VRyqCO4SwN2KOSYM3GhiAsqbkV4gGSCGuTWcGE4C6//Je0qhW3Vrm6qxbrtSyOPDgGJ6AMXHAB6uAWNEATYDAFT+AFvFqP1rP1Zr0vWnNWNnMIfsH6+AbzcJSv</latexit>



Algorithm: RBFGS for Optimization

xk+1 = xk �Bkrf(xk)

<latexit sha1_base64="Un26XYrLIamI+uKY6Dct+UJySVE=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoqGWmCOpCKHXjsoJ9QFuGTJppw2QyQ5KRlmF+wo2/4saFIm4Fd/6NaTsLbT0QODnnXu69xwkZlco0v43M0vLK6lp2PbexubW9k9/da8ogEpg0cMAC0XaQJIxy0lBUMdIOBUG+w0jL8W4mfuuBCEkDfq/GIen5aMCpSzFSWrLzp8WRHXsnVgKv4cj24Bns+kgNHTeuJfrb5chhCLol7R0X7XzBLJtTwEVipaQAUtTt/Fe3H+DIJ1xhhqTsWGaoejESimJGklw3kiRE2EMD0tGUI5/IXjy9KoFHWulDNxD6cQWn6u+OGPlSjn1HV05WlvPeRPzP60TKvezFlIeRIhzPBrkRgyqAk4hgnwqCFRtrgrCgeleIh0ggrHSQOR2CNX/yImlWytZ5+equUqjW0jiy4AAcghKwwAWogltQBw2AwSN4Bq/gzXgyXox342NWmjHSnn3wB8bnD/5XnNw=</latexit>

Bk+1 = RBFGS(Bk,Hk,Sk)

<latexit sha1_base64="9TrasKbtx+5x2rY3AVbDMcJpGdk="></latexit>

Goal: Bk ⇡ (rf(xk))
�1

<latexit sha1_base64="GVBLqvPFHlk5ZZh3Z30IantVa9E="></latexit>

Hk = r2f(xk)

<latexit sha1_base64="Mc4sFfgmNTnYJyBg9Fu/+ajVoDY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o61QNyUpBXUhFNx0WcE+oIlhMp20QyeTMDMRS+jajb/ixoUibv0Cd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH11P/c49EZJG/FaNY+KGaMBpQDFSWvLM4xJ0QqSGfpA2Jt4IXkGHI5+huyoMyg/e6KzkmUWrYs0Al4mdkSLI0PTML6cf4SQkXGGGpOzZVqzcFAlFMSOTgpNIEiM8QgPS05SjkEg3nb0ygada6cMgErq4gjP190SKQinHoa87p2fLRW8q/uf1EhVcuCnlcaIIx/NFQcKgiuA0F9ingmDFxpogLKi+FeIhEggrnV5Bh2AvvrxM2tWKXatc3lSL9VoWRx4cgRNQBjY4B3XQAE3QAhg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4AR2SYsQ==</latexit>

Random matrix Sk 2 Rd⇥⌧

<latexit sha1_base64="+PPK6vBbDntc6Ga+ZOS+Q/D1zQo="></latexit>

sampled from D

<latexit sha1_base64="Wqji2shQcWHqxZPsJLLVvCXOKsQ=">AAAB/nicbVDLSgMxFM3UV62vUXHlJtgKrspMKai7gi5cVrAPaIeSSW/b0GQyJBmhDAV/xY0LRdz6He78G9N2Ftp6IHA4517uyQljzrTxvG8nt7a+sbmV3y7s7O7tH7iHR00tE0WhQSWXqh0SDZxF0DDMcGjHCogIObTC8c3Mbz2C0kxGD2YSQyDIMGIDRomxUs890UTEHPp4oKTApS4lHN+Wem7RK3tz4FXiZ6SIMtR77le3L2kiIDKUE607vhebICXKMMphWugmGmJCx2QIHUsjIkAH6Tz+FJ9bxQaQyr7I4Ln6eyMlQuuJCO2kIGakl72Z+J/XSczgKkhZFCcGIro4NEg4NhLPusB9poAaPrGEUMVsVkxHRBFqbGMFW4K//OVV0qyU/Wr5+r5SrFWzOvLoFJ2hC+SjS1RDd6iOGoiiFD2jV/TmPDkvzrvzsRjNOdnOMfoD5/MHkXyUiw==</latexit>

Robert M. Gower, Donald Goldfarb and P. R.
Stochastic Block BFGS: Squeezing More Curvature out of Data
ICML 2016

RBFGS was (semi) heuristically applied to optimization in

Any initial matrix B0 2 Sd++

<latexit sha1_base64="KUxqf/8jSmXr8Ttz1oJPUEmqA08=">AAACIHicbZDLSsNAFIYnXmu9RV26GWwFoVCSUqjuqm5cVrQXaGuYTCft0MkkzEzEEPIobnwVNy4U0Z0+jZO2C239YeDjP+dw5vxuyKhUlvVlLC2vrK6t5zbym1vbO7vm3n5LBpHApIkDFoiOiyRhlJOmooqRTigI8l1G2u74Mqu374mQNOC3Kg5J30dDTj2KkdKWY9bOeQwpp4oiBn2kBH2AxZ6GkeslF6ljwR7lcGq4yU16N3CSUiktOmbBKlsTwUWwZ1AAMzUc87M3CHDkE64wQ1J2bStU/QQJRTEjab4XSRIiPEZD0tXIkU9kP5kcmMJj7QygFwj9uIIT9/dEgnwpY9/VndlP5XwtM/+rdSPlnfYTysNIEY6ni7yIQRXALC04oIJgxWINCAudEoZ4hATCSmea1yHY8ycvQqtStqvls+tKoV6dxZEDh+AInAAb1EAdXIEGaAIMHsEzeAVvxpPxYrwbH9PWJWM2cwD+yPj+Absyoqo=</latexit>

Now the matrix is changing!

<latexit sha1_base64="HdVcAMTxM6mmK2FENqvQlI6fsFE=">AAACBHicbVDLSsNAFJ3UV62vqMtuRovgqiSloO4KblxJBfuANpTJdJIOncyEmYlaQhdu/BU3LhRx60e482+ctFlo64ELh3Pu5d57/JhRpR3n2yqsrK6tbxQ3S1vbO7t79v5BW4lEYtLCggnZ9ZEijHLS0lQz0o0lQZHPSMcfX2Z+545IRQW/1ZOYeBEKOQ0oRtpIA7t8Le6hHhEYIS3pA6QK4hHiIeXh0cCuOFVnBrhM3JxUQI7mwP7qDwVOIsI1ZkipnuvE2kuR1BQzMi31E0VihMcoJD1DOYqI8tLZE1N4YpQhDIQ0xTWcqb8nUhQpNYl802luHalFLxP/83qJDs69lPI40YTj+aIgYVALmCUCh1QSrNnEEIQlNbdmEUiEtcmtZEJwF19eJu1a1a1XL25qlUY9j6MIyuAYnAIXnIEGuAJN0AIYPIJn8ArerCfrxXq3PuatBSufOQR/YH3+ALr4l3s=</latexit>



# Result Assumptions

Three Theorems

xk ! x⇤, Bk ! (r2f(x⇤))�1

<latexit sha1_base64="2Y9uKwg3H3Fu2itZvTRpLEyqqkg="></latexit>

• Strong convexity
• Lipschitz gradient
• Lipschitz Hessian

p
f (xk)� f (x⇤) ! 0

<latexit sha1_base64="EK+PVruoxrQi6JDJXHcqDbtC29g=">AAACH3icbVDLSgMxFM3UV62vqks3wVaogmWmFB+7ghuXFewDOqVk0kwbmnmY3BHL0D9x46+4caGIuOvfmLYjauuBwOGce7k5xwkFV2CaYyO1tLyyupZez2xsbm3vZHf36iqIJGU1GohANh2imOA+qwEHwZqhZMRzBGs4g6uJ37hnUvHAv4VhyNoe6fnc5ZSAljrZs7yt7iTEri2YC4WHTjwY2ZL3+nB8+qOdfGsjGwJs5nEnmzOL5hR4kVgJyaEE1U720+4GNPKYD1QQpVqWGUI7JhI4FWyUsSPFQkIHpMdamvrEY6odT/ON8JFWutgNpH4+4Kn6eyMmnlJDz9GTHoG+mvcm4n9eKwL3oh1zP4yA+XR2yI0E1iEnZeEul4yCGGpCqOT6r5j2iSQUdKUZXYI1H3mR1EtFq1y8vCnlKuWkjjQ6QIeogCx0jiroGlVRDVH0iJ7RK3oznowX4934mI2mjGRnH/2BMf4CqyWiqA==</latexit>

f(xk) ! f(x⇤), Bk ! (r2f(x⇤))�1

<latexit sha1_base64="pKD91R2pMMM5xqC7AzvGv7rsoyA="></latexit>

Theorem 1

Theorem 2

Theorem 3

Local linear convergence

Local linear convergence

Superlinear convergence 
with probability 1

• Self concordance



RBFGS = First quasi-Newton method whose 

(local) linear rate is (in some regimes) provably 

better than that of gradient descent!



E [�k] 
�
1� ⇢

2

�k
�0

<latexit sha1_base64="IdPKcfc8BUBAzKy8CHmlObAzLI0="></latexit>

kx0 � x⇤kH⇤
 1

2
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4� 2⇢

9⇢d+ 10

)

<latexit sha1_base64="qrIsQK8ACSCqke0yQLzUQt4tDSc="></latexit>

�k
def
= 3

7⇢

��Bk �H
�1
⇤

��2
F (H⇤)

+ kxk � x⇤kH⇤

<latexit sha1_base64="pHYrfbZsBPVFZroBIwk7Tvz4mJo="></latexit>

H⇤ = r2f(x⇤)

<latexit sha1_base64="uNIWFXd6Ukpfo6Kr59Jsj9Ri4Do=">AAACCXicbVDLSsNAFJ34rPUVdelmsBVqFyUpBXUhFNx0WcE+oKlhMp20QyeTMDMRS+jWjb/ixoUibv0Dd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON75O/c49EZKG/FZNItIP0JBTn2KktOSasOgESI08P2lM3TK8gg5HHkN3VeiXHtzyWdE1C1bFmgEuEzsjBZCh6ZpfziDEcUC4wgxJ2bOtSPUTJBTFjEzzTixJhPAYDUlPU44CIvvJ7JMpPNXKAPqh0MUVnKm/JxIUSDkJPN2Zni0XvVT8z+vFyr/oJ5RHsSIczxf5MYMqhGkscEAFwYpNNEFYUH0rxCMkEFY6vLwOwV58eZm0qxW7Vrm8qRbqtSyOHDgGJ6AEbHAO6qABmqAFMHgEz+AVvBlPxovxbnzMW1eMbOYI/IHx+QMjM5gF</latexit>

⇢
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<latexit sha1_base64="8eOxBWeamN97IOUgn8wX//OuasQ="></latexit>

If f is self-concordant and x0 is close enough to x⇤, then

<latexit sha1_base64="gyRsTKbIHuH44asmGguRX54oWjQ="></latexit>

Hx = r2f(x)

<latexit sha1_base64="tjV8G6uDD24SIZOe2jFMS1XFCk0=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCvUTUlKQV0IBTddVrAPaGKYTCft0MkkzEykJXTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x48Zlcqyvo2V1bX1jc3cVn57Z3dv3zw4bMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/E6NY+KGqM9pQDFSWvLMk6ITIjXwg7Q+8UbwGjoc+QzdV2BQGp0XPbNgla0Z4DKxM1IAGRqe+eX0IpyEhCvMkJRd24qVmyKhKGZkkncSSWKEh6hPuppyFBLpprM/JvBMKz0YREIXV3Cm/p5IUSjlOPR15/RouehNxf+8bqKCSzelPE4U4Xi+KEgYVBGchgJ7VBCs2FgThAXVt0I8QAJhpaPL6xDsxZeXSatStqvlq9tKoVbN4siBY3AKSsAGF6AG6qABmgCDR/AMXsGb8WS8GO/Gx7x1xchmjsAfGJ8/cGmXtg==</latexit>

Theorem 1



RBFGS can be Better than GD

Generalized linear models:
A = [a1, . . . , an] 2 Rd⇥n

<latexit sha1_base64="yoQyDGsyjsSNPf6m9TE/QnjQP5c="></latexit>

0 < l  �00
i (t)  u for all t 2 R

<latexit sha1_base64="d0CfmqgLmCzzjsyN0KSJCxdTHms=">AAACInicbVDLTsJAFJ36RHxVXbqZCAbckJaQKIkLEjcu0cgjoYRMhylMmE7rzK0JafgWN/6KGxcadWXix1gKCwXP6uSce3PPPW4ouAbL+jJWVtfWNzYzW9ntnd29ffPgsKmDSFHWoIEIVNslmgkuWQM4CNYOFSO+K1jLHV1N/dYDU5oH8g7GIev6ZCC5xymBROqZ1byFL7FwBLvHTjjkhUKPF+EMp0KE89gLFCZC4Dw4XGLHJzB03fh2ku+ZOatkpcDLxJ6THJqj3jM/nH5AI59JoIJo3bGtELoxUcCpYJOsE2kWEjoiA9ZJqCQ+0904fXGCTxOln4bxAgk4VX9vxMTXeuy7yeQ0ol70puJ/XicC76IbcxlGwCSdHfIigSHA075wnytGQYwTQqjiSVZMh0QRCkmr2aQEe/HlZdIsl+xKqXpTztUq8zoy6BidoCKy0TmqoWtURw1E0SN6Rq/ozXgyXox343M2umLMd47QHxjfPwMeoO0=</latexit>

�000
i (t)  C for all t 2 R

<latexit sha1_base64="Zy6VnzwhT7Cjh1poJBnhFiP6Cio=">AAACGXicbVDLTsJAFJ3iC/GFunQzEQy4IS0hUXckbFyikUdCGzIdpjBhOq0ztyak4Tfc+CtuXGiMS135NxboQsGzOjnn3txzjxsKrsE0v43M2vrG5lZ2O7ezu7d/kD88ausgUpS1aCAC1XWJZoJL1gIOgnVDxYjvCtZxx42Z33lgSvNA3sEkZI5PhpJ7nBJIpH7eLNrhiJdKpT4vwzm2BbvHjSL2AoWJELgINpfY9gmMXDe+nRZxP18wK+YceJVYKSmgFM1+/tMeBDTymQQqiNY9ywzBiYkCTgWb5uxIs5DQMRmyXkIl8Zl24vlnU3yWKIN5Gi+QgOfq742Y+FpPfDeZnGXUy95M/M/rReBdOjGXYQRM0sUhLxIYAjyrCQ+4YhTEJCGEKp5kxXREFKGQlJlLSrCWX14l7WrFqlWubqqFei2tI4tO0CkqIwtdoDq6Rk3UQhQ9omf0it6MJ+PFeDc+FqMZI905Rn9gfP0Aznudsg==</latexit>

Definition (SVD Sketch)

A = U⌃V>

<latexit sha1_base64="0MIP5yre0h5wxYUHYw2eYHTIIYE=">AAACGXicbZDNSsNAFIUn/tb6F3XpZrAVXJWkCOpCqLpxWdG0haaWyXTSDp1kwsxEKCGv4cZXceNCEZe68m2ctClo64GBj3PvZe49XsSoVJb1bSwsLi2vrBbWiusbm1vb5s5uQ/JYYOJgzrhoeUgSRkPiKKoYaUWCoMBjpOkNr7J684EISXl4p0YR6QSoH1KfYqS01TWtshsgNfD85CI9n6KTQveW9gMEp04jvU9cxaO03DVLVsUaC86DnUMJ5Kp3zU+3x3EckFBhhqRs21akOgkSimJG0qIbSxIhPER90tYYooDITjK+LIWH2ulBnwv9QgXH7u+JBAVSjgJPd2abytlaZv5Xa8fKP+0kNIxiRUI8+ciPGVQcZjHBHhUEKzbSgLCgeleIB0ggrHSYRR2CPXvyPDSqFfu4cnZTLdUu8zgKYB8cgCNggxNQA9egDhyAwSN4Bq/gzXgyXox342PSumDkM3vgj4yvH/DYoOo=</latexit>

full row rank

U 2 Rd⇥d

<latexit sha1_base64="8YPKQF88uad7N0DFXoYZeAiMjVs="></latexit>

⌃ 2 Rd⇥d

<latexit sha1_base64="yNWaNsFz9MIFlVKd4V7/XLNNK0o="></latexit>

V 2 Rn⇥d

<latexit sha1_base64="4+5872geWPpaA0v3pbfhBdnfVP0="></latexit>

Prob

✓
Sk =

1

⌃ii
U:i

◆
=

1

d
for i = 1, 2, . . . , d

<latexit sha1_base64="f8+ZXd6IAcloo/Sho9mgDZ8WK88="></latexit>

D is defined by:

<latexit sha1_base64="FTwyXZwYRUmOtzyFOAfyO0Eplyw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8FWcFWSUvCxKujCZQX7gDaUyWTSDp1MwsxECKEbf8WNC0Xc+hnu/Bunj4W2HrhwOOfemXuPn3CmtON8Wyura+sbm4Wt4vbO7t6+fXDYUnEqCW2SmMey42NFORO0qZnmtJNIiiOf07Y/upn47UcqFYvFg84S6kV4IFjICNZG6tvH5R7BHN2WEVMooKF5JkB+dt23S07FmQItE3dOSjBHo29/9YKYpBEVmnCsVNd1Eu3lWGpGOB0Xe6miCSYjPKBdQwWOqPLy6QFjdGaUAIWxNCU0mqq/J3IcKZVFvumMsB6qRW8i/ud1Ux1eejkTSaqpILOPwpQjHaNJGihgkhLNM0MwkczsisgQS0y0yaxoQnAXT14mrWrFrVWu7qulem0eRwFO4BTOwYULqMMdNKAJBMbwDK/wZj1ZL9a79TFrXbHmM0fwB9bnD0R1lOU=</latexit>

Corollary of Theorem 1

GD converges with rate (1� ⇢GD)
k, where ⇢GD = l

u
�2
min(A)

�2
max(A)

<latexit sha1_base64="BK8UsLwmPxq+vDeLYc4tExadDyg="></latexit>

RBFGS with SVD sketch converges with rate
�
1� ⇢

2

�k
, where ⇢ � l

u
1
d

<latexit sha1_base64="pLgxJf+VgS4qrxTePCNR3yT9FkE="></latexit>

f(x) =
1

n

nX

i=1

�i

�
a>i x

�

<latexit sha1_base64="zbGq6wJxzW0akpTofcF0U9KyEXo="></latexit>



Unlike GD, RBFGS has rate independent of 

the conditioning of the matrix A.



f(x0)� f(x⇤) 
1

4

"p
2L1L2

µ2
+

32
p
2dL5/2

1 L2

⇢µ4

#�2

<latexit sha1_base64="J5JPEDdcrI/FoxDnhGs2KXsgCMA="></latexit>

H⇤ = r2f(x⇤)

<latexit sha1_base64="uNIWFXd6Ukpfo6Kr59Jsj9Ri4Do=">AAACCXicbVDLSsNAFJ34rPUVdelmsBVqFyUpBXUhFNx0WcE+oKlhMp20QyeTMDMRS+jWjb/ixoUibv0Dd/6NkzYLbT1w4XDOvdx7jxcxKpVlfRsrq2vrG5u5rfz2zu7evnlw2JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON75O/c49EZKG/FZNItIP0JBTn2KktOSasOgESI08P2lM3TK8gg5HHkN3VeiXHtzyWdE1C1bFmgEuEzsjBZCh6ZpfziDEcUC4wgxJ2bOtSPUTJBTFjEzzTixJhPAYDUlPU44CIvvJ7JMpPNXKAPqh0MUVnKm/JxIUSDkJPN2Zni0XvVT8z+vFyr/oJ5RHsSIczxf5MYMqhGkscEAFwYpNNEFYUH0rxCMkEFY6vLwOwV58eZm0qxW7Vrm8qRbqtSyOHDgGJ6AEbHAO6qABmqAFMHgEz+AVvBlPxovxbnzMW1eMbOYI/IHx+QMjM5gF</latexit>

Hx = r2f(x)

<latexit sha1_base64="tjV8G6uDD24SIZOe2jFMS1XFCk0=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCvUTUlKQV0IBTddVrAPaGKYTCft0MkkzEykJXTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x48Zlcqyvo2V1bX1jc3cVn57Z3dv3zw4bMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/E6NY+KGqM9pQDFSWvLMk6ITIjXwg7Q+8UbwGjoc+QzdV2BQGp0XPbNgla0Z4DKxM1IAGRqe+eX0IpyEhCvMkJRd24qVmyKhKGZkkncSSWKEh6hPuppyFBLpprM/JvBMKz0YREIXV3Cm/p5IUSjlOPR15/RouehNxf+8bqKCSzelPE4U4Xi+KEgYVBGchgJ7VBCs2FgThAXVt0I8QAJhpaPL6xDsxZeXSatStqvlq9tKoVbN4siBY3AKSsAGF6AG6qABmgCDR/AMXsGb8WS8GO/Gx7x1xchmjsAfGJ8/cGmXtg==</latexit>

If f is (L1, L2)-smooth, µ-strongly convex and x0 is close enough to x⇤, then

<latexit sha1_base64="ZKIQzF8y4oLj0uRGwpXWckrXH1c="></latexit>

krf(x)�rf(y)k  L1kx� yk

<latexit sha1_base64="p+xqtGnoM+CYw2jVG/w5kfx0rxM=">AAACHXicbVDLTgIxFO3gC/E16tJNI5jAAjJDSNQdiRsXLjCRRwKEdEoHGjqdse0YJiM/4sZfceNCY1y4Mf6NHSBGwZM0PT3n3tze4wSMSmVZX0ZqZXVtfSO9mdna3tndM/cPGtIPBSZ17DNftBwkCaOc1BVVjLQCQZDnMNJ0RheJ37wjQlKf36goIF0PDTh1KUZKSz2zkuvcww5HDkPQzY8LxR8eFWBiMXILr3qxPUle42Kkr1zPzFolawq4TOw5yYI5aj3zo9P3cegRrjBDUrZtK1DdGAlFMSOTTCeUJEB4hAakrSlHHpHdeLrdBJ5opQ9dX+jDFZyqvzti5EkZeY6u9JAaykUvEf/z2qFyz7ox5UGoCMezQW7IoPJhEhXsU0GwYpEmCAuq/wrxEAmElQ40o0OwF1deJo1yya6Uzq/L2WplHkcaHIFjkAc2OAVVcAlqoA4weABP4AW8Go/Gs/FmvM9KU8a85xD8gfH5DeAFn0c=</latexit>

kr2f(x)�r2f(y)k  L2kx� yk

<latexit sha1_base64="MdCAQg59kvQEYJYWcF/z11jhTdU=">AAACIXicbVDLTgIxFO3gC/GFunTTCCawgMwQEnFH4saFC0zkkQCSTulAQ6czth3DZORX3PgrblxoDDvjz9gBFgiepOm559yb9h7bZ1Qq0/w2EhubW9s7yd3U3v7B4VH6+KQhvUBgUsce80TLRpIwykldUcVIyxcEuTYjTXt0HfvNJyIk9fi9Cn3SddGAU4dipLTUS1eynWfY4chm6KEEndw4X1iqwjyMbUYe4W0vKk3ialwI9ZXtpTNm0ZwBrhNrQTJggVovPe30PRy4hCvMkJRty/RVN0JCUczIJNUJJPERHqEBaWvKkUtkN5ptOIEXWulDxxP6cAVn6vJEhFwpQ9fWnS5SQ7nqxeJ/XjtQTqUbUe4HinA8f8gJGFQejOOCfSoIVizUBGFB9V8hHiKBsNKhpnQI1urK66RRKlrl4tVdKVMtL+JIgjNwDnLAApegCm5ADdQBBi/gDXyAT+PVeDe+jOm8NWEsZk7BHxg/v2vSoJA=</latexit>

Theorem 2

E [ k] 
�
1� ⇢

2

�k
 0

<latexit sha1_base64="0mpWQk3GDHcifIp/TZHf2s/bRIo="></latexit>
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p
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+
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f(xk)� f(x⇤)

<latexit sha1_base64="F4N/7aH3kR/0S5jw+YooxHhl5bg="></latexit>

⇢
def
= inf

x:f(x)f(x0)
�min
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x S
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H
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i⌘

<latexit sha1_base64="oKbh73kzocVxlzendu2qYivL/hA="></latexit>

NEW



Experiments



min
x2Rd

⇢
f(x) =

1

2
x> �

A>A
�
x

�

<latexit sha1_base64="4busuBFM6mp7nHILXLS5dpnKb5k="></latexit>

Convex Quadratic with Hilbert Hessian 

Aij =
1

i+ j � 1

<latexit sha1_base64="2DQUKDs+MTX1Ny4mcIhOdDpydV4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g40giCUpBXUhVNy4rGAf0IQwmU7aaScPZiZCCfkBN/6KGxeKuHXvzr9x0mah1QMXDufcy733eDGjQprml1ZaWl5ZXSuvVzY2t7Z39N29jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6k+vc794TLmgU3slpTJwADUPqU4ykklzdMAw7QHLk+elV5qYUjrNL2+cIp1aW0pPxqZUZhqtXzZo5A/xLrIJUQYGWq3/agwgnAQklZkiIvmXG0kkRlxQzklXsRJAY4Qkakr6iIQqIcNLZNxk8UsoA+hFXFUo4U39OpCgQYhp4qjO/XCx6ufif10+kf+6kNIwTSUI8X+QnDMoI5tHAAeUESzZVBGFO1a0Qj5DKQqoAKyoEa/Hlv6RTr1mN2sVtvdpsFHGUwQE4BMfAAmegCW5AC7QBBg/gCbyAV+1Re9betPd5a0krZvbBL2gf36xMmqI=</latexit>

Hilbert Matrix

d = 10, 000

<latexit sha1_base64="mhOS6mK0/F/KWAhlEjjzGg0noiI=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwICVbCupBKHjxWMF+QLuUbDbbhmazS5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5vmJ4Npg/O2srW9sbm0Xdoq7e/sHh6Wj47aOU0VZi8YiVl2faCa4ZC3DjWDdRDES+YJ1/PHdzO88MaV5LB/NJGFeRIaSh5wSY6V+JUC3yMWXGOPKoFTGVTwHWiVuTsqQozkoffWDmKYRk4YKonXPxYnxMqIMp4JNi/1Us4TQMRmynqWSREx72fzmKTq3SoDCWNmSBs3V3xMZibSeRL7tjIgZ6WVvJv7n9VITXnsZl0lqmKSLRWEqkInRLAAUcMWoERNLCFXc3oroiChCjY2paENwl19eJe1a1a1Xbx5q5UY9j6MAp3AGF+DCFTTgHprQAgoJPMMrvDmp8+K8Ox+L1jUnnzmBP3A+fwBFQo80</latexit>

 = O
�
(1 +

p
2)4d

�
⇡ 8.5⇥ 1016

<latexit sha1_base64="+AN7Hli9QS8ef04FdhGX8SSPIC4="></latexit>

Condition number

Sk ⇠ Dgauss

<latexit sha1_base64="+HEXtozBzsreZDnjF+PXvEJNZSg=">AAACG3icbVDNS8MwHE39nPOr6tFLcBM8jXYM1NtADx4nug9YS0mzdAtL2pKkwij9P7z4r3jxoIgnwYP/jWnXg24+CDze+/2Sl+fHjEplWd/Gyura+sZmZau6vbO7t28eHPZklAhMujhikRj4SBJGQ9JVVDEyiAVB3Gek70+vcr//QISkUXivZjFxORqHNKAYKS15ZrOeOsUtqSCjzOFITfwgvcu8aeZIyqGDEYPXXuoIDscokTKre2bNalgF4DKxS1IDJTqe+emMIpxwEirMkJRD24qVmyKhKGYkqzqJJDHCUzQmQ01DxIl00yJVBk+1MoJBJPQJFSzU3xsp4lLOuK8n8/By0cvF/7xhooILN6VhnCgS4vlDQcKgimBeFBxRQbBiM00QFlRnhXiCBMJK11nVJdiLX14mvWbDbjUub5u1dqusowKOwQk4AzY4B21wAzqgCzB4BM/gFbwZT8aL8W58zEdXjHLnCPyB8fUDAYWh9g==</latexit>

Sk ⇠ Dcoord

<latexit sha1_base64="762sEsoEmBB19tb7T2UX8WTftEk=">AAACG3icbVDNS8MwHE39nPOr6tFLcBM8jXYM1NtADx4nug9YR0nTdAtLmpKkwij9P7z4r3jxoIgnwYP/jem2g24+CDze+/2SlxckjCrtON/Wyura+sZmaau8vbO7t28fHHaUSCUmbSyYkL0AKcJoTNqaakZ6iSSIB4x0g/FV4XcfiFRUxPd6kpABR8OYRhQjbSTfrlczb3pLJkmYexzpURBld7k/zj1FOfQwYvDazzzJIRZChnnVtytOzZkCLhN3TipgjpZvf3qhwCknscYMKdV3nUQPMiQ1xYzkZS9VJEF4jIakb2iMOFGDbJoqh6dGCWEkpDmxhlP190aGuFITHpjJIrxa9ArxP6+f6uhikNE4STWJ8eyhKGVQC1gUBUMqCdZsYgjCkpqsEI+QRFibOsumBHfxy8ukU6+5jdrlbb3SbMzrKIFjcALOgAvOQRPcgBZoAwwewTN4BW/Wk/VivVsfs9EVa75zBP7A+voB7zuh6g==</latexit>

Sk ⇠ Dsvd

<latexit sha1_base64="A33uzVsqO+TirJefwq6CAUIwQ0Y=">AAACGXicbVDNS8MwHE3n15xfU49egpvgabRjoN4GevA40X3AWkqapltY0pYkHYzSf8OL/4oXD4p41JP/jVnXg24+CDze+/2Sl+fFjEplmt9GaW19Y3OrvF3Z2d3bP6geHvVklAhMujhikRh4SBJGQ9JVVDEyiAVB3GOk702u535/SoSkUfigZjFxOBqFNKAYKS25VbOe2vktqSB+ZnOkxl6Q3mfuJLMl5dDGiMEbN7UFh3LqZ3W3WjMbZg64SqyC1ECBjlv9tP0IJ5yECjMk5dAyY+WkSCiKGckqdiJJjPAEjchQ0xBxIp00z5TBM634MIiEPqGCufp7I0Vcyhn39OQ8ulz25uJ/3jBRwaWT0jBOFAnx4qEgYVBFcF4T9KkgWLGZJggLqrNCPEYCYaXLrOgSrOUvr5Jes2G1Gld3zVq7VdRRBifgFJwDC1yANrgFHdAFGDyCZ/AK3own48V4Nz4WoyWj2DkGf2B8/QBMsaEM</latexit>

Sk 2 Rd⇥⌧ , size = ⌧

<latexit sha1_base64="OcbpGDjj5quhABajTT0TMxzdjM0="></latexit>

Sk 2 Rd⇥⌧ , size = ⌧

<latexit sha1_base64="OcbpGDjj5quhABajTT0TMxzdjM0="></latexit>

Sk 2 Rd⇥⌧ , size = ⌧

<latexit sha1_base64="OcbpGDjj5quhABajTT0TMxzdjM0="></latexit>



Convex Quadratic with Hilbert Hessian 



Binary Classification on LIBSVM Data
min
x2Rd

(
f(x) =

1

n

nX

i=1

log (1 + exp (�bi hai, xi)) +
�

2
kxk22

)

<latexit sha1_base64="suq06Ah6PUXKmpaMe0tBWOVhTVA="></latexit>

Chang & Lin (2011)

gisette
� = 10�1

n = 6, 000; d = 5, 000
 = 1.2⇥ 104

<latexit sha1_base64="csxUqqFyVaPxsEbtA8h5LfIksuY="></latexit>

colon-cancer
� = 10�1

n = 62; d = 2, 000
 = 9.6⇥ 103

<latexit sha1_base64="x2NFlP6T54TlvApZHTahxLubVIM="></latexit>



Binary Classification on LIBSVM Data



Summary



• Randomized BFGS was introduced
• by Gower & R (arXiv 2/2016; SIMAX 2017) for matrix inversion
• by Gower-Goldfarb-R (arXiv 3/2016, ICML 2016) for optimization

• We established local linear convergence rate of RBFGS
• Theorem 1: self-concordant functions
• Theorem 2: smooth and strongly convex functions
• Theorem 3: superlinear convergence

• First analysis of any quasi-Newton method (RBFGS) which shows 
improvement on GD
• Novel Lyapunov style analysis
• Convergence of inverse Hessian estimates (theoretical benefits!)
• Convergence of itearates & function values

Summary



Bonus: More Work on 
Stochastic 2nd Order Methods 



Big d Regime

Robert M. Gower and Peter Richtárik
Randomized quasi-Newton updates are linearly convergent matrix inversion algorithms
SIAM Journal on Matrix Analysis and Applications 38(4):1380-1409, 2017

Zheng Qu, Peter Richtárik, Martin Takáč and Olivier Fercoq
SDNA: Stochastic dual Newton ascent for empirical risk minimization
ICML 2016

Robert M. Gower, Filip Hanzely, Peter Richtárik and Sebastian Stich
Accelerated stochastic matrix inversion: general theory and 
speeding up BFGS rules for faster second-order optimization
NeurIPS 2018

Robert M. Gower, Donald Goldfarb and Peter Richtárik
Stochastic block BFGS: squeezing more curvature out of data
ICML 2016

Handles big n regime by 
taking (randomized) subspace 

Newton steps in the dual.

Superlinear speedup in 
minibatch size.

Work used to motivate this talk

First accelerated quasi-Newton
matrix inversion rules



Filip Hanzely, Nikita Doikov, Peter Richtárik and Yurii Nesterov
Stochastic Subspace Cubic Newton Method
arXiv:2002.09526, 2020 (ICML 2020)

Dmitry Kovalev, Robert M. Gower, Peter Richtárik and Alexander Rogozin
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