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The Problem

min
xœRd


P (x) := f (x) + ⁄

2ÎxÎ2
�

. (1)

Function f is convex, and has an “average of averages” structure:

f (x) := 1
n

nX

i=1
fi(x), fi(x) := 1

m

mX

j=1
fij(x), (2)

and ⁄ Ø 0 is a regularization parameter. Each fij is a function of
the form: fij(x) := Ïij(a€

ijx). The Hessian of fij at point x is
Hij(x) := hij(x)aija

€
ij, hij(x) := ÏÕÕ

ij(a€
ijx). (3)

The Hessian Hi(x) of local functions fi(x) and the Hessian H(x) of
f can be represented as linear combination of one-rank matrices.

Assumptions

We assume that Problem (1) has at least one optimal solution xú.
For all i and j, Ïij is “-smooth, twice di�erentiable, and its second
derivative ÏÕÕ

ij is ‹-Lipschitz continuous.

Main goal

Our goal is to develop a communication e�cient Newton-type
method for distributed optimization.

Naive distributed implementation of

Newton’s method

Newton’s step: xk+1 (1)
= xk ≠

⇣
H(xk) + ⁄I

⌘≠1
ÒP (xk).

Each node: computes the local Hessian Hi(xk) and gradient
Òfi(xk), then sends them to the server.
Server: averages the local Hessians and gradients to produce H(xk)
and Òf (xk), respectively, adds ⁄I to H(xk) and ⁄xk to Òf (xk),
then performs Newton step. Next, it sends xk+1 back to the nodes.
Pros: • Fast local quadratic convergence rate

• Rate is independent on the condition number
Cons: • Requires O(d2) floats to be communicated by each worker

to the server, where d is typically very large

NEWTON-STAR (NS)

Assume that the server has access to coe�cients hij(xú) for all i and
j, i.e access to the Hessian H(xú).
Step of NEWTON-STAR: xk+1 = xk≠(H(xú) + ⁄I)≠1 ÒP (xk).

Theorem 1 (Convergence of NS)

Assume that H(xú) ≤ µú
I for some µú Ø 0 and that µú+⁄ > 0.

Then for any starting point x0 œ Rd, the iterates of NEWTON-

STAR satisfy the following inequality:
���xk+1 ≠ xú

��� Æ ‹
2(µú+⁄) ·

 
1

nm

nP
i=1

mP
j=1

ÎaijÎ3
!

·
���xk ≠ xú

���
2
.

Pros: • Fast local quadratic convergence rate
• Rate is independent on the condition number

• Communication cost is O(d) per-iteration
Cons: • Cannot be implemented in practice

NEWTON-LEARN

How to address the communication bottleneck?

• Compressed communication
• Taking advantage of the structure of the problem
In NEWTON-LEARN we maintain a sequence of vectors

hk
i = (hk

i1, . . . , hk
im) œ Rm, (4)

for all i = 1, . . . , n throughout the iterations k Ø 0, with the goal
of learning the values hij(xú) for all i, j:

hij(xk) æ hij(xú) as k æ +Œ. (5)
Using hk

ij ¥ hij(xú), we can estimate the Hessian H(xú) via

H(xú) ¥ H
k := 1

n

nX

i=1
H

k
i , H

k
i := 1

m

mX

j=1
hk

ijaija
€
ij. (6)

Compressed learning

Compression operator: A randomized map C : Rm æ Rm

is a compression operator (compressor) if there exists a constant
Ê Ø 0 such that for all x œ Rm

E [C(x)] = x, E
h
ÎC(x)Î2

i
Æ (Ê + 1)ÎxÎ2. (7)

Random sparsification (random-r) [1]: Compressor defined
as

C(x) := m

r
· › ¶ x, (8)

where › œ Rm is a random vector distributed uniformly at random
on the discrete set {y œ {0, 1}m : ÎyÎ0 = r}. The variance param-
eter associated with this compressor is Ê = m

r ≠ 1.

NEWTON-LEARN: NL1

Assumption: We assume that each Ïij(x) is convex, and ⁄ > 0.

Learning the coe�cients: the idea

We design a learning rule for vectors hk
i via the DIANA

trick [2] :
hk+1

i =
h
hk

i + ÷Ck
i

⇣
hi(xk) ≠ hk

i

⌘i

+
, (9)

where ÷ > 0 is a learning rate, and Ck
i is a freshly sampled

compressor by node i at iteration k.

Main properties: • hk
ij Ø 0 for all i, j

• update is sparse: Îhk+1
i ≠ hk

i Î0 Æ s, where
s = O(1)

• H
k ≤ 0

Each node: Computes update hk+1
i =

h
hk

i + ÷Ck
i

⇣
hi(xk) ≠ hk

i

⌘i

+
and gradient Òfi(xk). Then the node broadcasts the gradient, up-
date hk+1

i ≠ hk
i and data points aij for which hk+1

ij ≠ hk
ij ”= 0.

Server: averages the local gradients to produce Òf (xk) and con-
structs H

k via (6). Then it performs a Newton-like step:

xk+1 = xk ≠
⇣
H

k + ⁄I

⌘≠1 ⇣
Òf (xk) + ⁄xk

⌘
, (10)

and finally broadcasts xk+1 back to the nodes.
Pros • Local linear and superlinear rates

• Rates are independent on the condition number

• Communication cost O(d) per iteration

Algorithm 1: NL1: NEWTON-LEARN (⁄ > 0 case)

Parameters: learning rate ÷ > 0
Initialization: x0 œ Rd

; h0
1, . . . , h0

n œ Rm
+ ;

H
0 = 1

nm

Pn
i=1
Pm

j=1 h0
ijaija€

ij œ Rd◊d

for k = 0, 1, . . . do

Broadcast xk
to all workers

for each node i = 1, . . . , n do

Compute local gradient Òfi(xk)
hk+1

i = [hk
i + ÷Ck

i (hi(xk) ≠ hk
i )]+ Send Òfi(xk), hk+1

i ≠ hk
i

and corresponding aij to server

end

xk+1 = xk ≠
⇣
H

k + ⁄I

⌘≠1
✓

1
n

nP
i=1

Òfi(xk) + ⁄xk
◆

H
k+1 = H

k + 1
nm

nP
i=1

mP
j=1

(hk+1
ij ≠ hk

ij)aija€
ij

end

Convergence theory

The analysis relies on the Lyapunov function

�k
1 =

���xk ≠ xú
���

2
+ 1

÷nm‹2R2H
k, Hk =

nX

i=1

���hk
i ≠ hi(xú)

���
2
,

where R = max
i,j

ÎaijÎ.

Theorem 2 (convergence of NL1)

Theorem 2. Let each Ïij is convex, ⁄ > 0, and ÷ Æ 1
Ê+1.

Assume that Îxk ≠ xúÎ2 Æ ⁄2

12‹2R6 for all k Ø 0. Then for
Algorithm 1 we have the inequalities

E[�k
1] Æ ◊k

1�0
1,

E
"
Îxk+1 ≠ xúÎ2

Îxk ≠ xúÎ2

#

Æ ◊k
1

⇣
6÷ + 1

2

⌘
‹2R6

⁄2 �0
1,

where ◊1 = 1 ≠ min
n

÷
2,

5
8

o
, which is independent on the condi-

tion number.

Assumption on Îxk ≠xúÎ can be relaxed using the following lemma:

Lemma 1

Assume hk
ij is a convex combination of {hij(x0), . . . , hij(xk))}

for all i, j and k. Assume Îx0 ≠ xúÎ2 Æ ⁄
12‹2R6. Then

Îxk ≠ xúÎ2 Æ ⁄2

12‹2R6for all k > 0.

It is easy to verify that if we choose h0
ij = hij(x0), use the random

sparsification compressor (8) and ÷ Æ 1
Ê+1, then hk

ij is always a
convex combination of {hij(x0), . . . , hij(xk)} for k > 0.

NEWTON-LEARN: NL2

We additionally develop a modified method (NL2) which handles
the case where P is µ-strongly convex, |hk

ij| Æ “, and ⁄ Ø 0.
Pros: • Local linear and superlinear rates

• Rates are independent on the condition number

• O(d) bits are communicated per iteration

CUBIC-NEWTON-LEARN

We also constructed a method (CNL) with global convergence guar-
antees using cubic regularization [3].
Pros: • Local linear and superlinear rates

• Global linear rate in the strongly convex case and
global sublinear rate in the convex case
• Rates are independent on the condition number

• O(d) bits are communicated per iteration

Experiments

(a) w8a, ⁄ = 10≠3 (b) a9a, ⁄ = 10≠4

(c) phishing, ⁄ = 10≠3 (d) a7a, ⁄ = 10≠4

(e) a2a, ⁄ = 10≠3 (f) phishing, ⁄ = 10≠5

(g) a2a, ⁄ = 10≠3 (h) a7a, ⁄ = 10≠4

Figure 1:Comparison of NL1, NL2 with (a), (b) BFGS; (c), (d) ADIANA; (e),
(f) DINGO in terms of communication complexity. Comparison of CNL with
(g), (h) DIANA and DCGD in terms of communication complexity.
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1. The Problem



Embarrassingly Brief Motivation

• Distributed optimization/training is important!

GOAL Develop a communication-efficient distributed 
Newton-type method whose (local) convergence 

rate is independent of the condition number

• Existing 2nd order methods suffer from at least one of these issues:
• Communication cost in each communication round is prohibitively high
• Convergence rate depends on the condition number

• The rate of all 1st order methods depends on the condition number



# machines
# training data points 

on each machine

j-th training data point
on machine i

L2 regularizer
(optional)

ML model represented by 
d parameters / features

The Problem

Loss function
<latexit sha1_base64="w4jvtED8FAW0luRrzu3NlpHA6iE=">AAACEnicbVDLSsNAFJ3UV62vqEs3g42gm5IUUXFVcOOyin1AE8JkOmnHTh7MTAol5Bvc+CtuXCji1pU7/8ZJG1BbDwycOede7r3HixkV0jS/tNLS8srqWnm9srG5tb2j7+61RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcbXeV+Z0y4oFF4JycxcQI0CKlPMZJKcvUTw7DHiMdD6qb0Pru0AySHnpfeZraM4M/PMFy9atbMKeAisQpSBQWarv5p9yOcBCSUmCEhepYZSydFXFLMSFaxE0FihEdoQHqKhiggwkmnJ2XwSCl96EdcvVDCqfq7I0WBEJPAU5X5jmLey8X/vF4i/QsnpWGcSBLi2SA/YVBdm+cD+5QTLNlEEYQ5VbtCPEQcYalSrKgQrPmTF0m7XrPOatZNvdo4LeIogwNwCI6BBc5BA1yDJmgBDB7AE3gBr9qj9qy9ae+z0pJW9OyDP9A+vgH4MJ2c</latexit>

'ij : R ! R
<latexit sha1_base64="QQykMOxN0QGg3oU3yoBSxdz++4w=">AAACIXicbVDLTgJBEJz1ifhCPXqZCAY4SHaJUY4kXjxiIo+EJWR2GGB0dnad6SUhC7/ixV/x4kFjuBl/xuFxULCSTipV3enu8kLBNdj2l7W2vrG5tZ3YSe7u7R8cpo6OazqIFGVVGohANTyimeCSVYGDYI1QMeJ7gtW9x5upXx8wpXkg72EYspZPepJ3OSVgpHaqlMmM3AFRYZ9ns+2YP4xzOn+xpEB+hF3BnrArIzzSFzDKZNqptF2wZ8CrxFmQNFqg0k5N3E5AI59JoIJo3XTsEFoxUcCpYOOkG2kWEvpIeqxpqCQ+06149uEYnxulg7uBMiUBz9TfEzHxtR76nun0CfT1sjcV//OaEXRLrZjLMAIm6XxRNxIYAjyNC3e4YhTE0BBCFTe3YtonilAwoSZNCM7yy6ukViw4VwXnrpguXy7iSKBTdIZyyEHXqIxuUQVVEUXP6BW9ow/rxXqzPq3JvHXNWsycoD+wvn8A7ciiFA==</latexit>

|'00
ij(s)� '00

ij(t)|  ⌫|s� t|

<latexit sha1_base64="bge4rl3V9SImDyjtbz0jVHgBNd0="></latexit>

min
x2Rd

8
<

:

0

@ 1

n

nX

i=1

1

m

mX

j=1

'ij(a
>
ijx)

1

A+
�

2
kxk2

9
=

;



The Problem: Local and Global Functions

<latexit sha1_base64="G4vww915n8b2OmZwauctiq4E4BY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LDZCvZSkB/VYFMRjBfsBbSib7aZdutmkuxuxhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz485U9pxvq3c2vrG5lZ+u7Czu7d/UDw8aqookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93M/NYjlYpF4kFPYuqFeCBYwAjWRmrb9m356dy2e8WSU3HmQKvEzUgJMtR7xa9uPyJJSIUmHCvVcZ1YeymWmhFOp4VuomiMyQgPaMdQgUOqvHR+7xSdGaWPgkiaEhrN1d8TKQ6VmoS+6QyxHqplbyb+53USHVx5KRNxoqkgi0VBwpGO0Ox51GeSEs0nhmAimbkVkSGWmGgTUcGE4C6/vEqa1Yp7UXHvq6XadRZHHk7gFMrgwiXU4A7q0AACHJ7hFd6ssfVivVsfi9aclc0cwx9Ynz+u8I5t</latexit>

F (x)

<latexit sha1_base64="ZQsNAEtRI7yoRWwJGVHaqfOcmQU=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmqCF9JyUI9ELx4xkY8IDdkuW9iw3Ta7WyNp+BdePGiMV/+NN/+NW+hBwZdM8vLeTGbm+TFnSjvOt1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k5vM7zxSqVgk7vU0pl6IR4IFjGBtpAfbDgas+nRu24Nyxak5c6BV4uakAjmag/JXfxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnqMAhVV46v3iGzowyREEkTQmN5urviRSHSk1D33SGWI/VspeJ/3m9RAdXXspEnGgqyGJRkHCkI5S9j4ZMUqL51BBMJDO3IjLGEhNtQiqZENzll1dJu15zL2ruXb3SuM7jKMIJnEIVXLiEBtxCE1pAQMAzvMKbpawX6936WLQWrHzmGP7A+vwBXtePaQ==</latexit>

fi(x)Local function owned by machine i:

Global function we want to minimize:

<latexit sha1_base64="bge4rl3V9SImDyjtbz0jVHgBNd0="></latexit>

min
x2Rd

8
<

:

0

@ 1

n

nX

i=1

1

m

mX

j=1

'ij(a
>
ijx)

1

A+
�

2
kxk2

9
=

;



2. NEWTON

John Wallis
A treatise of algebra, both historical and practical

Philosophical Transactions of the Royal Society of London, 15(173):1095–1106, 1685

Josepho Raphson
Analysis aequationum universalis seu ad aequationes algebraicas resolvendas methodus

generalis, & expedita, ex nova infinitarum serierum methodo, deducta ac demonstrate

Oxford: Richard Davis, 1697



Year 1697



NEWTON

<latexit sha1_base64="0VD40sbfSGuPDn2mc79mZVHTLGc="></latexit>

xk+1 = xk �
�
r2F (xk)

��1 rF (xk)



NEWTON

Can be computed 
by machine i

Can be computed 
by machine i

3 
m

ac
hi

ne
s
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<latexit sha1_base64="ua9dRlr+fjDWevSvPlTwQA2xPc4="></latexit>

r2f2(x
k) 2 Rd⇥d,rf2(x

k) 2 Rd

<latexit sha1_base64="Y/5fi8XFemU82uut9eoU6OPem3g="></latexit>

r2f1(xk) 2 Rd⇥d,rf1(xk) 2 Rd

<latexit sha1_base64="AzqeYT9woo852iWXzG92x13sVjM="></latexit>

r2f3(x
k) 2 Rd⇥d ,rf3(x

k) 2 Rd

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>
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<latexit sha1_base64="lhWwPrTs6sUVLlsrMIiNsNsrG1Q="></latexit>
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xk

<latexit sha1_base64="58vFt/V4DCYKCH6fOxtn/KhEfcQ="></latexit>

xk+1 = xk �
 
1

n

nX

i=1

r2fi(x
k) + �Id

!�1 
1

n

nX

i=1

rfi(x
k) + �xk

!



<latexit sha1_base64="58vFt/V4DCYKCH6fOxtn/KhEfcQ="></latexit>

xk+1 = xk �
 
1

n

nX

i=1

r2fi(x
k) + �Id

!�1 
1

n

nX

i=1

rfi(x
k) + �xk

!

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

NEWTON

Can be computed 
by machine i

Can be computed 
by machine i

3 
m

ac
hi

ne
s

server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2

<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="lhWwPrTs6sUVLlsrMIiNsNsrG1Q="></latexit>

xk+1 = xk �
 
1

3

3X

i=1

r2fi(x
k) + �Id

!�1 
1

3

3X

i=1

rfi(x
k) + �xk

!

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+1 2 Rd

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+1 2 Rd

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+
1 2 Rd

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

Bottleneck of Distributed 

Implementation of Newton’s 

Method = Communication 

of d x d Hessian Matrices!!!



Expensive O(d2) worker-master 
communication

Local quadratic convergence 
independent of the condition number

NEWTON: Summary

<latexit sha1_base64="0VD40sbfSGuPDn2mc79mZVHTLGc="></latexit>

xk+1 = xk �
�
r2F (xk)

��1 rF (xk)



3. NEWTON-STAR

“One Hessian is Enough!”



<latexit sha1_base64="bYy9H1boN0TNk90P0xS7VRBKtUc="></latexit>

xk+1 = xk �
�
r2F (x?)

��1 rF (xk)

NEWTON-STAR<latexit sha1_base64="cD8gU47KzVY8Wjh6TXEM9NiovVY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZC3ZSkiLoRCoK4rGAf0MQwmU7aoZNJmJlIS+nSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7T5AwKpVtfxu5peWV1bX8emFjc2t7x9zda8g4FZjUccxi0QqQJIxyUldUMdJKBEFRwEgz6F9N/OYDEZLG/E4NE+JFqMtpSDFSWvLNQ8uCg3tXKiTgJXSR6LoR5f4AXpcGJ9CyfLNol+0p4CJxMlIEGWq++eV2YpxGhCvMkJRtx06UN0JCUczIuOCmkiQI91GXtDXlKCLSG00fGcNjrXRgGAtdXMGp+ntihCIph1GgOyOkenLem4j/ee1UhRfeiPIkVYTj2aIwZVDFcJIK7FBBsGJDTRAWVN8KcQ8JhJXOrqBDcOZfXiSNStk5Kzu3lWL1NIsjDw7AESgBB5yDKrgBNVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gDnC5dM</latexit>

x? = argmin
x

F (x)

Hessian at the (unknown!) optimum



<latexit sha1_base64="tIuUlijEVUBWBO84Pwysg55KQHY="></latexit>

xk+1 = xk �
 
1

3

3X

i=1

r2fi(x
?) + �Id

!�1 
1

3

3X

i=1

rfi(x
k) + �xk

!

<latexit sha1_base64="MQvxGovmLFMGtWit9q98ztnQVwU="></latexit>

xk+1 = xk �
 
1

n

nX

i=1

r2fi(x
?) + �Id

!�1 
1

n

nX

i=1

rfi(x
k) + �xk

!

NEWTON-STAR

Can be computed 
by machine i

We assume this is 
known!

3 
m

ac
hi

ne
s

server

<latexit sha1_base64="ua9dRlr+fjDWevSvPlTwQA2xPc4="></latexit>

r2f2(x
k) 2 Rd⇥d,rf2(x

k) 2 Rd

<latexit sha1_base64="Y/5fi8XFemU82uut9eoU6OPem3g="></latexit>

r2f1(xk) 2 Rd⇥d,rf1(xk) 2 Rd

<latexit sha1_base64="AzqeYT9woo852iWXzG92x13sVjM="></latexit>

r2f3(x
k) 2 Rd⇥d ,rf3(x

k) 2 Rd

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2

<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="G6YHfuOQU3jd9saF4WtIwWYou+k=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8GsEJuwm8JHFxDEMoJ5QHYT7k5mkyGzs8vMrBhCGn/FxkIRWz/Dzr9x8ig08cCFwzn3cu89QcKZ0o7zbWVWVtfWN7Kbua3tnd29/P5BXcWpJLRGYh7LZgCKciZoTTPNaTORFKKA00YwuJ74jQcqFYvFvR4m1I+gJ1jICGgjdfJHtu0JCDi0y/im+Nj2lAZ5ZtudfMEpOVPgZeLOSQHNUe3kv7xuTNKICk04KNVynUT7I5CaEU7HOS9VNAEygB5tGSogosofTR8Y41OjdHEYS1NC46n6e2IEkVLDKDCdEei+WvQm4n9eK9XhpT9iIkk1FWS2KEw51jGepIG7TFKi+dAQIJKZWzHpgwSiTWY5E4K7+PIyqZdL7nnJvSsXKlfzOLLoGJ2gInLRBaqgW1RFNUTQGD2jV/RmPVkv1rv1MWvNWPOZQ/QH1ucP7LCUqQ==</latexit>

r2F (x?)

<latexit sha1_base64="cD8gU47KzVY8Wjh6TXEM9NiovVY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZC3ZSkiLoRCoK4rGAf0MQwmU7aoZNJmJlIS+nSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7T5AwKpVtfxu5peWV1bX8emFjc2t7x9zda8g4FZjUccxi0QqQJIxyUldUMdJKBEFRwEgz6F9N/OYDEZLG/E4NE+JFqMtpSDFSWvLNQ8uCg3tXKiTgJXSR6LoR5f4AXpcGJ9CyfLNol+0p4CJxMlIEGWq++eV2YpxGhCvMkJRtx06UN0JCUczIuOCmkiQI91GXtDXlKCLSG00fGcNjrXRgGAtdXMGp+ntihCIph1GgOyOkenLem4j/ee1UhRfeiPIkVYTj2aIwZVDFcJIK7FBBsGJDTRAWVN8KcQ8JhJXOrqBDcOZfXiSNStk5Kzu3lWL1NIsjDw7AESgBB5yDKrgBNVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gDnC5dM</latexit>

x? = argmin
x

F (x)

Hessian at the (unknown!) optimum



<latexit sha1_base64="tIuUlijEVUBWBO84Pwysg55KQHY="></latexit>

xk+1 = xk �
 
1
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<latexit sha1_base64="MQvxGovmLFMGtWit9q98ztnQVwU="></latexit>

xk+1 = xk �
 
1

n

nX

i=1

r2fi(x
?) + �Id
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nX
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rfi(x
k) + �xk
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NEWTON-STAR

Can be computed 
by machine i

We assume this is 
known!

3 
m

ac
hi

ne
s

server

<latexit sha1_base64="G6YHfuOQU3jd9saF4WtIwWYou+k=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8GsEJuwm8JHFxDEMoJ5QHYT7k5mkyGzs8vMrBhCGn/FxkIRWz/Dzr9x8ig08cCFwzn3cu89QcKZ0o7zbWVWVtfWN7Kbua3tnd29/P5BXcWpJLRGYh7LZgCKciZoTTPNaTORFKKA00YwuJ74jQcqFYvFvR4m1I+gJ1jICGgjdfJHtu0JCDi0y/im+Nj2lAZ5ZtudfMEpOVPgZeLOSQHNUe3kv7xuTNKICk04KNVynUT7I5CaEU7HOS9VNAEygB5tGSogosofTR8Y41OjdHEYS1NC46n6e2IEkVLDKDCdEei+WvQm4n9eK9XhpT9iIkk1FWS2KEw51jGepIG7TFKi+dAQIJKZWzHpgwSiTWY5E4K7+PIyqZdL7nnJvSsXKlfzOLLoGJ2gInLRBaqgW1RFNUTQGD2jV/RmPVkv1rv1MWvNWPOZQ/QH1ucP7LCUqQ==</latexit>

r2F (x?)

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+1 2 Rd

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+1 2 Rd

<latexit sha1_base64="a3/64M9DhVepMtZbPfX4X8e6NUU=">AAACA3icbVDLSsNAFJ34rPUVdaebwVYQhJB0oS4LblxWsQ9o0jKZTtqhk0mYmYglBNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNS2fa3sbS8srq2Xtoob25t7+yae/stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq9xv3xMhacTv1CQmXoiGnAYUI6WlvnlYfeil4zMngy7l0A2RGvl+epv1BtW+WbEtewq4SJyCVECBRt/8cgcRTkLCFWZIyq5jx8pLkVAUM5KV3USSGOExGpKuphyFRHrp9IcMnmhlAINI6OIKTtXfEykKpZyEvu7Mj5TzXi7+53UTFVx6KeVxogjHs0VBwqCKYB4IHFBBsGITTRAWVN8K8QgJhJWOraxDcOZfXiStmuWcW85NrVK3ijhK4Agcg1PggAtQB9egAZoAg0fwDF7Bm/FkvBjvxsesdckoZg7AHxifP49ZlsU=</latexit>

xk+
1 2 Rd

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

<latexit sha1_base64="waxIvbCbolwdq21Hhbri5Q6ptdQ=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8NS0H9UjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOloPb0MK71K1XP9eZAq8QvSBUKNPuVr95AkiyhwhCOte76XmrCHCvDCKfTci/TNMVkjIe0a6nACdVhPj92is6tMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif953czE12HORJoZKshiUZxxZCSafY4GTFFi+MQSTBSztyIywgoTY/Mp2xD85ZdXSavu+peuf1evNtwijhKcwhlcgA9X0IBbaEIABBg8wyu8OcJ5cd6dj0XrmlPMnMAfOJ8/FjmOJQ==</latexit>

xk

3 
m

ac
hi

ne
s

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1

<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2

<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

<latexit sha1_base64="PHf0qyU4x72TpyCvF+4pGh3GflE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhGW3B/VY8OKxgv2Qdi3ZNNuGJtklyYpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv21lZXVvf2CxsFbd3dvf2SweHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUbz1SpVks78w4oYHAA8kiRrCx0n3l6SEbnfuTSq9U9lxvBrRM/JyUIUe9V/rq9mOSCioN4Vjrju8lJsiwMoxwOil2U00TTEZ4QDuWSiyoDrLZwRN0apU+imJlSxo0U39PZFhoPRah7RTYDPWiNxX/8zqpia6CjMkkNVSS+aIo5cjEaPo96jNFieFjSzBRzN6KyBArTIzNqGhD8BdfXibNqutfuP5ttVxz8zgKcAwncAY+XEINbqAODSAg4Ble4c1Rzovz7nzMW1ecfOYI/sD5/AG2U4+h</latexit>

xk+1

Noo need to communicate 

any d x d matrices!!!

Same communication cost per 

iteration as gradient descent!!!

<latexit sha1_base64="cD8gU47KzVY8Wjh6TXEM9NiovVY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZC3ZSkiLoRCoK4rGAf0MQwmU7aoZNJmJlIS+nSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7T5AwKpVtfxu5peWV1bX8emFjc2t7x9zda8g4FZjUccxi0QqQJIxyUldUMdJKBEFRwEgz6F9N/OYDEZLG/E4NE+JFqMtpSDFSWvLNQ8uCg3tXKiTgJXSR6LoR5f4AXpcGJ9CyfLNol+0p4CJxMlIEGWq++eV2YpxGhCvMkJRtx06UN0JCUczIuOCmkiQI91GXtDXlKCLSG00fGcNjrXRgGAtdXMGp+ntihCIph1GgOyOkenLem4j/ee1UhRfeiPIkVYTj2aIwZVDFcJIK7FBBsGJDTRAWVN8KcQ8JhJXOrqBDcOZfXiSNStk5Kzu3lWL1NIsjDw7AESgBB5yDKrgBNVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gDnC5dM</latexit>

x? = argmin
x

F (x)

Hessian at the (unknown!) optimum



NEWTON-STAR: 
Local Quadratic Convergence

<latexit sha1_base64="O31ZcmjLe4UiU1zhN0FKKGnYmc0="></latexit>

1

n

nX

i=1

r2fi(x
?) ⌫ µ?Id

<latexit sha1_base64="cD8gU47KzVY8Wjh6TXEM9NiovVY=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZC3ZSkiLoRCoK4rGAf0MQwmU7aoZNJmJlIS+nSjb/ixoUibv0Ed/6N0zYLbT1w4XDOvdx7T5AwKpVtfxu5peWV1bX8emFjc2t7x9zda8g4FZjUccxi0QqQJIxyUldUMdJKBEFRwEgz6F9N/OYDEZLG/E4NE+JFqMtpSDFSWvLNQ8uCg3tXKiTgJXSR6LoR5f4AXpcGJ9CyfLNol+0p4CJxMlIEGWq++eV2YpxGhCvMkJRtx06UN0JCUczIuOCmkiQI91GXtDXlKCLSG00fGcNjrXRgGAtdXMGp+ntihCIph1GgOyOkenLem4j/ee1UhRfeiPIkVYTj2aIwZVDFcJIK7FBBsGJDTRAWVN8KcQ8JhJXOrqBDcOZfXiSNStk5Kzu3lWL1NIsjDw7AESgBB5yDKrgBNVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gDnC5dM</latexit>

x? = argmin
x

F (x)

<latexit sha1_base64="b3vjiZVaB+W1+x5GrHnobhohcoo=">AAACBnicbVDLSsNAFJ3UV62vqksRBhvBVUmKqMuCG5dV7AOaGCaTSTt2MgkzE6GErtz4K25cKOLWb3Dn3zhps9DWAxcO59zLvff4CaNSWda3UVpaXlldK69XNja3tnequ3sdGacCkzaOWSx6PpKEUU7aiipGeokgKPIZ6fqjy9zvPhAhacxv1TghboQGnIYUI6Ulr3pomhB5Gb2fQIdy6ERIDX0/u5ncBdA0vWrNqltTwEViF6QGCrS86pcTxDiNCFeYISn7tpUoN0NCUczIpOKkkiQIj9CA9DXlKCLSzaZvTOCxVgIYxkIXV3Cq/p7IUCTlOPJ1Z36mnPdy8T+vn6rwws0oT1JFOJ4tClMGVQzzTGBABcGKjTVBWFB9K8RDJBBWOrmKDsGef3mRdBp1+6xuXzdqzdMijjI4AEfgBNjgHDTBFWiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MH1leXZw==</latexit>

aij 2 Rd

Training data vectorsRegularizer parameter
<latexit sha1_base64="NVh9/kRw6ixfxvqUGbmysnazDfw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBhvBVUmKqMuCG5cVbCs0oUwmN+3QycOZiRBC/RU3LhRx64e482+ctllo64GBwznncu8cP+VMKtv+Nipr6xubW9Xt2s7u3v6BeXjUk0kmKHRpwhNx7xMJnMXQVUxxuE8FkMjn0Pcn1zO//whCsiS+U3kKXkRGMQsZJUpLQ7NuWdjlOh8Q7I7gAduWNTQbdtOeA68SpyQNVKIzNL/cIKFZBLGinEg5cOxUeQURilEO05qbSUgJnZARDDSNSQTSK+bHT/GpVgIcJkK/WOG5+nuiIJGUeeTrZETUWC57M/E/b5Cp8MorWJxmCmK6WBRmHKsEz5rAARNAFc81IVQwfSumYyIIVbqvmi7BWf7yKum1ms5F07ltNdrnZR1VdIxO0Bly0CVqoxvUQV1EUY6e0St6M56MF+Pd+FhEK0Y5U0d/YHz+ALi6ktU=</latexit>
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<latexit sha1_base64="QQykMOxN0QGg3oU3yoBSxdz++4w=">AAACIXicbVDLTgJBEJz1ifhCPXqZCAY4SHaJUY4kXjxiIo+EJWR2GGB0dnad6SUhC7/ixV/x4kFjuBl/xuFxULCSTipV3enu8kLBNdj2l7W2vrG5tZ3YSe7u7R8cpo6OazqIFGVVGohANTyimeCSVYGDYI1QMeJ7gtW9x5upXx8wpXkg72EYspZPepJ3OSVgpHaqlMmM3AFRYZ9ns+2YP4xzOn+xpEB+hF3BnrArIzzSFzDKZNqptF2wZ8CrxFmQNFqg0k5N3E5AI59JoIJo3XTsEFoxUcCpYOOkG2kWEvpIeqxpqCQ+06149uEYnxulg7uBMiUBz9TfEzHxtR76nun0CfT1sjcV//OaEXRLrZjLMAIm6XxRNxIYAjyNC3e4YhTE0BBCFTe3YtonilAwoSZNCM7yy6ukViw4VwXnrpguXy7iSKBTdIZyyEHXqIxuUQVVEUXP6BW9ow/rxXqzPq3JvHXNWsycoD+wvn8A7ciiFA==</latexit>
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We do not know the Hessian at the optimum!

Local quadratic convergence 
independent of the condition number

NEWTON-STAR: Summary

<latexit sha1_base64="bYy9H1boN0TNk90P0xS7VRBKtUc="></latexit>

xk+1 = xk �
�
r2F (x?)

��1 rF (xk)

Cheap O(d) worker-master communication

The New Result
From The 

Previous Slide



4. NEWTON-LEARN

“Let’s Learn the Hessian!”



Structure of the Hessian

<latexit sha1_base64="6Fvz1K5EbumTOGmj9K6bR4J8mjY=">AAAB83icbVBNSwMxFHxbv2r9qnr0EmwFT2W3iHqSghePFWwtdJeSzWbb0Gw2JFmhLP0bXjwo4tU/481/Y9ruQVsHAsPMPN7LhJIzbVz32ymtrW9sbpW3Kzu7e/sH1cOjrk4zRWiHpDxVvRBrypmgHcMMpz2pKE5CTh/D8e3Mf3yiSrNUPJiJpEGCh4LFjGBjJb/uc5uNMLpx64NqzW24c6BV4hWkBgXag+qXH6UkS6gwhGOt+54rTZBjZRjhdFrxM00lJmM8pH1LBU6oDvL5zVN0ZpUIxamyTxg0V39P5DjRepKENplgM9LL3kz8z+tnJr4OciZkZqggi0VxxpFJ0awAFDFFieETSzBRzN6KyAgrTIytqWJL8Ja/vEq6zYZ32fDum7XWRVFHGU7gFM7BgytowR20oQMEJDzDK7w5mfPivDsfi2jJKWaO4Q+czx9ErZB7</latexit>

� > 0

Assumption 2

Assumption 1
<latexit sha1_base64="r9yrFrJt4po0tq6TmYyZjELN+E8=">AAACG3icbVDLSsNAFJ3UV62vqEs3g63gqiRFVFwV3LisYh/QhDCZTtqxk0mYmRRL6H+48VfcuFDEleDCv3HSBtTWAwNnzrmXe+/xY0alsqwvo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvDy8xvj4iQNOK3ahwTN0R9TgOKkdKSZ9YqzgiJeEC9lN5NLpwQqYHvpzcT6KgI/nwrkEqIIz4i955ZtqrWFHCR2DkpgxwNz/xwehFOQsIVZkjKrm3Fyk2RUBQzMik5iSQxwkPUJ11NOQqJdNPpbRN4pJUeDCKhH1dwqv7uSFEo5Tj0dWW2rJz3MvE/r5uo4NxNKY8TRTieDQoSBvXZWVCwRwXBio01QVhQvSvEAyQQVjrOkg7Bnj95kbRqVfu0al/XyvWTPI4iOACH4BjY4AzUwRVogCbA4AE8gRfwajwaz8ab8T4rLRh5zz74A+PzGz7toX0=</latexit>

'ij : R ! R is convex
<latexit sha1_base64="nYgHhSVHHys8brYhphBZl5geVok="></latexit>
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Rank-1 matrices formed from the training data vectors
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r2F (x) =

0

@ 1

n

nX

i=1

1

m

mX

j=1

'00
ij(a

>
ijx)aija

>
ij

1

A+ �Id



<latexit sha1_base64="tC6Idjc51VAjUi8PB/jdeLUW04o="></latexit>

xk+1 = xk �
�
r2F (x?)

��1 rF (xk)
<latexit sha1_base64="9L3SKOiJAbsYRyyC0irws7K7ql8="></latexit>

xk+1 = xk �
�
r2F (xk)

��1 rF (xk)

NEWTON vs NEWTON-STAR

NEWTON NEWTON-STAR

We do not know the Hessian at the optimum!

Cheap O(d) worker-master communicationExpensive O(d2) worker-master communication

Local quadratic convergence independent of the 
condition number

Local quadratic convergence independent of the 
condition number
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We have solved one problem, 

but introduced a new problem!



<latexit sha1_base64="JGMJFRjFk6li3x/jXs5BLGiNH6U="></latexit>
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<latexit sha1_base64="jDLksMrygpAebDbMnks7aibxma4="></latexit>
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NEWTON-LEARN
Desire: Communication-

efficient “approximation” 
of the Hessian

Wish list:

<latexit sha1_base64="DFvw55xWTJCIqo8CTC9Djgw/Cd4="></latexit>

hk+1
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<latexit sha1_base64="U3cKvkd5JhDbrld9pC+20Y38Wx4=">AAACE3icbVDLSgMxFM34rPVVdekmWARxUWaKqMuCG5cV7APaoWQyd9rQTDIkGaEM/Qc3/oobF4q4dePOvzHTzkJbDyQczrn3JvcECWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWqaKQotKLlU3IBo4E9AyzHDoJgpIHHDoBOOb3O88gNJMinszScCPyVCwiFFirDSonHNJCceKGMBMhJCAvYTBMsJUipDlVVikcQBqUKm6NXcGvEy8glRRgeag8tUPJU1jO49yonXPcxPjZ0QZRjlMy/1UQ0LomAyhZ6kgMWg/m+00xadWCXEklT32PzP1d0dGYq0ncWArY2JGetHLxf+8Xmqiaz9jIkkNCDp/KEo5NhLnAeGQKaCGTywhVNkAKKYjogg1NsayDcFbXHmZtOs177Lm3dWrjYsijhI6RifoDHnoCjXQLWqiFqLoET2jV/TmPDkvzrvzMS9dcYqeI/QHzucPLbGeTw==</latexit>

local rate independent of condition number
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<latexit sha1_base64="xbCURBVCfEXWlbcvszFFjNUIMqM="></latexit>
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<latexit sha1_base64="nX1WiF5Me80NAHOz2M3qaP6yPZ4=">AAAB/HicbVC7TsMwFHV4lvIKdGSxaJGYqqRCwFiJhbEg+pCaUDmu01q1nch2kEJUfoWFAYRY+RA2/ganzQAtR7J0dM69uscniBlV2nG+rZXVtfWNzdJWeXtnd2/fPjjsqCiRmLRxxCLZC5AijArS1lQz0oslQTxgpBtMrnK/+0CkopG402lMfI5GgoYUI22kgV2pPXpUQI8jPQ6C7HZ6z2sDu+rUnRngMnELUgUFWgP7yxtGOOFEaMyQUn3XibWfIakpZmRa9hJFYoQnaET6hgrEifKzWfgpPDHKEIaRNE9oOFN/b2SIK5XywEzmIdWil4v/ef1Eh5d+RkWcaCLw/FCYMKgjmDcBh1QSrFlqCMKSmqwQj5FEWJu+yqYEd/HLy6TTqLvndfemUW2eFXWUwBE4BqfABRegCa5BC7QBBil4Bq/gzXqyXqx362M+umIVOxXwB9bnDwcblFM=</latexit>

z 2 Rm

Projection onto nonnegative orthant

<latexit sha1_base64="API7dSLENRNoN2r2J1VYeydH2K0=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJUY8kXjyikY8ENqRbutDQbde2iyEbfocXDxrj1R/jzX9jgT0o+JJJXt6bycy8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMbmZ+a0yVZlI8mElM/QgPBAsZwcZKfrl7zwZDg5WST+VeseRW3DnQKvEyUoIM9V7xq9uXJImoMIRjrTueGxs/xcowwum00E00jTEZ4QHtWCpwRLWfzo+eojOr9FEolS1h0Fz9PZHiSOtJFNjOCJuhXvZm4n9eJzHhtZ8yESeGCrJYFCYcGYlmCaA+U5QYPrEEE8XsrYgMscLE2JwKNgRv+eVV0qxWvMuKd1ct1S6yOPJwAqdwDh5cQQ1uoQ4NIPAIz/AKb87YeXHenY9Fa87JZo7hD5zPH0uTkb8=</latexit>)
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Vector of coefficients giving rise to Hessian 
approximation at machine i

<latexit sha1_base64="9elYXKnDb7KqAarmaR9F5pDaIiM="></latexit>
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<latexit sha1_base64="L6bCDHlbzbkqNQmBj316EFYMrpE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJdgInkpSRD0WvHisYj+gDWWz3bRLN7thd6PU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhQmjSnvet1VYW9/Y3Cpul3Z29/bL9sFhS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDscX8/89gORigp+rycJCWI05DSiGGkj9e2y6/bu6HCkkZTi0XX7dsWrenM4q8TPSQVyNPr2V28gcBoTrjFDSnV9L9FBhqSmmJFpqZcqkiA8RkPSNZSjmKggmx8+dU6NMnAiIU1x7czV3xMZipWaxKHpjJEeqWVvJv7ndVMdXQUZ5UmqCceLRVHKHC2cWQrOgEqCNZsYgrCk5lYHj5BEWJusSiYEf/nlVdKqVf2Lqn9bq9TP8ziKcAwncAY+XEIdbqABTcCQwjO8wpv1ZL1Y79bHorVg5TNH8AfW5w+BNpJM</latexit>)

Compression operator (e.g., sparsification such as Rand-r)

Stepsize
<latexit sha1_base64="tznJIvne7PaMpfuOTqAwECWpXR4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q1tBEEpSRF24KLhxWcE+oAllMr1ph04ezkyEErJ346+4caGIW3/AnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhZXVtfaO4Wdra3tndM/cP2jJKBIUWjXgkuh6RwFkILcUUh24sgAQeh443vp76nQcQkkXhnZrE4AZkGDKfUaK01DfL1ap15YAi2OFwjx1fEJraWepEAQzJqZ1Vq32zYtWsGfAysXNSQTmaffPLGUQ0CSBUlBMpe7YVKzclQjHKISs5iYSY0DEZQk/TkAQg3XT2S4aPtTLAfiR0hQrP1N8TKQmknASe7gyIGslFbyr+5/US5V+6KQvjREFI54v8hGMV4WkweMAEUMUnmhAqmL4V0xHRcSgdX0mHYC++vEza9Zp9XrNv65XGWR5HER2hMjpBNrpADXSDmqiFKHpEz+gVvRlPxovxbnzMWwtGPnOI/sD4/AFAFJk/</latexit>

0 < ⌘  1

! + 1

Learning Mechanism in 
NEWTON-LEARN

Compressing the update!
(inspired by first-order method DIANA)
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NEWTON-LEARN: Local Linear Rate Independent 
of the Condition Number!

Stepsize
<latexit sha1_base64="tznJIvne7PaMpfuOTqAwECWpXR4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q1tBEEpSRF24KLhxWcE+oAllMr1ph04ezkyEErJ346+4caGIW3/AnX/jtM1CWw9cOJxzL/fe48WcSWVZ30ZhZXVtfaO4Wdra3tndM/cP2jJKBIUWjXgkuh6RwFkILcUUh24sgAQeh443vp76nQcQkkXhnZrE4AZkGDKfUaK01DfL1ap15YAi2OFwjx1fEJraWepEAQzJqZ1Vq32zYtWsGfAysXNSQTmaffPLGUQ0CSBUlBMpe7YVKzclQjHKISs5iYSY0DEZQk/TkAQg3XT2S4aPtTLAfiR0hQrP1N8TKQmknASe7gyIGslFbyr+5/US5V+6KQvjREFI54v8hGMV4WkweMAEUMUnmhAqmL4V0xHRcSgdX0mHYC++vEza9Zp9XrNv65XGWR5HER2hMjpBNrpADXSDmqiFKHpEz+gVvRlPxovxbnzMWwtGPnOI/sD4/AFAFJk/</latexit>
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This is a local result:

Lyapunov function

Rate depends on the 
compressor only!

We provably learn 
the Hessian!
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5. Further Results



CNL: Global convergence via cubic regularization
(Griewank 1981, Nesterov & Polyak 2006)

NL2: Handles the non-regularized case
<latexit sha1_base64="CTN09F4zPd3AIhVwS5XfoGUkVGo=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9ktol6EghePFWwtbJeSzWbb0GyyJG+FsvRnePGgiFd/jTf/jWm7B20dCAwz88h7E6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+PukZlmrIOVULpXkgME1yyDnAQrJdqRpJQsMdwfDvzH5+YNlzJB5ikLEjIUPKYUwJW8ut9YbMRuXHrg2rNbbhz4FXiFaSGCrQH1a9+pGiWMAlUEGN8z00hyIkGTgWbVvqZYSmhYzJkvqWSJMwE+XzlKT6zSoRjpe2TgOfq74mcJMZMktAmEwIjs+zNxP88P4P4Osi5TDNgki4+ijOBQeHZ/TjimlEQE0sI1dzuiumIaELBtlSxJXjLJ6+SbrPhXTa8+2atdVHUUUYn6BSdIw9doRa6Q23UQRQp9Ixe0ZsDzovz7nwsoiWnmDlGf+B8/gDqX5BQ</latexit>
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6. Experiments
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Experimental Setup
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NL1 & NL2:

The Effect of Compression



NL1 & NL2: The Effect of Compression





NL1 & NL2 

vs 

Newton



NL1 & NL2 vs Newton





NL1 & NL2 

vs 

BFGS



NL1 & NL2 vs BFGS





NL1 & NL2 

vs 

Accelerated DIANA

Zhize Li, Dmitry Kovalev, Xun Qian and Peter Richtárik
Acceleration for compressed gradient descent in distributed and federated optimization

ICML, 2020



NL1 & NL2 vs ADIANA





NL1 & NL2 

vs 

DINGO

Rixon Crane and Fred Roosta
DINGO: Distributed Newton-type method for gradient-norm optimization

NeurIPS, 2019



NL1 & NL2 vs DINGO





7. On DIANA & Friends



Konstantin Mishchenko, Eduard Gorbunov, Martin Takáč and Peter Richtárik
Distributed learning with compressed gradient differences

arXiv:1901.09269, 2019

Samuel Horváth, Dmitry Kovalev, Konstantin Mishchenko, Peter Richtárik and Sebastian Stich
Stochastic distributed learning with gradient quantization and variance reduction

arXiv:1904.05115, 2019

Eduard Gorbunov, Filip Hanzely and Peter Richtárik
A unified theory of SGD: variance reduction, sampling, quantization and coordinate descent

AISTATS, 2020

Sélim Chraibi, Ahmed Khaled, Dmitry Kovalev, Adil Salim, Peter Richtárik and Martin Takáč
Distributed fixed point methods with compressed iterates

arXiv:1912.09925, 2019

Original DIANA paper

Generalized DIANA: 
- Any unbiased compressor
- Variance reduction for finite-

sum on machines (VR-DIANA)

General analysis of many SGD
methods in a single theorem, 

including DIANA

DIANA for fixed point problems

Filip Hanzely, Konstantin Mishchenko and Peter Richtárik
SEGA: Variance reduction via gradient sketching

NeurIPS, 2018

SEGA 
“Single node” DIANA
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Our Hessian Learning Mechanism 
is Inspired by DIANA



Zhize Li and Peter Richtárik
A unified analysis of stochastic gradient methods for nonconvex federated optimization

SpicyFL 2020: NeurIPS Workshop on Scalability, Privacy, and Security in Federated Learning

Eduard Gorbunov, Dmitry Kovalev, Dmitry Makarenko, and Peter Richtárik
Linearly converging error compensated SGD

NeurIPS, 2020

Dmitry Kovalev, Anastasia Koloskova, Martin Jaggi, Peter Richtárik, and Sebastian U. Stich
A linearly convergent algorithm for decentralized optimization: sending less bits for free!

AISTATS, 2021

Mher Safaryan, Filip Hanzely and Peter Richtárik
Smoothness matrices beat smoothness constants: better communication compression 

techniques for distributed optimization

arXiv:2102.07245, 2021

Unified analysis of distributed 
compressed gradient methods 
for nonconvex functions, 
including DIANA

DIANA for Error 
Compensation

(EC-SGD-DIANA, EC-LSVRG-DIANA)

Decentralized DIANA

DIANA and ADIANA benefit 
from matrix smoothness

(DIANA+, ADIANA+)

Zhize Li, Dmitry Kovalev, Xun Qian and Peter Richtárik
Acceleration for compressed gradient descent in distributed and federated optimization

ICML, 2020

Accelerated DIANA
(ADIANA)

Our Hessian Learning Mechanism 
is Inspired by DIANA



Eduard Gorbunov, Konstantin Burlachenko, Zhize Li and Peter Richtárik
MARINA: faster non-convex distributed learning with compression

arXiv:2102.07845, 2021

MARINA

- Inspired by DIANA, but compressing 
true gradient differences 

- Uses a biased estimator
- Current theoretical SOTA among 

communication efficient distributed 
methods for nonconvex problems 
(better than DIANA, which was 
previous SOTA)

Our Hessian Learning Mechanism 
is Inspired by DIANA
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Started: 2009
Graduate-Only (MS & PhD)





Optimization and 
Machine Learning Lab

Research Scientists

Laurent Condat (from Grenoble)
Zhize Li (from Tsinghua)

Postdocs

Mher Safaryan (from Yerevan)
Adil Salim (from Télécom Paris)
Xun Qian (from Hong Kong)

PhD Students

Konstantin Mishchenko (from ENS Paris-Saclay)
Alibek Sailanbayev (from MIPT)
Samuel Horváth (from Comenius)
Elnur Gasanov (from MIPT)
Dmitry Kovalev (from MIPT)
Konstantin Burlachenko (from Huawei)
Slavomír Hanzely (from Comenius)
Lukang Sun (from Nanjing)

MS Students

Egor Shulgin (from MIPT)
Grigory Malinovsky (from MIPT)
Igor Sokolov (from MIPT)

Research Interns

Ilyas Fatkhullin (from Munich)
Rustem Islamov (from MIPT)
Bokun Wang (from UC Davis)

Openings: research scientists, postdocs, PhD students, MS students, and interns

Photo: February 2019

lab composition as of April 2021



The End


