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Part 1
Introduction



Training a Federated Learning Model 

# devices
# model parameters / features

fi(x) = E⇠⇠Dif⇠(x)

<latexit sha1_base64="NeKISDdX+NBx9T9kCzfFp5W5KBM="></latexit>

Loss on data        stored on device  Di

<latexit sha1_base64="30xIkO6sLk57Nt2v9dWEh9Sol6A=">AAAB83icbVBNSwMxEJ2tX7V+VT16CbaCp7JbCuqtoAePFewHdJeSTbNtaJJdkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTm7nfveJKs1i+WimCQ0EHkkWMYKNlfxq5hPM0d1swKqDcsWtuQugdeLlpAI5WoPylz+MSSqoNIRjrfuem5ggw8owwums5KeaJphM8Ij2LZVYUB1ki5tn6MIqQxTFypY0aKH+nsiw0HoqQtspsBnrVW8u/uf1UxNdBxmTSWqoJMtFUcqRidE8ADRkihLDp5Zgopi9FZExVpgYG1PJhuCtvrxOOvWa16jdPNQrzUYeRxHO4BwuwYMraMI9tKANBBJ4hld4c1LnxXl3PpatBSefOYU/cD5/AOARkOY=</latexit>

i

<latexit sha1_base64="jaat6Z5NXtv+h8XEAaOCJYbjaiA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gNAfUW8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb+d++wmV5rF8NJME/YgOJQ85o8ZKD2Ve7hdLbsVdgKwTLyMlyNDoF796g5ilEUrDBNW667mJ8adUGc4Ezgq9VGNC2ZgOsWuppBFqf7o4dUYurDIgYaxsSUMW6u+JKY20nkSB7YyoGelVby7+53VTE177Uy6T1KBky0VhKoiJyfxvMuAKmRETSyhT3N5K2IgqyoxNp2BD8FZfXietasWrVW7uq6V6LYsjD2dwDpfgwRXU4Q4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+GMY1F</latexit>

Heterogeneous data regime: 
The datasets                              are allowed to be differentD1,D2, · · · ,Dn

<latexit sha1_base64="h5qsSbK8JvHwRhZ/Ox77wWxXKf4=">AAACFnicbZDLSsNAFIYn9VbrLerSzWAruKglKQV1V9CFywr2Ak0Ik8mkHTqZhJmJUEKfwo2v4saFIm7FnW/jtA2irT8MfPznHM6c308YlcqyvozCyura+kZxs7S1vbO7Z+4fdGScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trj66m9e49EZLG/E6NE+JGaMBpSDFS2vLMs0rmYMTg9cSzq/CH61Xo4CBW8pfHYcUzy1bNmgkug51DGeRqeeanE8Q4jQhXmCEp+7aVKDdDQlHMyKTkpJIkCI/QgPQ1chQR6WazsybwRDsBDGOhH1dw5v6eyFAk5TjydWeE1FAu1qbmf7V+qsILN6M8SRXheL4oTBlUMZxmBAMqCFZsrAFhQfVfIR4igbDSSZZ0CPbiycvQqdfsRu3ytl5uNvI4iuAIHINTYINz0AQ3oAXaAIMH8ARewKvxaDwbb8b7vLVg5DOH4I+Mj28kEZzU</latexit>

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>



DGD: Distributed Gradient Descent

d-dimensional gradient 
computed by machine i
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<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2

<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="MYY5QC6ETIpB8XyoSa/+j2Ynyu0="></latexit>

xt+1 = xt � �
1

3

3X

i=1

rfi(x
t)

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="fBrqtH0fY0vliRwKvWtmmKSVJYk=">AAAB+nicbVBNT8JAEN36ifhV9OhlI5jghbSYqEcSLx4xkY8EajNdtrBhu212typBfooXDxrj1V/izX/jAj0o+JJJXt6bycy8IOFMacf5tlZW19Y3NnNb+e2d3b19u3DQVHEqCW2QmMeyHYCinAna0Exz2k4khSjgtBUMr6Z+655KxWJxq0cJ9SLoCxYyAtpIvl0odQUEHHDou+XHO31a8u2iU3FmwMvEzUgRZaj79le3F5M0okITDkp1XCfR3hikZoTTSb6bKpoAGUKfdgwVEFHljWenT/CJUXo4jKUpofFM/T0xhkipURSYzgj0QC16U/E/r5Pq8NIbM5GkmgoyXxSmHOsYT3PAPSYp0XxkCBDJzK2YDEAC0SatvAnBXXx5mTSrFfe8cnZTLdYqWRw5dISOURm56ALV0DWqowYi6AE9o1f0Zj1ZL9a79TFvXbGymUP0B9bnDzJikpo=</latexit>

rf1(xt)

<latexit sha1_base64="vwSuhDYZXg4icYonI+T4p0WzYnk=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbSYqEcSLx4xkY8EarNdtrBhu212typBfooXDxrj1V/izX/jAj0o+JJJXt6bycy8IOFMacf5tlZW19Y3NnNb+e2d3b19u3DQVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJr6rXsqFYvFrR4l1ItwX7CQEayN5NuFUlfggGMU+tXy450+Lfl20ak4M6Bl4makCBnqvv3V7cUkjajQhGOlOq6TaG+MpWaE00m+myqaYDLEfdoxVOCIKm88O32CTozSQ2EsTQmNZurviTGOlBpFgemMsB6oRW8q/ud1Uh1eemMmklRTQeaLwpQjHaNpDqjHJCWajwzBRDJzKyIDLDHRJq28CcFdfHmZNKsV97xydlMt1ipZHDk4gmMogwsXUINrqEMDCDzAM7zCm/VkvVjv1se8dcXKZg7hD6zPHzPskps=</latexit>

rf2(xt)

<latexit sha1_base64="Tphs/azhRt4T8UGLx7tjUlAhMZo=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JCoh5JvHjERD4SQLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5XsSZ0o7zbWXW1jc2t7LbuZ3dvf0DO3/YVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3vpr5rXsqFQvFrZ5EtBfgoWA+I1gbqW/ni12BPY6R36+WHu/0WbFvF5yyMwdaJW5KCpCi3re/uoOQxAEVmnCsVMd1It1LsNSMcDrNdWNFI0zGeEg7hgocUNVL5qdP0alRBsgPpSmh0Vz9PZHgQKlJ4JnOAOuRWvZm4n9eJ9b+ZS9hIoo1FWSxyI850iGa5YAGTFKi+cQQTCQztyIywhITbdLKmRDc5ZdXSbNSds/L1ZtKoVZO48jCMZxACVy4gBpcQx0aQOABnuEV3qwn68V6tz4WrRkrnTmCP7A+fwA1dpKc</latexit>

rf3(x
t)

<latexit sha1_base64="WhssModiubeWfyqY8qPefxEsRDU="></latexit>

xt+1 = xt � �
1

n

nX

i=1

rfi(x
t)



<latexit sha1_base64="HepE+gS+Xa7xpg706M4XOFmbhPg="></latexit>

xt+1 = xt � �
1

n

nX

i=1

C
�
rfi(x

t)
�

<latexit sha1_base64="IjLpf7lpUVLixcB6J+9pNHeif6E="></latexit>

xt+1 = xt � �
1

3

3X

i=1

C
�
rfi(x

t)
�

DCGD: Distributed Compressed
Gradient Descent
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<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2

<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="PtfSf/gh9psVlXjScsl38RgHr8o=">AAAB7HicbVBNT8JAEJ3iF+IX6tFLI5h4alpM1COJF4+YWCCBSrbLFjZst83u1EgIv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqu0XW/rcLa+sbmVnG7tLO7t39QPjxq6iRTlPk0EYlqh0QzwSXzkaNg7VQxEoeCtcLRzcxvPTKleSLvcZyyICYDySNOCRrJrz49YLVXrriOO4e9SrycVCBHo1f+6vYTmsVMIhVE647nphhMiEJOBZuWuplmKaEjMmAdQyWJmQ4m82On9plR+naUKFMS7bn6e2JCYq3HcWg6Y4JDvezNxP+8TobRdTDhMs2QSbpYFGXCxsSefW73uWIUxdgQQhU3t9p0SBShaPIpmRC85ZdXSbPmeJfOxV2tUnfyOIpwAqdwDh5cQR1uoQE+UODwDK/wZknrxXq3PhatBSufOYY/sD5/ACSKjjA=</latexit>

xt

<latexit sha1_base64="AA/1U+TOTIWqO2w2YGZMqY136o0=">AAACGHicbVC7TsMwFHV4lvIKMLJYNEhMJSkIEFOlLowF0YfUhMpxnNaq85DtIFVRPoOFX2FhACHWbvwNTpuBthzJ0tE598r3HDdmVEjT/NFWVtfWNzZLW+Xtnd29ff3gsC2ihGPSwhGLeNdFgjAakpakkpFuzAkKXEY67qiR+51nwgWNwkc5jokToEFIfYqRVFJfPzcMmNoYMdjI4C20AySHrps+ZE8etGUE5xXD6OsVs2pOAZeJVZAKKNDs6xPbi3ASkFBihoToWWYsnRRxSTEjWdlOBIkRHqEB6SkaooAIJ50Gy+CpUjzoR1y9UMKp+ncjRYEQ48BVk/mZYtHLxf+8XiL9GyelYZxIEuLZR37CoEqctwQ9ygmWbKwIwpyqWyEeIo6wVF2WVQnWYuRl0q5VravqxX2tUr8s6iiBY3ACzoAFrkEd3IEmaAEMXsAb+ACf2qv2rn1p37PRFa3YOQJz0Ca/KIqd9Q==</latexit>

C : Rd ! Rd

Contractive compression operator
<latexit sha1_base64="NWJki63CUJ6tlMLzTe0+POz3H6I="></latexit>

E
h
kC (v)� vk2

i
 (1� ↵)kvk2

<latexit sha1_base64="0mSnHDmCy70Sh3O+R1YZxNr9wWM=">AAACEHicbVA9SwNBEN3z2/gVtbRZjGLShLsIahmwsVQwJpCLYW6zlyzZ2zt258Rw5CfY+FdsLBSxtbTz37j5KNT4YODx3gwz84JECoOu++XMzS8sLi2vrObW1jc2t/LbOzcmTjXjNRbLWDcCMFwKxWsoUPJGojlEgeT1oH8+8ut3XBsRq2scJLwVQVeJUDBAK7XzRwc08xlIej70JQ+x6CsIJNCw7RXvb7Hka9HtYemgnS+4ZXcMOku8KSmQKS7b+U+/E7M04gqZBGOanptgKwONgkk+zPmp4QmwPnR501IFETetbPzQkB5apUPDWNtSSMfqz4kMImMGUWA7I8Ce+euNxP+8ZorhWSsTKkmRKzZZFKaSYkxH6dCO0JyhHFgCTAt7K2U90MDQZpizIXh/X54lN5Wyd1I+vqoUquVpHCtkj+yTIvHIKamSC3JJaoSRB/JEXsir8+g8O2/O+6R1zpnO7JJfcD6+ARg7m08=</latexit>

C (rf1(xt))

<latexit sha1_base64="ATLn8gNhGZF5Hu57JRrrg0LNo0o=">AAACEHicbVA9SwNBEN3z2/gVtbRZjGJswl0EtQzYWEYwH5CLYW6zlyzu7R27c2I48hNs/Cs2ForYWtr5b9x8FGp8MPB4b4aZeUEihUHX/XLm5hcWl5ZXVnNr6xubW/ntnbqJU814jcUy1s0ADJdC8RoKlLyZaA5RIHkjuL0Y+Y07ro2I1TUOEt6OoKdEKBiglTr5owOa+QwkvRj6kodY9BUEEmjYKRfvb/DY16LXx+ODTr7gltwx6CzxpqRApqh28p9+N2ZpxBUyCca0PDfBdgYaBZN8mPNTwxNgt9DjLUsVRNy0s/FDQ3polS4NY21LIR2rPycyiIwZRIHtjAD75q83Ev/zWimG5+1MqCRFrthkUZhKijEdpUO7QnOGcmAJMC3srZT1QQNDm2HOhuD9fXmW1Msl77R0clUuVErTOFbIHtknReKRM1Ihl6RKaoSRB/JEXsir8+g8O2/O+6R1zpnO7JJfcD6+ARnMm1A=</latexit>

C (rf2(xt))

<latexit sha1_base64="OD3hAWpWCMAccciPSJThSVZu39A=">AAACEHicbVA9SwNBEN3z2/gVtbRZjGLShLsE1FJIYxnBRCEXw9xmL1nc2zt258Rw5CfY+FdsLBSxtbTz37j5KDT6YODx3gwz84JECoOu++XMzS8sLi2vrObW1jc2t/LbO00Tp5rxBotlrK8DMFwKxRsoUPLrRHOIAsmvgtvayL+649qIWF3iIOHtCHpKhIIBWqmTPzqgmc9A0trQlzzEoq8gkEDDTrV4f4MlX4teH0sHnXzBLbtj0L/Em5ICmaLeyX/63ZilEVfIJBjT8twE2xloFEzyYc5PDU+A3UKPtyxVEHHTzsYPDemhVbo0jLUthXSs/pzIIDJmEAW2MwLsm1lvJP7ntVIMT9uZUEmKXLHJojCVFGM6Sod2heYM5cASYFrYWynrgwaGNsOcDcGbffkvaVbK3nG5elEpnJWncayQPbJPisQjJ+SMnJM6aRBGHsgTeSGvzqPz7Lw575PWOWc6s0t+wfn4Bhtdm1E=</latexit>

C (rf3(x
t))



However, DCGD Does Not Work in General!

Alexander Beznosikov, Samuel Horváth, Mher Safaryan, and Peter Richtárik
On biased compression for distributed learning
SpicyFL 2020: NeurIPS Workshop on Scalability, Privacy, and Security in Federated Learning
arXiv:2002.12410 , 2020

For Contractive Compressors such 

as Top-K, DCGD Can Diverge 

Exponentially!!!



Part 2
Fixing Divergence 
via Error Feedback



Error Feedback: 
Technique for Fixing the Divergence of DCGD





Error Feedback



Error Feedback Theory is Very Limited!

Strong and/or Unreasonable Assumptions
• Bounded gradients
• Bounded compression error
• Single node setup
• Homogeneous data regime

Weak Rates
• No linear rate in the strongly convex regime
• Weak                    sublinear rate in the nonconvex regime

<latexit sha1_base64="GwQyXYlOf/OLNSS3w9h3CTWXE70=">AAAB/nicbVDLSgNBEOz1GeNrVTx5GUyEeEl2E1GPAS/ejJAXJGuYncwmQ2YfzMwKYQn4K148KOLV7/Dm3zhJ9qCJBQ1FVTfdXW7EmVSW9W2srK6tb2xmtrLbO7t7++bBYVOGsSC0QUIeiraLJeUsoA3FFKftSFDsu5y23NHN1G89UiFZGNTVOKKOjwcB8xjBSks98zifdAnm6G5SsEv1h6RcqkzO8z0zZxWtGdAysVOSgxS1nvnV7Yck9mmgCMdSdmwrUk6ChWKE00m2G0saYTLCA9rRNMA+lU4yO3+CzrTSR14odAUKzdTfEwn2pRz7ru70sRrKRW8q/ud1YuVdOwkLoljRgMwXeTFHKkTTLFCfCUoUH2uCiWD6VkSGWGCidGJZHYK9+PIyaZaL9mWxcl/OVS/SODJwAqdQABuuoAq3UIMGEEjgGV7hzXgyXox342PeumKkM0fwB8bnDyQTk58=</latexit>

O(1/T 2/3)



Error Feedback Theory is Very Limited!



Part 3
Solving All Issues via 

Error Feedback 2021 (EF21)



Towards Error 
Feedback 2021

<latexit sha1_base64="XwbwBaippEf19UklBD98BGXh0XM="></latexit>

xt+1 = xt � �
1

n

nX

i=1

Cseq(rfi(x
t))

<latexit sha1_base64="BcvDkoWle0XV6JsvStev2nOYEkQ="></latexit>

xt+1 = xt � �
1

n

nX

i=1

C(rfi(x
t))

Distributed CGD can diverge exponentially 
when used with a contractive compressor!

Example [Beznosikov et al, 2020]:
n=d=3, C = Top-1

Contractive compressor
<latexit sha1_base64="os+pevYqwaHc+e2hkzsKGO16m20="></latexit>

E
h
kC(x)� xk2

i
 (1� ↵)kxk2

Wishful thinking?
A new compressor which handles 
the errors automatically so that EF 
is not needed! 



Compressing a Sequence of Vectors

Input sequence Output sequence
<latexit sha1_base64="ce4BQW4S6krXw/8dKlkV6WLjLPw=">AAAB7nicbVBNSwMxEJ31s9avqkcvwa7gqexWUI9FLx4r2A9o15JNs21oNlmSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZemHCmjed9O2vrG5tb24Wd4u7e/sFh6ei4qWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKLdcdP3mu2yuVvYo3B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJiM8oB1LBY6pDrL5uVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJroJMiaS1FBBFouilCMj0ex31GeKEsMnlmCimL0VkSFWmBibUNGG4C+/vEqa1Yp/Vbl8qJZrt3kcBTiFM7gAH66hBvdQhwYQGMEzvMKbkzgvzrvzsWhdc/KZE/gD5/MHeUqOWg==</latexit>

v0
<latexit sha1_base64="Fgm2i2kVNPgQD8JErZN42brODsc=">AAAB7nicbVBNSwMxEJ31s9avqkcvwa7gqexWUI9FLx4r2A9o15JNs21oNlmSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZemHCmjed9O2vrG5tb24Wd4u7e/sFh6ei4qWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBWO7mZ+a0yVZlI8mklCgxgPBIsYwcZKLdcdP/mu2yuVvYo3B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJiM8oB1LBY6pDrL5uVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJroJMiaS1FBBFouilCMj0ex31GeKEsMnlmCimL0VkSFWmBibUNGG4C+/vEqa1Yp/Vbl8qJZrt3kcBTiFM7gAH66hBvdQhwYQGMEzvMKbkzgvzrvzsWhdc/KZE/gD5/MHetCOWw==</latexit>

v1
<latexit sha1_base64="Ee0xWs/bEikeEu2rfQDH1toRpRY=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRtbEE9nFRD0SvXjERJAIG9LtdqGh227aLgkh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVDrGmnAnaNMxw2k4VxUnI6WM4vJ35jyOqNJPiwYxTGiS4L1jMCDZWenLd7iiSRrtur1zxqt4caJX4OalAjkav/NWNJMkSKgzhWOuO76UmmGBlGOF0WupmmqaYDHGfdiwVOKE6mMwvnqIzq0QolsqWMGiu/p6Y4ETrcRLazgSbgV72ZuJ/Xicz8XUwYSLNDBVksSjOODISzd5HEVOUGD62BBPF7K2IDLDCxNiQSjYEf/nlVdKqVf3L6sV9rVK/yeMowgmcwjn4cAV1uIMGNIGAgGd4hTdHOy/Ou/OxaC04+cwx/IHz+QNDLZAA</latexit>...

<latexit sha1_base64="Ee0xWs/bEikeEu2rfQDH1toRpRY=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRtbEE9nFRD0SvXjERJAIG9LtdqGh227aLgkh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVDrGmnAnaNMxw2k4VxUnI6WM4vJ35jyOqNJPiwYxTGiS4L1jMCDZWenLd7iiSRrtur1zxqt4caJX4OalAjkav/NWNJMkSKgzhWOuO76UmmGBlGOF0WupmmqaYDHGfdiwVOKE6mMwvnqIzq0QolsqWMGiu/p6Y4ETrcRLazgSbgV72ZuJ/Xicz8XUwYSLNDBVksSjOODISzd5HEVOUGD62BBPF7K2IDLDCxNiQSjYEf/nlVdKqVf3L6sV9rVK/yeMowgmcwjn4cAV1uIMGNIGAgGd4hTdHOy/Ou/OxaC04+cwx/IHz+QNDLZAA</latexit>...
<latexit sha1_base64="AHCy9tESz3t3Zf2w6c+dRnQ0qTA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYFbwFHYjqMegF48RzAOSNcxOZpMhsw9megNhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHf5iRQaHefbWlvf2NzaLuwUd/f2Dw5LR8dNHaeK8QaLZazaPtVciog3UKDk7URxGvqSt/zR3cxvjbnSIo4ecZJwL6SDSASCUTRSy7bHT2jbvVLZqThzkFXi5qQMOeq90le3H7M05BEySbXuuE6CXkYVCib5tNhNNU8oG9EB7xga0ZBrL5ufOyXnRumTIFamIiRz9fdERkOtJ6FvOkOKQ73szcT/vE6KwY2XiShJkUdssShIJcGYzH4nfaE4QzkxhDIlzK2EDamiDE1CRROCu/zyKmlWK+5V5fKhWq7d5nEU4BTO4AJcuIYa3EMdGsBgBM/wCm9WYr1Y79bHonXNymdO4A+szx/g4o6e</latexit>

vt

<latexit sha1_base64="ae9vnFTzwEI6NmiXtlMRGh+zAUg=">AAACBHicbVDLSsNAFJ3UV62vqMtuBhuhbkpSQV0Wu3FZwT6giWEynbRDJw9nJoUSsnDjr7hxoYhbP8Kdf+O0zUJbD1w4nHMv997jxYwKaZrfWmFtfWNzq7hd2tnd2z/QD486Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNmzO/OyFc0Ci8k9OYOAEahtSnGEkluXrZMFIbIwabmZvaPICCPGTVyb15ZhiuXjFr5hxwlVg5qYAcLVf/sgcRTgISSsyQEH3LjKWTIi4pZiQr2YkgMcJjNCR9RUMUEOGk8ycyeKqUAfQjriqUcK7+nkhRIMQ08FRngORILHsz8T+vn0j/yklpGCeShHixyE8YlBGcJQIHlBMs2VQRhDlVt0I8QhxhqXIrqRCs5ZdXSadesy5q57f1SuM6j6MIyuAEVIEFLkED3IAWaAMMHsEzeAVv2pP2or1rH4vWgpbPHIM/0D5/ADJJloY=</latexit>

Cseq(v0)
<latexit sha1_base64="3BB2EDlCmXjOWofNmSgnglErI8I=">AAACBHicbVDLSsNAFJ3UV62vqMtuBhuhbkpSQV0Wu3FZwT6giWEynbRDJw9nJoUSsnDjr7hxoYhbP8Kdf+O0zUJbD1w4nHMv997jxYwKaZrfWmFtfWNzq7hd2tnd2z/QD486Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNmzO/OyFc0Ci8k9OYOAEahtSnGEkluXrZMFIbIwabmZvaPICCPGTVyb11ZhiuXjFr5hxwlVg5qYAcLVf/sgcRTgISSsyQEH3LjKWTIi4pZiQr2YkgMcJjNCR9RUMUEOGk8ycyeKqUAfQjriqUcK7+nkhRIMQ08FRngORILHsz8T+vn0j/yklpGCeShHixyE8YlBGcJQIHlBMs2VQRhDlVt0I8QhxhqXIrqRCs5ZdXSadesy5q57f1SuM6j6MIyuAEVIEFLkED3IAWaAMMHsEzeAVv2pP2or1rH4vWgpbPHIM/0D5/ADPQloc=</latexit>

Cseq(v1)

<latexit sha1_base64="ZA4jz3DQu2PfgS0eO5WCkivPe/s=">AAACBHicbVDLSsNAFJ3UV62vqMtuBhuhbkpSQV0Wu3FZwT6giWEynbRDJw9nJoUSsnDjr7hxoYhbP8Kdf+O0zUJbD1w4nHMv997jxYwKaZrfWmFtfWNzq7hd2tnd2z/QD486Iko4Jm0csYj3PCQIoyFpSyoZ6cWcoMBjpOuNmzO/OyFc0Ci8k9OYOAEahtSnGEkluXrZMFIbIwabmZvaPICCPGTVyb08MwxXr5g1cw64SqycVECOlqt/2YMIJwEJJWZIiL5lxtJJEZcUM5KV7ESQGOExGpK+oiEKiHDS+RMZPFXKAPoRVxVKOFd/T6QoEGIaeKozQHIklr2Z+J/XT6R/5aQ0jBNJQrxY5CcMygjOEoEDygmWbKoIwpyqWyEeIY6wVLmVVAjW8surpFOvWRe189t6pXGdx1EEZXACqsACl6ABbkALtAEGj+AZvII37Ul70d61j0VrQctnjsEfaJ8/miWWyg==</latexit>

Cseq(vt)
<latexit sha1_base64="Ee0xWs/bEikeEu2rfQDH1toRpRY=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRtbEE9nFRD0SvXjERJAIG9LtdqGh227aLgkh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVDrGmnAnaNMxw2k4VxUnI6WM4vJ35jyOqNJPiwYxTGiS4L1jMCDZWenLd7iiSRrtur1zxqt4caJX4OalAjkav/NWNJMkSKgzhWOuO76UmmGBlGOF0WupmmqaYDHGfdiwVOKE6mMwvnqIzq0QolsqWMGiu/p6Y4ETrcRLazgSbgV72ZuJ/Xicz8XUwYSLNDBVksSjOODISzd5HEVOUGD62BBPF7K2IDLDCxNiQSjYEf/nlVdKqVf3L6sV9rVK/yeMowgmcwjn4cAV1uIMGNIGAgGd4hTdHOy/Ou/OxaC04+cwx/IHz+QNDLZAA</latexit>...

<latexit sha1_base64="Ee0xWs/bEikeEu2rfQDH1toRpRY=">AAAB8XicbVBNTwIxEJ3FL8Qv1KOXRtbEE9nFRD0SvXjERJAIG9LtdqGh227aLgkh/AsvHjTGq//Gm//GAntQ8CWTvLw3k5l5YcqZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8tMEdokkkvVDrGmnAnaNMxw2k4VxUnI6WM4vJ35jyOqNJPiwYxTGiS4L1jMCDZWenLd7iiSRrtur1zxqt4caJX4OalAjkav/NWNJMkSKgzhWOuO76UmmGBlGOF0WupmmqaYDHGfdiwVOKE6mMwvnqIzq0QolsqWMGiu/p6Y4ETrcRLazgSbgV72ZuJ/Xicz8XUwYSLNDBVksSjOODISzd5HEVOUGD62BBPF7K2IDLDCxNiQSjYEf/nlVdKqVf3L6sV9rVK/yeMowgmcwjn4cAV1uIMGNIGAgGd4hTdHOy/Ou/OxaC04+cwx/IHz+QNDLZAA</latexit>...

What we Want:

1
<latexit sha1_base64="SgzM+6AqOuQrBfOEkCYLOwXmGuE="></latexit>

To define Cseq, use C 2 B(↵) only

2
<latexit sha1_base64="V4yymp29x4+BAnMqelI2f8Ee0YA="></latexit>

lim
t!1

E
h��Cseq(vt)� vt

��2 | vt
i
! 0

<latexit sha1_base64="u+zhGqctKptbMFnarCdww4xL+Ao=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsxUUZcFNy4r2Ae0Q8mkt21oJhmSjFCGLtz4K25cKOLWj3Dn35hpZ6GtBwKHc87l5p4w5kwbz/t2CmvrG5tbxe3Szu7e/oF7eNTSMlEUmlRyqToh0cCZgKZhhkMnVkCikEM7nNxkfvsBlGZS3JtpDEFERoINGSXGSn233CKC6TETI0xlZEd1FsWglFR9t+JVvTnwKvFzUkE5Gn33qzeQNIlAGMqJ1l3fi02QEmUY5TAr9RINMaETMoKupYJEoIN0fsQMn1plgIdS2ScMnqu/J1ISaT2NQpuMiBnrZS8T//O6iRleBykTcWJA0MWiYcKxkThrBA+YAmr41BJCFbN/xXRMFKHG9layJfjLJ6+SVq3qX1bP72qV+kVeRxGV0Qk6Qz66QnV0ixqoiSh6RM/oFb05T86L8+58LKIFJ585Rn/gfP4ARCyYdA==</latexit>

Vanishing compression error



<latexit sha1_base64="MdAAtXICnIvR3sZfOPXV6GesAqY="></latexit>

lim
t!1

E
h��Cseq(vt)� vt

��2
i
! 0

Attempt 1: Naïve Idea

<latexit sha1_base64="OZWGfrjXK6V2hD93nWrSMAyz24Q=">AAACGXicbVDJSgNBEO1xjXEb9eilMSPES5iJoB6DuXiMYBbIjKGnU0ma9Czp7gmEIb/hxV/x4kERj3ryb+wsgiY+KHi8V0VVPT/mTCrb/jJWVtfWNzYzW9ntnd29ffPgsCajRFCo0ohHouETCZyFUFVMcWjEAkjgc6j7/fLErw9BSBaFd2oUgxeQbsg6jBKlpZZpW1bqUsJxedxKXRFgCYNxfnivzrALg4QN8Y89FS2rZebsgj0FXibOnOTQHJWW+eG2I5oEECrKiZRNx46VlxKhGOUwzrqJhJjQPulCU9OQBCC9dPrZGJ9qpY07kdAVKjxVf0+kJJByFPi6MyCqJxe9ifif10xU58pLWRgnCkI6W9RJOFYRnsSE20wAVXykCaGC6Vsx7RFBqNJhZnUIzuLLy6RWLDgXhfPbYq50PY8jg47RCcojB12iErpBFVRFFD2gJ/SCXo1H49l4M95nrSvGfOYI/YHx+Q3Avp7i</latexit>

Cseq(vt) ⌘ C(vt)

There is no reason why the distortion 
should vanish in the limit



<latexit sha1_base64="i2FL13Fyfyt0oW8LNksHKMB0Fno="></latexit>

Cseq(vt) ⌘ v? + C(vt � v?)

Attempt 2: A Better Idea, 
but with a Problem

<latexit sha1_base64="Q5eay99B9vTHSZrH4oC4Off0hiY=">AAACE3icbVDLSgMxFM3UV62vUZdugq0gLspMFXUjFNy4rGAf0GlLJs20oZnMkNwplKH/4MZfceNCEbdu3Pk3po+Fth5IOJxzL8k5fiy4Bsf5tjIrq2vrG9nN3Nb2zu6evX9Q01GiKKvSSESq4RPNBJesChwEa8SKkdAXrO4Pbid+fciU5pF8gFHMWiHpSR5wSsBIHfusMGx7GojCN9gTPJxeHHQnBQ8i7HEZwGiMh20odOy8U3SmwMvEnZM8mqPSsb+8bkSTkEmggmjddJ0YWilRwKlg45yXaBYTOiA91jRUkpDpVjrNNMYnRuniIFLmSMBT9fdGSkKtR6FvJkMCfb3oTcT/vGYCwXUr5TJOgEk6eyhIBDZpJwXhLleMghgZQqji5q+Y9okiFEyNOVOCuxh5mdRKRfeyeH5fypcv5nVk0RE6RqfIRVeojO5QBVURRY/oGb2iN+vJerHerY/ZaMaa7xyiP7A+fwA6PZ26</latexit>

v? = lim
t!1

vt

Assumptions:

Compression error vanishes in the limit!

The limit vector is not known! <latexit sha1_base64="NWJki63CUJ6tlMLzTe0+POz3H6I="></latexit>

E
h
kC (v)� vk2

i
 (1� ↵)kvk2

Contraction property:

<latexit sha1_base64="yFQC4fABQ/tVEHV9PZi/TvtoFdA=">AAACCXicbVC7TgJBFJ3FF+ILtbSZCCZWZBeNWpLYWGIijwSQzA4XmDA7u5m5i9kQWht/xcZCY2z9Azv/xuFRKHiSSU7OuSd37vEjKQy67reTWlldW99Ib2a2tnd297L7B1UTxppDhYcy1HWfGZBCQQUFSqhHGljgS6j5g+uJXxuCNiJUd5hE0ApYT4mu4Ayt1M7S/PC+aZDpPBWGDlT4oKifUOwDNaBtsp3NuQV3CrpMvDnJkTnK7exXsxPyOACFXDJjGp4bYWvENAouYZxpxgYixgesBw1LFQvAtEbTS8b0xCod2g21fQrpVP2dGLHAmCTw7WTAsG8WvYn4n9eIsXvVGgkVxQiKzxZ1Y0kxpJNaaEdo4CgTSxjXwv6V8j7TjKMtL2NL8BZPXibVYsG7KJzdFnOl83kdaXJEjskp8cglKZEbUiYVwskjeSav5M15cl6cd+djNppy5plD8gfO5w9VXJlx</latexit>

v? is known by the server

<latexit sha1_base64="RANem9bb1gMhWXnAWfPb1do0R0A="></latexit>

E
h��Cseq

�
vt
�
� vt

��2 | vt
i
= E

h��v? + C
�
vt � v?

�
� vt

��2 | vt
i
 (1� ↵)

��vt � v?
��2 ! 0



<latexit sha1_base64="i2FL13Fyfyt0oW8LNksHKMB0Fno="></latexit>

Cseq(vt) ⌘ v? + C(vt � v?)

Attempt 3: Solving the Problem

<latexit sha1_base64="Rfd4pspPU9lVPSP3/FQMT+cLT18="></latexit>

v? ⇡ Cseq
�
vt�1

�

<latexit sha1_base64="5YMcmUOLAYrLqImKgXcAhD8MUGU=">AAACVXicfVHLSgMxFM2Mr1ofrbp0E2wFi1hmKqjLYjcuK1gVOrVk0lsNzTya3CmUYX6yG/FP3AimD0SreCFwOA9ucuLHUmh0nDfLXlldW9/Ibea3tnd2C8W9/XsdJYpDi0cyUo8+0yBFCC0UKOExVsACX8KDP2hM9YcRKC2i8A7HMXQC9hyKvuAMDdUtynI59TiTtJF1U08FVMMwOxk9YYV6MEzEiP4pp3jmZhV6+qVOI/TsP3OlXO4WS07VmQ39DdwFKJHFNLvFideLeBJAiFwyrduuE2MnZQoFl5DlvURDzPiAPUPbwJAFoDvprJWMHhumR/uRMidEOmO/J1IWaD0OfOMMGL7oZW1K/qW1E+xfdVIRxglCyOeL+omkGNFpxbQnFHCUYwMYV8LclfIXphhH8xF5U4K7/OTf4L5WdS+q57e1Uv16UUeOHJIjckJccknq5IY0SYtwMiHvlmXZ1qv1Ya/a63OrbS0yB+TH2IVPVxCwuQ==</latexit>

Cseq(vt) ⌘ Cseq(vt�1) + C(vt � Cseq(vt�1))

<latexit sha1_base64="Q5eay99B9vTHSZrH4oC4Off0hiY=">AAACE3icbVDLSgMxFM3UV62vUZdugq0gLspMFXUjFNy4rGAf0GlLJs20oZnMkNwplKH/4MZfceNCEbdu3Pk3po+Fth5IOJxzL8k5fiy4Bsf5tjIrq2vrG9nN3Nb2zu6evX9Q01GiKKvSSESq4RPNBJesChwEa8SKkdAXrO4Pbid+fciU5pF8gFHMWiHpSR5wSsBIHfusMGx7GojCN9gTPJxeHHQnBQ8i7HEZwGiMh20odOy8U3SmwMvEnZM8mqPSsb+8bkSTkEmggmjddJ0YWilRwKlg45yXaBYTOiA91jRUkpDpVjrNNMYnRuniIFLmSMBT9fdGSkKtR6FvJkMCfb3oTcT/vGYCwXUr5TJOgEk6eyhIBDZpJwXhLleMghgZQqji5q+Y9okiFEyNOVOCuxh5mdRKRfeyeH5fypcv5nVk0RE6RqfIRVeojO5QBVURRY/oGb2iN+vJerHerY/ZaMaa7xyiP7A+fwA6PZ26</latexit>

v? = lim
t!1

vt

Assumptions:

<latexit sha1_base64="yFQC4fABQ/tVEHV9PZi/TvtoFdA=">AAACCXicbVC7TgJBFJ3FF+ILtbSZCCZWZBeNWpLYWGIijwSQzA4XmDA7u5m5i9kQWht/xcZCY2z9Azv/xuFRKHiSSU7OuSd37vEjKQy67reTWlldW99Ib2a2tnd297L7B1UTxppDhYcy1HWfGZBCQQUFSqhHGljgS6j5g+uJXxuCNiJUd5hE0ApYT4mu4Ayt1M7S/PC+aZDpPBWGDlT4oKifUOwDNaBtsp3NuQV3CrpMvDnJkTnK7exXsxPyOACFXDJjGp4bYWvENAouYZxpxgYixgesBw1LFQvAtEbTS8b0xCod2g21fQrpVP2dGLHAmCTw7WTAsG8WvYn4n9eIsXvVGgkVxQiKzxZ1Y0kxpJNaaEdo4CgTSxjXwv6V8j7TjKMtL2NL8BZPXibVYsG7KJzdFnOl83kdaXJEjskp8cglKZEbUiYVwskjeSav5M15cl6cd+djNppy5plD8gfO5w9VXJlx</latexit>

v? is known by the server



Definition (Markov compressor)
<latexit sha1_base64="PT87/GTe/1AcvvhBgp9ahd/JTCo="></latexit>

Cseq
�
v0
� def

= C
�
v0
�

Cseq
�
vt
� def

= Cseq
�
vt�1

�
+ C

�
vt � Cseq

�
vt�1

��
, t � 1

Attempt 3: Solving the Problem

Compression error vanishes in the limit!

Markov property:
<latexit sha1_base64="gSjAfmFJtZeM7Gko4hHn2P8pSOU=">AAACLXicdVBNSwMxFMzWr1q/qh69BKtQD5ZdFfVYqAePFawK3Vqy2dc2NJtdk6xQlv1DXvwrInioiFf/hmm7B211IDDMzOPljRdxprRtD63c3PzC4lJ+ubCyura+UdzculFhLCk0aMhDeecRBZwJaGimOdxFEkjgcbj1+rWRf/sIUrFQXOtBBK2AdAXrMEq0kdrFi73EpYTjWtpOXBlgBQ9p+fE+0enBHvYhAuErHAr8X+zQMcF2sWRX7DHwLHEyUkIZ6u3iq+uHNA5AaMqJUk3HjnQrIVIzyiEtuLGCiNA+6ULTUEECUK1kfG2K943i404ozRMaj9WfEwkJlBoEnkkGRPfUtDcS//Kase6ctxImoliDoJNFnZhjHeJRddhnEqjmA0MIlcz8FdMekYRqU3DBlOBMnzxLbo4qzmnl+OqoVD3J6sijHbSLyshBZ6iKLlEdNRBFT+gFDdG79Wy9WR/W5ySas7KZbfQL1tc34xCnPw==</latexit>

Cseq(vt) depends on Cseq(vt�1)



EF21 = DCGD with Markov Compressor Applied 
to the Sequence of Gradients

<latexit sha1_base64="XwbwBaippEf19UklBD98BGXh0XM="></latexit>

xt+1 = xt � �
1

n

nX

i=1

Cseq(rfi(x
t))

Markov compressor:

Equivalent formulation:

<latexit sha1_base64="PT87/GTe/1AcvvhBgp9ahd/JTCo="></latexit>

Cseq
�
v0
� def

= C
�
v0
�

Cseq
�
vt
� def

= Cseq
�
vt�1

�
+ C

�
vt � Cseq

�
vt�1

��
, t � 1

<latexit sha1_base64="2xcK/1cU5kIad5jnQrvCZICwvSc=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8FEiE3YjaI2QsDGMoJ5QLJZZiezyZDZ2WXmbjCENP6KjYUitn6GnX/j5FFo4oELh3Pu5d57/FhwDbb9baVWVtfWN9Kbma3tnd297P5BTUeJoqxKIxGphk80E1yyKnAQrBErRkJfsLrfv5349QFTmkfyAYYxc0PSlTzglICRvOxRftAGfINbkviC4MDjhcc2nOW9bM4u2lPgZeLMSQ7NUfGyX61ORJOQSaCCaN107BjcEVHAqWDjTCvRLCa0T7qsaagkIdPuaPrAGJ8apYODSJmSgKfq74kRCbUehr7pDAn09KI3Ef/zmgkE1+6IyzgBJulsUZAIDBGepIE7XDEKYmgIoYqbWzHtEUUomMwyJgRn8eVlUisVncvi+X0pV76Yx5FGx+gEFZCDrlAZ3aEKqiKKxugZvaI368l6sd6tj1lryprPHKI/sD5/ADrnlNk=</latexit>

vt = rfi(xt)



EF21 in the Single Node Setting



Extensions

1. EF21+: A More Aggressive Variant of EF21
2. Handling Stochastic Gradients



Part 4
Theory of EF21



Restricted Equivalence of EF21 and EF

Theorem

EF21 = EF

<latexit sha1_base64="MhrCbOteJJizQUEnulagJzqyXPk="></latexit>

C is

deterministic,

positively homogeneous, and

additive.



Convergence of EF21
Standard assumptions!

Strong 
sublinear rate! 

<latexit sha1_base64="Rpe+N2Cka8HLvpZ0Wg+fDKrIMy8=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAR4iXuRlGPAS/ejJAXJEuYncwmQ2Znl5lZIS75Ei8eFPHqp3jzb5w8DppY0FBUddPd5cecKe0431ZmbX1jcyu7ndvZ3dvP2weHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o9up33qkUrFI1PU4pl6IB4IFjGBtpJ6dL6Zdgjm6n5Tc8/pZsWcXnLIzA1ol7oIUYIFaz/7q9iOShFRowrFSHdeJtZdiqRnhdJLrJorGmIzwgHYMFTikyktnh0/QqVH6KIikKaHRTP09keJQqXHom84Q66Fa9qbif14n0cGNlzIRJ5oKMl8UJBzpCE1TQH0mKdF8bAgmkplbERliiYk2WeVMCO7yy6ukWSm7V+WLh0qhermIIwvHcAIlcOEaqnAHNWgAgQSe4RXerCfrxXq3PuatGWsxcwR/YH3+AD3okXk=</latexit>

O(1/T )

First linear rate for 
Error Feedback!



Part 5
Experiments



Problem and Data
<latexit sha1_base64="p3zS5vpqYmRP8KSHJ2mEmoksmgQ="></latexit>

f(x) =
1

n

nX

i=1

log
�
1 + exp

�
�yia

>
i x

��
+ �

dX

j=1

x2
j

1 + x2
j



EF21 and EF21+ Tolerate Higher 
Stepsizes than EF



EF, EF21 and EF21+ with Best Fixed Stepsizes



The END


