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Part 1
Local Training
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<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Optimization Formulation of Federated Learning

# devices / 
machines

# model parameters / features
<latexit sha1_base64="1Q91f9ktkPp9+T/PMxisMEjyiSc="></latexit>

fi(x) = E⇠⇠Difi,⇠(x)

<latexit sha1_base64="zfuQFqHda1VCvW50UbLffUKIBLM="></latexit>

Loss on local data Di stored on device i

<latexit sha1_base64="oGYU9LU2f4Ld44lhI8AamN5l8KA="></latexit>

The datasets D1, . . . ,Dn can be arbitrarily heterogeneous



Distributed Gradient Descent

Server

<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

min
x2Rd

f(x)
def
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fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

<latexit sha1_base64="P2fAP8IDXbvOBQxnPX33koz+LH8=">AAAB+HicbVBNS8NAEN34WetHox69LLaCBylJKepFKHjxWMF+QBvCZrttl242YXciraG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zre1tr6xubWd28nv7u0fFOzDo6aOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHQ781uPTGkeyQeYxMwLyUDyPqcEjOTbhdLYT90LmOIbPPah5NtFp+zMgVeJm5EiylD37a9uL6JJyCRQQbTuuE4MXkoUcCrYNN9NNIsJHZEB6xgqSci0l84Pn+Izo/RwP1KmJOC5+nsiJaHWkzAwnSGBoV72ZuJ/XieB/rWXchknwCRdLOonAkOEZyngHleMgpgYQqji5lZMh0QRCiarvAnBXX55lTQrZfeyXL2vFGvVLI4cOkGn6By56ArV0B2qowaiKEHP6BW9WU/Wi/VufSxa16xs5hj9gfX5A+f0keo=</latexit>x1,t = xt
<latexit sha1_base64="BAHgDtm7Pa9IGKSOAcCoDPcwSd4=">AAAB+HicbVBNS8NAEN34WetHox69LLaCBylJKepFKHjxWMF+QBvCZrttl242YXciraG/xIsHRbz6U7z5b9y2OWjrg4HHezPMzAtiwTU4zre1tr6xubWd28nv7u0fFOzDo6aOEkVZg0YiUu2AaCa4ZA3gIFg7VoyEgWCtYHQ781uPTGkeyQeYxMwLyUDyPqcEjOTbhdLYTysXMMU3eOxDybeLTtmZA68SNyNFlKHu21/dXkSTkEmggmjdcZ0YvJQo4FSwab6baBYTOiID1jFUkpBpL50fPsVnRunhfqRMScBz9fdESkKtJ2FgOkMCQ73szcT/vE4C/Wsv5TJOgEm6WNRPBIYIz1LAPa4YBTExhFDFza2YDokiFExWeROCu/zyKmlWyu5luXpfKdaqWRw5dIJO0Tly0RWqoTtURw1EUYKe0St6s56sF+vd+li0rlnZzDH6A+vzB+mCkes=</latexit>x2,t = xt

<latexit sha1_base64="L6XQPUN0aZdlmKbRkc9QWwRFuuo=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTARPEjYjUG9CAEvHiOYByTLMjuZTYbMPpjplcQlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3eXFgiuwrG8jt7a+sbmV3y7s7O7tF82Dw5aKEklZk0Yikh2PKCZ4yJrAQbBOLBkJPMHa3uh25rcfmVQ8Ch9gEjMnIIOQ+5wS0JJrFstjN704hym+wWMXyq5ZsirWHHiV2BkpoQwN1/zq9SOaBCwEKohSXduKwUmJBE4FmxZ6iWIxoSMyYF1NQxIw5aTzw6f4VCt97EdSVwh4rv6eSEmg1CTwdGdAYKiWvZn4n9dNwL92Uh7GCbCQLhb5icAQ4VkKuM8loyAmmhAqub4V0yGRhILOqqBDsJdfXiWtasW+rNTuq6V6LYsjj47RCTpDNrpCdXSHGqiJKErQM3pFb8aT8WK8Gx+L1pyRzRyhPzA+fwDrEJHs</latexit>x3,t = xt

<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server
<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server
<latexit sha1_base64="+dhNI/vrVN271RCZiZDWUF4jXBM=">AAACBnicbVC7SgNBFJ31GeMrainCYCJYhd0Q1DJgYxnFPCBZltnJ3WTI7IOZu8EQUtn4KzYWitj6DXb+jZNHoYkHBg7n3MOde/xECo22/W2trK6tb2xmtrLbO7t7+7mDw7qOU8WhxmMZq6bPNEgRQQ0FSmgmCljoS2j4/euJ3xiA0iKO7nGYgBuybiQCwRkaycud3AEHMQBaePCwQAMVhxR7QDUoE/NyebtoT0GXiTMneTJH1ct9tTsxT0OIkEumdcuxE3RHTKHgEsbZdqohYbzPutAyNGIhaHc0PWNMz4zSoUGszIuQTtXfiRELtR6GvpkMGfb0ojcR//NaKQZX7khESYoQ8dmiIJUUYzrphHaEAo5yaAjjSpi/Ut5jinE0zWVNCc7iycukXio6F8XybSlfKc/ryJBjckrOiUMuSYXckCqpEU4eyTN5JW/Wk/VivVsfs9EVa545In9gff4A/saYKA==</latexit>

Receive xt from the server

Worker 1 Worker 2 Worker 3

<latexit sha1_base64="+l8zTufD4nJOjLw1aLtYb1rAN6I=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMKeqy6MZlBfuAtpRMmrahmcmQ3FHL0L0bf8WNC0Xc+gPu/BvT6Sy09UDgcM493NzjhYJrcJxvK7Oyura+kd3MbW3v7O7Z+wcNLSNFWZ1KIVXLI5oJHrA6cBCsFSpGfE+wpje+mvnNO6Y0l8EtTELW9ckw4ANOCRipZ+cvlSR9SjTg4kMvhlN3WsQgMYwYvpdqbKI9u+CUnAR4mbgpKaAUtZ791elLGvksACqI1m3XCaEbEwWcCjbNdSLNQkLHZMjahgbEZ7obJ7dM8bFR+ngglXkB4ET9nYiJr/XE98ykT2CkF72Z+J/XjmBw0Y15EEbAAjpfNIhEcqwpBve5YhTExBBCFTd/xXREFKFgOsiZEtzFk5dJo1xyz0qVm3KhWknryKIjlEcnyEXnqIquUQ3VEUWP6Bm9ojfryXqx3q2P+WjGSjOH6A+szx+l7Zoj</latexit>

Broadcast xt+1 to the workers

Optimization problem:

<latexit sha1_base64="oZMBzqrv+cZvuRSEfYdshO5Pupc=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8EqKGqZKaJuhIIblxVsK7RluJNm2mCSGZKMWIa+hxtfxY0LRVwJLnwb03YWar0Q+DjnXm7uCWLOtHHdLyc3Mzs3v5BfLCwtr6yuFdc3GjpKFKF1EvFI3QSgKWeS1g0znN7EioIIOG0Gtxcjv3lHlWaRvDaDmHYE9CQLGQFjJb9Y2bn3U+/QHHhDfI4nPMRHuN0DIQC3JQQccOh7e5m3v+MXS27ZHReeBi+DEsqq5hc/2t2IJIJKQzho3fLc2HRSUIYRToeFdqJpDOQWerRlUYKgupOObxviXat0cRgp+6TBY/XnRApC64EIbKcA09d/vZH4n9dKTHjWSZmME0MlmSwKE45NhEdB4S5TlBg+sABEMftXTPqggBgbZ8GG4P09eRoalbJ3Uj6+qpSqx1kcebSFttEe8tApqqJLVEN1RNADekIv6NV5dJ6dN+d90ppzsplN9Kucz28FI55G</latexit>

x1,t+1 = x1,t � �rf1(x1,t)
<latexit sha1_base64="V+CNlgDlILGesR4xQ1FYlXiAu9I=">AAACG3icbZDNSgMxFIUz/tb6V3XpJlgFRS0zg6gboeDGZQXbCm0Z7qSZGkwyQ5IRy9D3cOOruHGhiCvBhW9j2s5CrRcCH+fcy809YcKZNq775UxNz8zOzRcWiotLyyurpbX1ho5TRWidxDxW1yFoypmkdcMMp9eJoiBCTpvh7fnQb95RpVksr0w/oR0BPckiRsBYKSj52/dB5h+YfW+Az/CYB/gQt3sgBOC2hJADjgJ/N/f2toNS2a24o8KT4OVQRnnVgtJHuxuTVFBpCAetW56bmE4GyjDC6aDYTjVNgNxCj7YsShBUd7LRbQO8Y5UujmJlnzR4pP6cyEBo3Reh7RRgbvRfbyj+57VSE512MiaT1FBJxouilGMT42FQuMsUJYb3LQBRzP4VkxtQQIyNs2hD8P6ePAkNv+IdV44u/XL1KI+jgDbRFtpFHjpBVXSBaqiOCHpAT+gFvTqPzrPz5ryPW6ecfGYD/Srn8xsLkJ5K</latexit>

x2,t+1 = x2,t � �rf2(x2,t)
<latexit sha1_base64="6yZmCa35M+tuJupN06Q4cr45Z1w=">AAACG3icbZDNSgMxFIUz/tb6V3XpJliFilpmqqgboeDGpYKtQluGO2mmDU0yQ5IRy9D3cOOruHGhiCvBhW9j2s5CrRcCH+fcy809QcyZNq775UxNz8zOzecW8otLyyurhbX1uo4SRWiNRDxStwFoypmkNcMMp7exoiACTm+C3vnQv7mjSrNIXpt+TFsCOpKFjICxkl+obN/76eG+2fMG+AyPeYAPcLMDQgBuSgg44NA/LGXe7rZfKLpld1R4ErwMiiirS7/w0WxHJBFUGsJB64bnxqaVgjKMcDrINxNNYyA96NCGRQmC6lY6um2Ad6zSxmGk7JMGj9SfEykIrfsisJ0CTFf/9Ybif14jMeFpK2UyTgyVZLwoTDg2ER4GhdtMUWJ43wIQxexfMemCAmJsnHkbgvf35EmoV8recfnoqlKsHmVx5NAm2kIl5KETVEUX6BLVEEEP6Am9oFfn0Xl23pz3ceuUk81soF/lfH4DEf2eTg==</latexit>

x3,t+1 = x3,t � �rf3(x3,t)

<latexit sha1_base64="XVnkWmx/1hgZCr0cnryOi7LStL4="></latexit>

xt+1 =
1

3

3X

1=1

xi,t+1 = xt �
1

3

3X

1=1

rfi(xt) = xt � �rf(xt)

(Each worker performs 1 GD step using its local function, and the results are averaged)
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<latexit sha1_base64="FepObceyzdBvEZ3DaYInwdfKKO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho08OqDas1tuAuQdeIVpAYF2oPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6CXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJp9nwrhrefbPWahRxlOEMzuESPLiGFtxBG3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4ApBCN2g==</latexit>

f1
<latexit sha1_base64="evnHrFz/9uz7eXfpVZLLhExS7Hk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oB4LXjxWMK3QhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkobm1vbO+Xdyt7+weFR9fikY5JMM+6zRCb6MaSGS6G4jwIlf0w1p3EoeTec3M797hPXRiTqAacpD2I6UiISjKKV/Ho0aNYH1ZrbcBcg68QrSA0KtAfVr/4wYVnMFTJJjel5bopBTjUKJvms0s8MTymb0BHvWapozE2QL46dkQurDEmUaFsKyUL9PZHT2JhpHNrOmOLYrHpz8T+vl2F0E+RCpRlyxZaLokwSTMj8czIUmjOUU0so08LeStiYasrQ5lOxIXirL6+TTrPhXTW8+2at1SjiKMMZnMMleHANLbiDNvjAQMAzvMKbo5wX5935WLaWnGLmFP7A+fwBpZWN2w==</latexit>

f2
<latexit sha1_base64="Wicc/stNXwMByvgzZQU3bcRI5x8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5BUUI8FLx4rmLbQhrLZbtqlu5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzopQzbTzv2yltbG5t75R3K3v7B4dH1eOTtk4yRWhAEp6oboQ15UzSwDDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZWCurx4Ko+qNY811sArRO/IDUo0BpUv/rDhGSCSkM41rrne6kJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHsDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmaf46GTFFi+NQSTBSztyIyxgoTY/Op2BD81ZfXSbvh+teu/9CoNd0ijjKcwTlcgg830IR7aEEABBg8wyu8OdJ5cd6dj2VrySlmTuEPnM8fpxqN3A==</latexit>

f3

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

Worker 1 Worker 2 Worker 3

Optimization problem:

(Each worker performs K GD steps using its local function, and the results are averaged)

<latexit sha1_base64="DtsPrgbaqchnPb7oK/yDavirPw4=">AAACI3icbZDLSgMxFIYzXmu9VV26CbZCRS0zRVQEQXAjuKlgtdCW4UyaaUOTzJBkxDL0Xdz4Km5cKOLGhe9iehG0eiDw8f/ncHL+IOZMG9f9cKamZ2bn5jML2cWl5ZXV3Nr6jY4SRWiVRDxStQA05UzSqmGG01qsKIiA09ugez7wb++o0iyS16YX06aAtmQhI2Cs5OdOCvd+Wt4zu5d9fIq/ed/r433caIMQgBsSAg449MvFH/5Owc/l3ZI7LPwXvDHk0bgqfu6t0YpIIqg0hIPWdc+NTTMFZRjhtJ9tJJrGQLrQpnWLEgTVzXR4Yx9vW6WFw0jZJw0eqj8nUhBa90RgOwWYjp70BuJ/Xj0x4XEzZTJODJVktChMODYRHgSGW0xRYnjPAhDF7F8x6YACYmysWRuCN3nyX7gpl7zD0sFVOX9WGseRQZtoCxWRh47QGbpAFVRFBD2gJ/SCXp1H59l5c95HrVPOeGYD/Srn8wtZCKBW</latexit>

x2,t+K = x2,t+K�1 � �rf2(x2,t+K�1)
<latexit sha1_base64="miOm3mqgKDWCx4xrcL099eW3Tns=">AAACI3icbZDLSgMxFIYz9V5vVZduglWoaMuMioogCG4ENwr2Am0ZzqSZNphkhiQjlqHv4sZXceNCETcufBfTWkFbDwQ+/v8cTs4fxJxp47ofTmZicmp6ZnYuO7+wuLScW1mt6ChRhJZJxCNVC0BTziQtG2Y4rcWKggg4rQa3532/ekeVZpG8Md2YNgW0JQsZAWMlP3eyee+n+7tm57KHT/EPF70eLuJGG4QA3JAQcMChv1/45W9v+rm8W3IHhcfBG0IeDevKz701WhFJBJWGcNC67rmxaaagDCOc9rKNRNMYyC20ad2iBEF1Mx3c2MNbVmnhMFL2SYMH6u+JFITWXRHYTgGmo0e9vvifV09MeNxMmYwTQyX5XhQmHJsI9wPDLaYoMbxrAYhi9q+YdEABMTbWrA3BGz15HCp7Je+wdHC9lz8rDeOYRetoAxWQh47QGbpAV6iMCHpAT+gFvTqPzrPz5rx/t2ac4cwa+lPO5xdfjaBa</latexit>

x3,t+K = x3,t+K�1 � �rf3(x3,t+K�1)

<latexit sha1_base64="nNq2Rarq3OtBg/85UXipVNVzUPc=">AAACH3icbZDNSgMxFIUz9a/Wv6pLN8EqKGqZqVLdCAU3LhVsFdoy3EkzbTDJDElGLEPfxI2v4saFIuKub2NaB1HrhcDHOfdyc08Qc6aN6w6d3NT0zOxcfr6wsLi0vFJcXWvoKFGE1knEI3UTgKacSVo3zHB6EysKIuD0Org9G/nXd1RpFskr049pW0BXspARMFbyi9Wtez893Dd7lQE+xRl7A3yAW10QAnBLQsABh/7hzre7u+UXS27ZHReeBC+DEsrqwi9+tDoRSQSVhnDQuum5sWmnoAwjnA4KrUTTGMgtdGnTogRBdTsd3zfA21bp4DBS9kmDx+rPiRSE1n0R2E4Bpqf/eiPxP6+ZmPCknTIZJ4ZK8rUoTDg2ER6FhTtMUWJ43wIQxexfMemBAmJspAUbgvf35EloVMpetXx0WSnVylkcebSBNtEO8tAxqqFzdIHqiKAH9IRe0Kvz6Dw7b877V2vOyWbW0a9yhp/1FZ8p</latexit>

x3,t+2 = x3,t+1 � �rf3(x3,t+1)

<latexit sha1_base64="ATO5JCelZf2+cE4Jdht2wylYWL4=">AAACG3icbZDNSgMxFIUz/lv/qi7dBKtQUctMFXUjFNy4rGBroS3DnTRTQ5PMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPEHOmjet+OVPTM7Nz8wuLuaXlldW1/PpGXUeJIrRGIh6pRgCaciZpzTDDaSNWFETA6U3Quxj6N3dUaRbJa9OPaVtAV7KQETBW8vPlnXs/PTow+94An+MxD/AhbnVBCMAtCQEHHPpHxczb2/HzBbfkjgpPgpdBAWVV9fMfrU5EEkGlIRy0bnpubNopKMMIp4NcK9E0BtKDLm1alCCobqej2wZ41yodHEbKPmnwSP05kYLQui8C2ynA3Oq/3lD8z2smJjxrp0zGiaGSjBeFCccmwsOgcIcpSgzvWwCimP0rJreggBgbZ86G4P09eRLq5ZJ3Ujq+KhcqpSyOBbSFtlEReegUVdAlqqIaIugBPaEX9Oo8Os/Om/M+bp1ysplN9Kucz28QL55I</latexit>

x3,t+1 = x3,t � �rf3(x3,t)
…

<latexit sha1_base64="CbKLQqkTWeOM5Ub/IVqH9HqAafY=">AAACH3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxqWCt0JbhTpppQ5PMkGTEMvRN3PgqblwoIu76NqZ1ELVeCHyccy8394QJZ9q47tCZmp6ZnZtfWCwsLa+srhXXN250nCpCayTmsboNQVPOJK0ZZji9TRQFEXJaD3vnI79+R5Vmsbw2/YS2BHQkixgBY6WgeFy+DzL/wOz7A3yGc/YG+BA3OyAE4KaEkAOOAn/3290rB8WSW3HHhSfBy6GE8roMih/NdkxSQaUhHLRueG5iWhkowwing0Iz1TQB0oMObViUIKhuZeP7BnjHKm0cxco+afBY/TmRgdC6L0LbKcB09V9vJP7nNVITnbYyJpPUUEm+FkUpxybGo7BwmylKDO9bAKKY/SsmXVBAjI20YEPw/p48CTd+xTuuHF35pWolj2MBbaFttIs8dIKq6AJdohoi6AE9oRf06jw6z86b8/7VOuXkM5voVznDT+6cnyU=</latexit>

x2,t+2 = x2,t+1 � �rf2(x2,t+1)

<latexit sha1_base64="B+wNlBlvhXgbZ0CABrNLPcPgTCw=">AAACG3icbZDNSgMxFIUz/lv/qi7dBFtBUcvMIOpGKLhxWcFaoS3DnTTTBpPMkGTEMvQ93Pgqblwo4kpw4duYtrNQ64XAxzn3cnNPmHCmjet+OVPTM7Nz8wuLhaXlldW14vrGtY5TRWidxDxWNyFoypmkdcMMpzeJoiBCThvh7fnQb9xRpVksr0w/oW0BXckiRsBYKSj65fsg8w/MvjfAZ3jMA3yIW10QAnBLQsgBR4G/m3t75aBYcivuqPAkeDmUUF61oPjR6sQkFVQawkHrpucmpp2BMoxwOii0Uk0TILfQpU2LEgTV7Wx02wDvWKWDo1jZJw0eqT8nMhBa90VoOwWYnv7rDcX/vGZqotN2xmSSGirJeFGUcmxiPAwKd5iixPC+BSCK2b9i0gMFxNg4CzYE7+/Jk3DtV7zjytGlX6pW8jgW0BbaRrvIQyeoii5QDdURQQ/oCb2gV+fReXbenPdx65STz2yiX+V8fgMJwp5E</latexit>

x2,t+1 = x2,t � �rf2(x2,t)

…

<latexit sha1_base64="2wNrmvmZtdOHD/YqJrBzA/NUYFk=">AAACH3icbZDNSgMxFIUz9b/+VV26CVahog4zRdSNILhxqWBroS3DnTTThiaZIcmIZeibuPFV3LhQRNz5NqZ1ELVeCHyccy8394QJZ9p43odTmJqemZ2bXyguLi2vrJbW1us6ThWhNRLzWDVC0JQzSWuGGU4biaIgQk5vwv75yL+5pUqzWF6bQULbArqSRYyAsVJQOtq+CzJ/3+xVh/gU5+wP8QFudUEIwC0JIQccBX7l293dDkplz/XGhSfBz6GM8roMSu+tTkxSQaUhHLRu+l5i2hkowwinw2Ir1TQB0ocubVqUIKhuZ+P7hnjHKh0cxco+afBY/TmRgdB6IELbKcD09F9vJP7nNVMTnbQzJpPUUEm+FkUpxybGo7BwhylKDB9YAKKY/SsmPVBAjI20aEPw/548CfWq6x+5h1fV8pmbxzGPNtEWqiAfHaMzdIEuUQ0RdI8e0TN6cR6cJ+fVeftqLTj5zAb6Vc7HJ+gjnyE=</latexit>

x1,t+2 = x1,t+1 � �rf1(x1,t+1)

<latexit sha1_base64="8v/iSefTxUHYdgXpAmORZkW3dKw=">AAACG3icbZDNSgMxFIUz9a/Wv6pLN8EqVNQyU0TdCIIblwq2Ftoy3EkzbWiSGZKMWIa+hxtfxY0LRVwJLnwb03YWar0Q+DjnXm7uCWLOtHHdLyc3Mzs3v5BfLCwtr6yuFdc36jpKFKE1EvFINQLQlDNJa4YZThuxoiACTm+D/sXIv72jSrNI3phBTNsCupKFjICxkl+s7tz7qXdg9r0hPsMTHuJD3OqCEIBbEgIOOPS9cubt7fjFkltxx4WnwcughLK68osfrU5EEkGlIRy0bnpubNopKMMIp8NCK9E0BtKHLm1alCCobqfj24Z41yodHEbKPmnwWP05kYLQeiAC2ynA9PRfbyT+5zUTE562UybjxFBJJovChGMT4VFQuMMUJYYPLABRzP4Vkx4oIMbGWbAheH9PnoZ6teIdV46uq6XzShZHHm2hbVRGHjpB5+gSXaEaIugBPaEX9Oo8Os/Om/M+ac052cwm+lXO5zcDVZ5A</latexit>

x1,t+1 = x1,t � �rf1(x1,t)

<latexit sha1_base64="5utMcouerjhfyJDYdOQIJUcXoGY=">AAACI3icbZDLSgMxFIYzXmu9VV26CVahopaZIiqCUHAjuKlgq9CW4UyaqcEkMyQZsQx9Fze+ihsXSnHjwncxvQi1eiDw8f/ncHL+IOZMG9f9dKamZ2bn5jML2cWl5ZXV3Np6TUeJIrRKIh6p2wA05UzSqmGG09tYURABpzfB/Xnfv3mgSrNIXptOTJsC2pKFjICxkp873X70U2/f7F128Rn+4QOviw9wow1CAG5ICDjg0PcKY/7utp/Lu0V3UPgveCPIo1FV/Fyv0YpIIqg0hIPWdc+NTTMFZRjhtJttJJrGQO6hTesWJQiqm+ngxi7esUoLh5GyTxo8UMcnUhBad0RgOwWYOz3p9cX/vHpiwpNmymScGCrJcFGYcGwi3A8Mt5iixPCOBSCK2b9icgcKiLGxZm0I3uTJf6FWKnpHxcOrUr5cHMWRQZtoCxWQh45RGV2gCqoigp7QC3pD786z8+r0nI9h65QzmtlAv8r5+gZSg6BS</latexit>

x1,t+K = x1,t+K�1 � �rf1(x1,t+K�1)

…

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="BqrMA9niAXyGVQpZGbfoGTCIwOI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9WxlznnMMU3eOxB1TMrtmXPgVeJk5MKytHwzK9eP6ZpyCKggijVdewE3IxI4FSwaamXKpYQOiID1tU0IiFTbjY/fIpPtdLHQSx1RYDn6u+JjIRKTUJfd4YEhmrZm4n/ed0Ugms341GSAovoYlGQCgwxnqWA+1wyCmKiCaGS61sxHRJJKOisSjoEZ/nlVdKqWc6ldXFfq9StPI4iOkYn6Aw56ArV0R1qoCaiKEXP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8AeYmkeQ=</latexit>x1,t = xt

<latexit sha1_base64="C78Ea7llgYHngutH3mrR1VyUSpg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFFxKSIupGKLhxWcE+oA1hMp20QycPZm6kNfRL3LhQxK2f4s6/cdpmoa0HLhzOuZd77/ETwRXY9rdRWFvf2Nwqbpd2dvf2y+bBYUvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3Q789uPTCoeRw8wSZgbkkHEA04JaMkzy9Wxl9XOYYpv8NiDqmdWbMueA68SJycVlKPhmV+9fkzTkEVABVGq69gJuBmRwKlg01IvVSwhdEQGrKtpREKm3Gx++BSfaqWPg1jqigDP1d8TGQmVmoS+7gwJDNWyNxP/87opBNduxqMkBRbRxaIgFRhiPEsB97lkFMREE0Il17diOiSSUNBZlXQIzvLLq6RVs5xL6+K+VqlbeRxFdIxO0Bly0BWqozvUQE1EUYqe0St6M56MF+Pd+Fi0Fox85gj9gfH5A+e0keU=</latexit>x2,t = xt
<latexit sha1_base64="SvNJV8qL7Rfvbd9X1+BEE66VZDs=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g63gQkJSRd0IBTcuK9gHtCFMppN26OTBzI20hn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPX4iuALb/jZWVtfWNzYLW8Xtnd29krl/0FRxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH95O/dYjk4rH0QOME+aGpB/xgFMCWvLMUmXkZednMME3eORBxTPLtmXPgJeJk5MyylH3zK9uL6ZpyCKggijVcewE3IxI4FSwSbGbKpYQOiR91tE0IiFTbjY7fIJPtNLDQSx1RYBn6u+JjIRKjUNfd4YEBmrRm4r/eZ0Ugms341GSAovofFGQCgwxnqaAe1wyCmKsCaGS61sxHRBJKOisijoEZ/HlZdKsWs6ldXFfLdesPI4COkLH6BQ56ArV0B2qowaiKEXP6BW9GU/Gi/FufMxbV4x85hD9gfH5A+lCkeY=</latexit>x3,t = xt

<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server
<latexit sha1_base64="b08+NOFxL01njlz3ocsG1Yf4hAo=">AAACBnicbVC7SgNBFJ2NrxhfUUsRBhPBKuwGUcuAjWUU84AkhNnJ3WTI7IOZu8GwpLLxV2wsFLH1G+z8GyfJFpp4YOBwzj3cuceNpNBo299WZmV1bX0ju5nb2t7Z3cvvH9R1GCsONR7KUDVdpkGKAGooUEIzUsB8V0LDHV5P/cYIlBZhcI/jCDo+6wfCE5yhkbr54zvgIEZAiw9dLFJPhT7FAVANysS6+YJdsmegy8RJSYGkqHbzX+1eyGMfAuSSad1y7Ag7CVMouIRJrh1riBgfsj60DA2YD7qTzM6Y0FOj9KgXKvMCpDP1dyJhvtZj3zWTPsOBXvSm4n9eK0bvqpOIIIoRAj5f5MWSYkinndCeUMBRjg1hXAnzV8oHTDGOprmcKcFZPHmZ1Msl56J0flsuVEppHVlyRE7IGXHIJamQG1IlNcLJI3kmr+TNerJerHfrYz6asdLMIfkD6/MH/PiYIg==</latexit>

Receive xt from the server

<latexit sha1_base64="StML8UUbH9eZXns9xjvjk0ocVHM=">AAACGXicbVDLSsNAFJ3UV62vqEs3g40gKCFpRd0UCm4ENxXsA9oYJtNJO3TyYGYilpDfcOOvuHGhiEtd+TdO0y60emDgcM653LnHixkV0rK+tMLC4tLySnG1tLa+sbmlb++0RJRwTJo4YhHveEgQRkPSlFQy0ok5QYHHSNsbXUz89h3hgkbhjRzHxAnQIKQ+xUgqydUtw7h3U3l0lcEa7Pkc4dTO0mrWE0ngpnbNzm6rUCXocZ4xDFcvW6aVA/4l9oyUwQwNV//o9SOcBCSUmCEhurYVSydFXFLMSFbqJYLECI/QgHQVDVFAhJPml2XwQCl96EdcvVDCXP05kaJAiHHgqWSA5FDMexPxP6+bSP/cSWkYJ5KEeLrITxiUEZzUBPuUEyzZWBGEOVV/hXiIVD1SlVlSJdjzJ/8lrYppn5on15Vy3ZzVUQR7YB8cAhucgTq4BA3QBBg8gCfwAl61R+1Ze9Pep9GCNpvZBb+gfX4D+JyeVg==</latexit>

xt+K =
1

3

3X

1=1

xi,t+K

<latexit sha1_base64="1k62z6w5rNKdvihTIiMjD/RYnKU=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMEXVZdCO4qWAf0A4lk6ZtaGYyJHfUMnTvxl9x40IRt/6AO//GtJ2Fth4IHM65h5t7/EhwDY7zbWWWlldW17LruY3Nre0de3evrmWsKKtRKaRq+kQzwUNWAw6CNSPFSOAL1vCHlxO/cceU5jK8hVHEvID0Q97jlICROnb+QknSpUQDLj50Eji+HhcxSAwDhu+lGppoxy44JWcKvEjclBRQimrH/mp3JY0DFgIVROuW60TgJUQBp4KNc+1Ys4jQIemzlqEhCZj2kuktY3xolC7uSWVeCHiq/k4kJNB6FPhmMiAw0PPeRPzPa8XQO/cSHkYxsJDOFvViMT3WFIO7XDEKYmQIoYqbv2I6IIpQMB3kTAnu/MmLpF4uuaelk5tyoVJK68iiA5RHR8hFZ6iCrlAV1RBFj+gZvaI368l6sd6tj9loxkoz++gPrM8fzUGaNw==</latexit>

Broadcast xt+K to the workers



Part 2
Brief History of Local Training

Grigory Malinovsky, Kai Yi and P.R.
Variance reduced ProxSkip: algorithm, theory and application to federated learning
NeurIPS 2022



Brief History of Local Training Methods

Grigory Malinovsky, Kai Yi and P.R.
Variance Reduced ProxSkip: Algorithm, Theory and Application to Federated Learning
NeurIPS 2022



Brief History of Local Training Methods
Generation 1: Heuristic

Daniel Povey, Xiaohui Zhang, and Sanjeev Khudanpur
Parallel Training of DNNs with Natural Gradient and Parameter Averaging 
ICLR Workshops 2015

Philipp Moritz, Robert Nishihara, Ion Stoica, Michael I. Jordan
SparkNet: Training Deep Networks in Spark
ICLR 2015

10/2014

11/2015

H. Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, Blaise Agüera y Arcas
Communication-Efficient Learning of Deep Networks from Decentralized Data
AISTATS 2017

02/2016

“No theory”

https://arxiv.org/search/cs?searchtype=author&query=McMahan%2C+H+B


Brief History of Local Training Methods
Generation 3: Heuristic

L2-regularized logistic regression
LibSVM mushrooms dataset



Brief History of Local Training Methods
Generation 2: Homogeneous

Xiang Li, Kaixuan Huang, Wenhao Yang, Shusen Wang and Zhihua Zhang
On the Convergence of FedAvg on Non-IID Data
ICLR 2020

Farzin Haddadpour and Mehrdad Mahdavi
On the Convergence of Local Descent Methods in Federated Learning
arXiv:1910.14425, 2019

07/2019

10/2019

“Theory requires data to be similar/homogeneous across the clients”

Bounded gradient diversity (aka strong growth):

<latexit sha1_base64="ahLzGhQeEN/8tJlheNevxvRcjag="></latexit>

krfi(x)k  B 8x 2 Rd 8i 2 {1, 2, . . . , n}
Bounded gradients:

<latexit sha1_base64="uEMguXOaKyc9mKsu0FWZNHMCYkE="></latexit>

1

n

nX

i=1

krfi(x)k2  C krf(x)k2 8x 2 Rd



Brief History of Local Training Methods
Generation 3: Sublinear

Ahmed Khaled, Konstantin Mishchenko and P.R.
First Analysis of Local GD on Heterogeneous Data 
NeurIPS 2019 Workshop on Federated Learning for Data Privacy and Confidentiality, 2019

Ahmed Khaled, Konstantin Mishchenko and P.R.
Tighter Theory for Local SGD on Identical and Heterogeneous Data 
AISTATS 2020

10/2019

10/2019

“Heterogeneous data is allowed, but the rate is worse than GD”



Brief History of Local Training Methods
Generation 3: Sublinear

L2-regularized logistic regression
LibSVM mushrooms dataset



Brief History of Local Training Methods
Generation 4: Linear

Sai P. Karimireddy, S. Kale, M. Mohri, S. J. Reddi, S. U. Stich, A. T. Suresh
SCAFFOLD: Stochastic Controlled Averaging for Federated Learning
ICML 2020

Eduard Gorbunov, Filip Hanzely and P.R.
Local SGD: Unified Theory and New Efficient Methods
AISTATS 2021

10/2019

11/2020

Aritra Mitra, Rayana Jaafar, George J. Pappas, Hamed Hassani
Linear Convergence in Federated Learning: Tackling Client Heterogeneity & Sparse Gradients
NeurIPS 2021

02/2021

“Heterogeneous data is allowed, but the rate ay best matches that of GD”

FedLin

Scaffold

S-Local-GD, Local-GD*
S-Local-SVRG



Brief History of Local Training Methods
Generation 4: Linear

“Heterogeneous data is allowed, but the rate ay best matches that of GD”

Generation 3

Generation 4



Part 3
5th Generation of 

Local Training Methods



Brief History of Local Training Methods
Generation 5: Accelerated

“Communication complexity is better than GD for heterogeneous data”

? In practice, local training significantly improves 
communication efficiency. 

However, there is no theoretical result explaining this!

Is the situation hopeless, or can we show/prove that 
local training helps?



Key Property of 5th Generation 
Local Training Methods

<latexit sha1_base64="N4VPBv8QkBe9WJnvI9geL6atLpA="></latexit>

O

⇣
L
µ log 1

"

⌘ <latexit sha1_base64="3W2fpB6BueMPLHiihqLDTxejvhA="></latexit>

O

⇣q
L
µ log 1

"

⌘

Communication complexity 
of 4th generation 

local training methods

Communication complexity 
of 5th generation 

local training methods



The Beginning

Konstantin Mishchenko, Grigory Malinovsky, Sebastian Stich and P.R.
ProxSkip: Yes! Local Gradient Steps Provably Lead to Communication Acceleration! Finally! 
ICML 2022



Brief History of Local Training Methods
Generation 5: Accelerated

Konstantin Mishchenko, Grigory Malinovsky, Sebastian Stich and P.R.
ProxSkip: Yes! Local Gradient Steps Provably Lead to Communication Acceleration! Finally! 
ICML 2022

Abdurakhmon Sadiev, Dmitry Kovalev and P.R.
Communication Acceleration of Local Gradient Methods via an Accelerated Primal-Dual 
Algorithm with Inexact Prox
NeurIPS 2022

02/2022

07/2022

Grigory Malinovsky, Kai Yi and P.R.
Variance Reduced ProxSkip: Algorithm, Theory and Application to Federated Learning
NeurIPS 2022

07/2022
ProxSkip-LSVRG

ProxSkip

APDA; APDA-Inexact

“Communication complexity is better than GD for heterogeneous data”

Laurent Condat and P.R.
RandProx: Primal-Dual Optimization Algorithms with Randomized Proximal Updates
ICLR 2023

07/2022
RandProx



Brief History of Local Training Methods
Generation 5: Accelerated

Artavazd Maranjyan, Mher Safaryan and P.R.
GradSkip: Communication-Accelerated Local Gradient Methods with Better 
Computational Complexity
arXiv:2210.16402, 2022

10/2022

Laurent Condat, Ivan Agarský and P.R.
Provably Doubly Accelerated Federated Learning: The First Theoretically Successful 
Combination of Local Training and Compressed Communication
arXiv:2210.13277, 2022

10/2022
Compressed-

Scaffnew

GradSkip

“Communication complexity is better than GD for heterogeneous data”

Michal Grudzien, Grigory Malinovsky and P.R.
Can 5th Generation Local Training Methods Support Client Sampling? Yes!
AISTATS 2023

10/2022
5GCS



Brief History of Local Training Methods
Generation 5: Accelerated

Comm. 
Acceleration

Local 
Optimizer

# Local Training 
Steps

Total 
Complexity
(Comm. + 
Compute) 

Client 
Sampling?

Comm. 
Compression? 

Supports 
Decentralized 

Setup?
Key Insight

ProxSkip
2/22, ICML 22 GD = First 5th generation local 

training method

APDA-Inexact
7/22, NeurIPS 22 any better better

Can use more powerful 
local solvers which take 
fewer local GD-type steps 

VR-ProxSkip
7/22, NeurIPS 22 worse VR-SGD worse better

Running variance reduced 
SGD locally can lead to 
better total complexity 
than ProxSkip

RandProx
7/22 GD = ProxSkip = VR mechanism 

for compressing the prox

GradSkip
10/22 GD better better

Workers containing less 
imortant data can do fewer 
local training steps!

Compressed 
Scaffnew 10/22 worse GD worse better

Can compress uplink, leads 
to better overal 
communication complexity 
than ProxSkip.

5GCS
10/22 worse any worse Can do client sampling

<latexit sha1_base64="FcuMAUq2rM8ypdYk+wqE/xxg2cw="></latexit>
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⇣q
L
µ log 1

"

⌘

<latexit sha1_base64="FcuMAUq2rM8ypdYk+wqE/xxg2cw="></latexit>

O

⇣q
L
µ log 1

"

⌘

<latexit sha1_base64="FcuMAUq2rM8ypdYk+wqE/xxg2cw="></latexit>

O

⇣q
L
µ log 1

"

⌘

<latexit sha1_base64="FcuMAUq2rM8ypdYk+wqE/xxg2cw="></latexit>

O

⇣q
L
µ log 1

"

⌘

<latexit sha1_base64="/yNGK8H8JDoADGwDNPz6xpVHCbs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUmKqMuCGxcuKtgHNKFMppN26MwkzkyEEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tpaWV1bX1ksb5c2t7Z1de2+/raJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsr9zgORikbiTk9i4nM0FDSkGGkj9e3DqqfupU69UCKc3mSpx5Msg9VyuW9XnJozBVwkbkEqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZGUvUSRGeIyGpGeoQJwoP52+kMETowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6vPRTKuJEE4Fni8KEQR3BPA84oJJgzSaGICypuRXiETJhaJNaHoI7//Iiaddr7nnNva1XGmdFHCVwBI7BKXDBBWiAa9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fS42Wpw==</latexit>q
L
µ

<latexit sha1_base64="/yNGK8H8JDoADGwDNPz6xpVHCbs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUmKqMuCGxcuKtgHNKFMppN26MwkzkyEEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tpaWV1bX1ksb5c2t7Z1de2+/raJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsr9zgORikbiTk9i4nM0FDSkGGkj9e3DqqfupU69UCKc3mSpx5Msg9VyuW9XnJozBVwkbkEqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZGUvUSRGeIyGpGeoQJwoP52+kMETowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6vPRTKuJEE4Fni8KEQR3BPA84oJJgzSaGICypuRXiETJhaJNaHoI7//Iiaddr7nnNva1XGmdFHCVwBI7BKXDBBWiAa9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fS42Wpw==</latexit>q
L
µ

<latexit sha1_base64="/yNGK8H8JDoADGwDNPz6xpVHCbs=">AAACAnicbVDLSsNAFJ34rPUVdSVuBlvBVUmKqMuCGxcuKtgHNKFMppN26MwkzkyEEoIbf8WNC0Xc+hXu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tpaWV1bX1ksb5c2t7Z1de2+/raJEYtLCEYtkN0CKMCpIS1PNSDeWBPGAkU4wvsr9zgORikbiTk9i4nM0FDSkGGkj9e3DqqfupU69UCKc3mSpx5Msg9VyuW9XnJozBVwkbkEqoECzb395gwgnnAiNGVKq5zqx9lMkNcWMZGUvUSRGeIyGpGeoQJwoP52+kMETowxgGElTQsOp+nsiRVypCQ9MJ0d6pOa9XPzP6yU6vPRTKuJEE4Fni8KEQR3BPA84oJJgzSaGICypuRXiETJhaJNaHoI7//Iiaddr7nnNva1XGmdFHCVwBI7BKXDBBWiAa9AELYDBI3gGr+DNerJerHfrY9a6ZBUzB+APrM8fS42Wpw==</latexit>q
L
µ



Part 4
ProxSkip: Local Training Provably

Leads to Communication Acceleration

Konstantin Mishchenko, Grigory Malinovsky, Sebastian Stich and P.R.
ProxSkip: Yes! Local Gradient Steps Provably Lead to Communication Acceleration! Finally! 
ICML 2022



Federated Learning: ProxSkip vs Baselines

Gen 4

Gen 3

Gen 5



ProxSkip + Deterministic Gradients

<latexit sha1_base64="+dM6VOMTy2qFXg28DyaB2ZKTCMM="></latexit>

f(x) =
1

n

nX

i=1

log
�
1 + exp

�
�bia

>
i x

��
+

�

2
kxk2

L2-regularized logistic regression: <latexit sha1_base64="iHRLsfoonmAAcIaM15ihZz+RTX4="></latexit>

ai 2 Rd, bi 2 {�1,+1}, � = L/104

w8a dataset from LIBSVM library (Chang & Lin, 2011) 



ProxSkip + Stochastic Gradients

<latexit sha1_base64="+dM6VOMTy2qFXg28DyaB2ZKTCMM="></latexit>

f(x) =
1

n

nX

i=1

log
�
1 + exp

�
�bia

>
i x

��
+

�

2
kxk2

L2-regularized logistic regression: <latexit sha1_base64="iHRLsfoonmAAcIaM15ihZz+RTX4="></latexit>

ai 2 Rd, bi 2 {�1,+1}, � = L/104

w8a dataset from LIBSVM library (Chang & Lin, 2011) 
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ProxSkip vs Nesterov’s Accelerated GD



Consensus Reformulation

<latexit sha1_base64="aoYuIBNgrfkizuhVTdidmTCTRho=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiibTEqEeiFw8eMJGPBBqyXbawYdttdqcSUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz8/xYcA2O823l1tY3Nrfy24Wd3b39A7t42NQyUZQ1qBRStX2imeARawAHwdqxYiT0BWv5o5uZ33pkSnMZPcAkZl5IBhEPOCVgpJ5dLHfvWACKD4ZAlJLjcs8uORVnDrxK3IyUUIZ6z/7q9iVNQhYBFUTrjuvE4KVEAaeCTQvdRLOY0BEZsI6hEQmZ9tL56VN8apQ+DqQyFQGeq78nUhJqPQl90xkSGOplbyb+53USCK68lEdxAiyii0VBIjBIPMsB97liFMTEEEIVN7diOiSKUDBpFUwI7vLLq6RZrbgXlfP7aql2ncWRR8foBJ0hF12iGrpFddRAFI3RM3pFb9aT9WK9Wx+L1pyVzRyhP7A+fwD6VJPU</latexit>

,

<latexit sha1_base64="v+wfRtVJ/YbFJjjH88ijIkBHmDw="></latexit>

min
x2Rd

(
f(x)

def
=

1

n

nX

i=1

fi(x)

)

<latexit sha1_base64="xBEAdcB8KgWY9uPTPAodXj/svSI="></latexit>

min
x1,...,xn2Rd

(
1

n

nX

i=1

fi (xi) +  (x1, . . . , xn)

)

<latexit sha1_base64="+Ot+mieBvJNOQ67tbJYtZScUkHE="></latexit>

 (x1, . . . , xn)
def
=

(
0, if x1 = · · · = xn,

+1, otherwise.

Original problem:

Consensus reformulation:

<latexit sha1_base64="CLRpj1m+R7TKjHXnhl0ZWBHLgcQ=">AAACB3icbVDLSgMxFM34rPU16lKQYCu4KjOlqMuCG5dV7APasWTSTBuaZIYkI9ShOzf+ihsXirj1F9z5N2ams9DWA4GTc+7l3nv8iFGlHefbWlpeWV1bL2wUN7e2d3btvf2WCmOJSROHLJQdHynCqCBNTTUjnUgSxH1G2v74MvXb90QqGopbPYmIx9FQ0IBipI3Ut4/CSFNOH7IvpAKWexzpke8nN9O7Qblvl5yKkwEuEjcnJZCj0be/eoMQx5wIjRlSqus6kfYSJDXFjEyLvViRCOExGpKuoQJxorwku2MKT4wygEEozRMaZurvjgRxpSbcN5XpkmreS8X/vG6sgwsvoSKKNRF4NiiIGdQhTEOBAyoJ1mxiCMKSml0hHiGJsDbRFU0I7vzJi6RVrbhnldp1tVSv5XEUwCE4BqfABeegDq5AAzQBBo/gGbyCN+vJerHerY9Z6ZKV9xyAP7A+fwC895ks</latexit>

optimization in Rd

<latexit sha1_base64="nLDS9ejzrBbFvy1IbSn47jD/uIc=">AAACCnicbVC7TsMwFHV4lvIKMLIYWiSmKqkqYKzEwlgQfUhtqBzHaa06TmQ7SCXKzMKvsDCAECtfwMbf4KQZoOVIlo7PuVf33uNGjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdkGAtM2jhkoei5SBJGOWkrqhjpRYKgwGWk604uM797T4SkIb9V04g4ARpx6lOMlJaG5lEYKRrQh/wLKYfVQYDU2HWTm/Qu4V5aHZoVq2blgIvELkgFFGgNza+BF+I4IFxhhqTs21aknAQJRTEjaXkQSxIhPEEj0teUo4BIJ8lPSeGJVjzoh0I/rmCu/u5IUCDlNHB1ZbannPcy8T+vHyv/wkkoj2JFOJ4N8mMGVQizXKBHBcGKTTVBWFC9K8RjJBBWOr2yDsGeP3mRdOo1+6zWuK5Xmo0ijhI4BMfgFNjgHDTBFWiBNsDgETyDV/BmPBkvxrvxMStdMoqeA/AHxucPcAyasA==</latexit>

optimization in Rnd

Bad: non-differentiable

Good: Indicator function of a 
nonempty closed convex set



Consensus Reformulation

<latexit sha1_base64="aoYuIBNgrfkizuhVTdidmTCTRho=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWDiibTEqEeiFw8eMJGPBBqyXbawYdttdqcSUvkpXjxojFd/iTf/jQv0oOBLJnl5byYz8/xYcA2O823l1tY3Nrfy24Wd3b39A7t42NQyUZQ1qBRStX2imeARawAHwdqxYiT0BWv5o5uZ33pkSnMZPcAkZl5IBhEPOCVgpJ5dLHfvWACKD4ZAlJLjcs8uORVnDrxK3IyUUIZ6z/7q9iVNQhYBFUTrjuvE4KVEAaeCTQvdRLOY0BEZsI6hEQmZ9tL56VN8apQ+DqQyFQGeq78nUhJqPQl90xkSGOplbyb+53USCK68lEdxAiyii0VBIjBIPMsB97liFMTEEEIVN7diOiSKUDBpFUwI7vLLq6RZrbgXlfP7aql2ncWRR8foBJ0hF12iGrpFddRAFI3RM3pFb9aT9WK9Wx+L1pyVzRyhP7A+fwD6VJPU</latexit>

,

<latexit sha1_base64="v+wfRtVJ/YbFJjjH88ijIkBHmDw="></latexit>

min
x2Rd

(
f(x)

def
=

1

n

nX

i=1

fi(x)

)

<latexit sha1_base64="xBEAdcB8KgWY9uPTPAodXj/svSI="></latexit>

min
x1,...,xn2Rd

(
1

n

nX

i=1

fi (xi) +  (x1, . . . , xn)

)

Original problem:

Consensus reformulation:

<latexit sha1_base64="CLRpj1m+R7TKjHXnhl0ZWBHLgcQ=">AAACB3icbVDLSgMxFM34rPU16lKQYCu4KjOlqMuCG5dV7APasWTSTBuaZIYkI9ShOzf+ihsXirj1F9z5N2ams9DWA4GTc+7l3nv8iFGlHefbWlpeWV1bL2wUN7e2d3btvf2WCmOJSROHLJQdHynCqCBNTTUjnUgSxH1G2v74MvXb90QqGopbPYmIx9FQ0IBipI3Ut4/CSFNOH7IvpAKWexzpke8nN9O7Qblvl5yKkwEuEjcnJZCj0be/eoMQx5wIjRlSqus6kfYSJDXFjEyLvViRCOExGpKuoQJxorwku2MKT4wygEEozRMaZurvjgRxpSbcN5XpkmreS8X/vG6sgwsvoSKKNRF4NiiIGdQhTEOBAyoJ1mxiCMKSml0hHiGJsDbRFU0I7vzJi6RVrbhnldp1tVSv5XEUwCE4BqfABeegDq5AAzQBBo/gGbyCN+vJerHerY9Z6ZKV9xyAP7A+fwC895ks</latexit>

optimization in Rd

<latexit sha1_base64="nLDS9ejzrBbFvy1IbSn47jD/uIc=">AAACCnicbVC7TsMwFHV4lvIKMLIYWiSmKqkqYKzEwlgQfUhtqBzHaa06TmQ7SCXKzMKvsDCAECtfwMbf4KQZoOVIlo7PuVf33uNGjEplWd/G0vLK6tp6aaO8ubW9s2vu7XdkGAtM2jhkoei5SBJGOWkrqhjpRYKgwGWk604uM797T4SkIb9V04g4ARpx6lOMlJaG5lEYKRrQh/wLKYfVQYDU2HWTm/Qu4V5aHZoVq2blgIvELkgFFGgNza+BF+I4IFxhhqTs21aknAQJRTEjaXkQSxIhPEEj0teUo4BIJ8lPSeGJVjzoh0I/rmCu/u5IUCDlNHB1ZbannPcy8T+vHyv/wkkoj2JFOJ4N8mMGVQizXKBHBcGKTTVBWFC9K8RjJBBWOr2yDsGeP3mRdOo1+6zWuK5Xmo0ijhI4BMfgFNjgHDTBFWiBNsDgETyDV/BmPBkvxrvxMStdMoqeA/AHxucPcAyasA==</latexit>

optimization in Rnd

Bad: non-differentiable

Good: proper closed convex

<latexit sha1_base64="8pP/m8/J3aMR/o+pxLTByBihM/E="></latexit>

 (x1, . . . , xn) : Rnd ! R [ {+1}
<latexit sha1_base64="kT6UDICEOR9GVCea6VFGpsD7A+Q=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrshqGXAxjKCeUASwuzkbjJkdmaZRzAs6W38FRsLRWz9ATv/xt1kC008MHA451zm3uNHnGnjut9ObmNza3snv1vY2z84PCoen7S0tIpCk0ouVccnGjgT0DTMcOhECkjoc2j7k5vUb09BaSbFvZlF0A/JSLCAUWISaVAsMY0JjpSMQGHKpYYhplJM4QEHVtBlqOxW3AXwOvEyUkYZGoPiV28oqQ1BGMqJ1l3PjUw/JsowymFe6FkNEaETMoJuQgUJQffjxS1zfG7TFQKpkicMXqi/J2ISaj0L/SQZEjPWq14q/ud1rQmu+zETkTUg6PKjwHJsJE6LwUOmgBo+SwihiiW7YjomilCT1FdISvBWT14nrWrFu6zU7qrlei2rI4/OUAldIA9doTq6RQ3URBQ9omf0it6cJ+fFeXc+ltGck82coj9wPn8AzMaa4A==</latexit>

is a proper closed convex function
<latexit sha1_base64="fjvGZFcKhul8UvTNTley287Bnbc=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhPBKtyFoJYBG0sFE4UkhLnNXLJkb3fZ3QuGkN9h41+xsVDETmz8N14+Ck18MPB4b4aZeaEW3Drf//YyK6tr6xvZzdzW9s7uXn7/oG5VYhjWmBLK3IdgUXCJNcedwHttEOJQ4F3Yv5z4dwM0lit564YaWzF0JY84A5dK7Xxw20OKmncN6B5VES02teVFyi0FyoSy2KEgO5QpOcAHatG18wW/5E9Bl0kwJwUyx3U7/9nsKJbEKB0TYG0j8LVrjcA4zgSOc83EogbWhy42UiohRtsaTV8b05NkckGkTFrS0an6e2IEsbXDOEw7Y3A9u+hNxP+8RuKii9aIS504lGy2KEoEdYpOcqIdbpA5MUwJMMPTWynrgQHm0jRzaQjB4svLpF4uBWelyk25UK3M48iSI3JMTklAzkmVXJFrUiOMPJJn8krevCfvxXv3PmatGW8+c0j+wPv6AScln60=</latexit>

The epigraph of  is a closed and convex set
<latexit sha1_base64="C2G4VrkysG9qVc4qdEi2MLKedEA="></latexit>

epi( )
def
= {(x, t) |  (x)  t)



<latexit sha1_base64="y9LRd6V4NtZvnioT1pE6u9VYFYU=">AAACFHicbZDLSsNAFIYnXmu9RV26GWyFSqEkRdRl0Y3LKvYCTS2T6aQdOpmEmYm0hDyEG1/FjQtF3Lpw59s4abPQ1h8GPv5zDnPO74aMSmVZ38bS8srq2npuI7+5tb2za+7tN2UQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljq7SeuuBCEkDfqcmIen6aMCpRzFS2uqZ5WLR8SnvxWOHcuj4SA1dN75N7vsJ9ErjE1iGTiippmKxZxasijUVXAQ7gwLIVO+ZX04/wJFPuMIMSdmxrVB1YyQUxYwkeSeSJER4hAako5Ejn8huPD0qgcfa6UMvEPpxBafu74kY+VJOfFd3plvL+Vpq/lfrRMq76MaUh5EiHM8+8iIGVQDThGCfCoIVm2hAWFC9K8RDJBBWOse8DsGeP3kRmtWKfVY5vakWapdZHDlwCI5ACdjgHNTANaiDBsDgETyDV/BmPBkvxrvxMWtdMrKZA/BHxucPuRicsw==</latexit>

min
x2Rd

f(x) +  (x)

Three Assumptions

<latexit sha1_base64="SfZgZhAS48f1uPEbXEJlgTpVW6A="></latexit>

µ
2 kx� yk2  Df (x, y)  L

2 kx� yk2

<latexit sha1_base64="rh5B5RC1fvpbqQE2b2SMJUqb/tk="></latexit>

Df (x, y)
def
= f(x)� f(y)� hrf(y), x� yi

<latexit sha1_base64="C+rN2a8YJjXGIBAz+D2lFZE/aLk=">AAACDHicbVDLSgMxFM34rPVVdekm2BHctMyUouKq4MaFiwr2AW0pmTTThuYxJJliGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5J4gY1cbzvp2V1bX1jc3MVnZ7Z3dvP3dwWNcyVpjUsGRSNQOkCaOC1Aw1jDQjRRAPGGkEw+up3xgRpakU92YckQ5HfUFDipGxUjeXd0MXUg3dNo/dApZiRB4gEj3o3roFzaU0gyub8oreDHCZ+CnJgxTVbu6r3ZM45kQYzJDWLd+LTCdBylDMyCTbjjWJEB6iPmlZKhAnupPMjpnAU6v0YCiVfcLAmfp7IkFc6zEPbJIjM9CL3lT8z2vFJrzsJFREsSECzxeFMYNGwmkzsEcVwYaNLUFYUftXiAdIIWxsf1lbgr948jKpl4r+ebF8V8pXymkdGXAMTsAZ8MEFqIAbUAU1gMEjeAav4M15cl6cd+djHl1x0pkj8AfO5w8X2Jka</latexit>

f is µ-convex and L-smooth:

<latexit sha1_base64="WZCc5UdGgewlkdmR663Usy7KuEQ=">AAACA3icbVDLSgMxFM3UV62vUXe6CbaCqzJTioqrohuXFewD2qFk0jttaCYzJBmhDAU3/oobF4q49Sfc+Tem7Sy09UDgcM693Jzjx5wp7TjfVm5ldW19I79Z2Nre2d2z9w+aKkokhQaNeCTbPlHAmYCGZppDO5ZAQp9Dyx/dTP3WA0jFInGvxzF4IRkIFjBKtJF69tG1hEFIBO4zMzYAQQFHAS4FpaueXXTKzgx4mbgZKaIM9Z791e1HNAlBaMqJUh3XibWXEqkZ5TApdBMFMaEjMoCOoYKEoLx0lmGCT43Sx0EkzRMaz9TfGykJlRqHvpkMiR6qRW8q/ud1Eh1ceikTcaJNuvmhIOFYR3haiAkugWo+NoRQycxfMR0SSag2tRVMCe5i5GXSrJTd83L1rlKsVbM68ugYnaAz5KILVEO3qI4aiKJH9Ixe0Zv1ZL1Y79bHfDRnZTuH6A+szx9RU5ad</latexit>

Bregman divergence of f :

<latexit sha1_base64="cVMJFyNe4ZNAqUAODrkcrBVUv7A=">AAAB/XicbVDLSgMxFM34rPU1PnZugq3gqsyUoi4LblxWsA9oh5JJM21oXiQZsZbir7hxoYhb/8Odf2PazkJbDwQO59zDvTmxYtTYIPj2VlbX1jc2c1v57Z3dvX3/4LBhZKoxqWPJpG7FyBBGBalbahlpKU0QjxlpxsPrqd+8J9pQKe7sSJGIo76gCcXIOqnrHxc7ytAipAYqLR8oRy7Z9QtBKZgBLpMwIwWQodb1vzo9iVNOhMUMGdMOA2WjMdKWYkYm+U5qiEJ4iPqk7ahAnJhoPLt+As+c0oOJ1O4JC2fq78QYcWNGPHaTHNmBWfSm4n9eO7XJVTSmQqWWCDxflKQMWgmnVcAe1QRbNnIEYU3drRAPkEbYusLyroRw8cvLpFEuhRelym25UK1kdeTACTgF5yAEl6AKbkAN1AEGj+AZvII378l78d69j/noipdljsAfeJ8/oV6Uqw==</latexit>

 is proximable

<latexit sha1_base64="V1xMQlWoCAn69StXFRHFiBI3t4s="></latexit>

The proximal operator prox : Rd ! Rd defined by
<latexit sha1_base64="UF8zfu9X6wqGVH66FYx7UbqDPZI="></latexit>

prox (x)
def
= arg min

u2Rd

✓
 (u) +

1

2
ku� xk2

◆

<latexit sha1_base64="5Gj76EAcr/gxHATxtw73AIaB6rU=">AAACGHicbZDLSgNBEEV7fBtfUZduGoMQQcYZEXUpuHGpYB6QhFDTU0kae3qGfohh8DPc+CtuXCji1p1/YyeZhUYvNFzqVlFdJ8oE1yYIvryZ2bn5hcWl5dLK6tr6Rnlzq65TqxjWWCpS1YxAo+ASa4Ybgc1MISSRwEZ0ezHKG3eoNE/ljRlm2EmgL3mPMzCu1C0fMpA0Qop3ICwYjCneAzNiSKvo9/0DyiVlItUu6KUq2e+WK4EfjEX/mrAwFVLoqlv+bMcpswlKwwRo3QqDzHRyUIYzgQ+lttWYAbuFPraclZCg7uTjwx7oni0WuycNHVd/TuSQaD1MIteZgBno6WxU/C9rWdM76+RcZtagZJNFPSuoSemIEo25wjGFmANT3P2VsgEoR8axLDkI4fTJf039yA9P/OPro8r5cYFjieyQXVIlITkl5+SSXJEaYeSRPJNX8uY9eS/eu/cxaZ3xiplt8kve5zdk3J6y</latexit>

can be evaluated exactly (e.g., in closed form)

<latexit sha1_base64="fAz1Es4i4IE3puTiZ6+YJ0Dux34="></latexit>

 : Rd ! R [ {+1} is proper, closed, and convex

<latexit sha1_base64="fjvGZFcKhul8UvTNTley287Bnbc=">AAACGnicbVA9SwNBEN2LXzF+RS1tFhPBKtyFoJYBG0sFE4UkhLnNXLJkb3fZ3QuGkN9h41+xsVDETmz8N14+Ck18MPB4b4aZeaEW3Drf//YyK6tr6xvZzdzW9s7uXn7/oG5VYhjWmBLK3IdgUXCJNcedwHttEOJQ4F3Yv5z4dwM0lit564YaWzF0JY84A5dK7Xxw20OKmncN6B5VES02teVFyi0FyoSy2KEgO5QpOcAHatG18wW/5E9Bl0kwJwUyx3U7/9nsKJbEKB0TYG0j8LVrjcA4zgSOc83EogbWhy42UiohRtsaTV8b05NkckGkTFrS0an6e2IEsbXDOEw7Y3A9u+hNxP+8RuKii9aIS504lGy2KEoEdYpOcqIdbpA5MUwJMMPTWynrgQHm0jRzaQjB4svLpF4uBWelyk25UK3M48iSI3JMTklAzkmVXJFrUiOMPJJn8krevCfvxXv3PmatGW8+c0j+wPv6AScln60=</latexit>

The epigraph of  is a closed and convex set
<latexit sha1_base64="WzxntUtzTscV7gVoSD5dck3BOe4="></latexit>

epi( )
def
= {(x, t) 2 Rd ⇥ R |  (x)  t)

A1 A2

A3



<latexit sha1_base64="qm6mdTXexAhTkJxvIVUyF/Z8wRk="></latexit>

xt+1 = prox� (xt � �rf(xt))

Key Method: Proximal Gradient Descent

<latexit sha1_base64="UF8zfu9X6wqGVH66FYx7UbqDPZI="></latexit>

prox (x)
def
= arg min

u2Rd

✓
 (u) +

1

2
ku� xk2

◆
<latexit sha1_base64="h7yAVt8MejnkeYLv0lyxyi7deZg=">AAAB+3icbVBNS0JBFJ1nX2ZfL1u2GZKglbwnUtFKaNPSIDXQh8wb5+ngfDEzL5SHf6VNiyLa9kfa9W8a9S1KO3DhcM693HtPrBg1Ngi+vcLG5tb2TnG3tLd/cHjkH5fbRqYakxaWTOrHGBnCqCAtSy0jj0oTxGNGOvH4du53nog2VIoHO1Uk4mgoaEIxsk7q+2Wl5YRyxKBURCMr9U3frwTVYAG4TsKcVECOZt//6g0kTjkRFjNkTDcMlI0ypC3FjMxKvdQQhfAYDUnXUYE4MVG2uH0Gz50ygInUroSFC/X3RIa4MVMeu06O7MisenPxP6+b2uQ6yqhQqSUCLxclKYNWwnkQcEA1wZZNHUFYU3crxCOkEbYurpILIVx9eZ20a9Xwslq/r1Ua9TyOIjgFZ+AChOAKNMAdaIIWwGACnsErePNm3ov37n0sWwtePnMC/sD7/AFCNpSK</latexit>

proximal operator:

gradient operatorproximal operator

<latexit sha1_base64="OfnYEj+73ZCCP6Quk8EjLvYHkxA=">AAAB73icbVBNS8NAEN34WetX1aOXxSJ4Kkkp6rHgxWMF+wFtKJvtpF262cTdiVBD/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYxvZn77EbQRsbrHSQJ+xIZKhIIztFLHICRGPEG/VHYr7hx0lXg5KZMcjX7pqzeIeRqBQi6ZMV3PTdDPmEbBJUyLvdRAwviYDaFrqWIRGD+b3zul51YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9mbif143xfDaz4RKUgTFF4vCVFKM6ex5OhAaOMqJJYxrYW+lfMQ042gjKtoQvOWXV0mrWvEuK7W7arley+MokFNyRi6IR65IndySBmkSTiR5Jq/kzXlwXpx352PRuubkMyfkD5zPH33IkDo=</latexit>

stepsize

<latexit sha1_base64="H6eSs8/uqjdRCfa5x5jB1da3xEA=">AAACC3icbVDLTgIxFO34RHyhLt00gAkuJDOEqEsSNy4xkUfCEHKndKCh7UzajoEQ9m78FTcuNMatP+DOv7E8FgqepMnJOffm9pwg5kwb1/121tY3Nre2Uzvp3b39g8PM0XFdR4kitEYiHqlmAJpyJmnNMMNpM1YURMBpIxjcTP3GA1WaRfLejGLaFtCTLGQEjJU6mWx+iH0BsTYRHuIL7PdACMC+hIADDgvD83wnk3OL7gx4lXgLkkMLVDuZL78bkURQaQgHrVueG5v2GJRhhNNJ2k80jYEMoEdblkoQVLfHsywTfGaVLg4jZZ80eKb+3hiD0HokAjspwPT1sjcV//NaiQmv22Mm48RQSeaHwoRjG3xaDO4yRYnhI0uAKGb/ikkfFBBj60vbErzlyKukXip6l8XyXSlXKS/qSKFTlEUF5KErVEG3qIpqiKBH9Ixe0Zvz5Lw4787HfHTNWeycoD9wPn8A0MWY9Q==</latexit>

x 7! x� �rf(x)
<latexit sha1_base64="aw/64bcV+r5Pn6/A7Oko4PaGOfo=">AAACEHicbVDLTgIxFO3gC/GFunTTCEbckBlC1CWJG5eYyCNhCLlTCjS0M03bMZAJn+DGX3HjQmPcunTn31geCwVP0uTknHtze04gOdPGdb+d1Nr6xuZWejuzs7u3f5A9PKrrKFaE1kjEI9UMQFPOQlozzHDalIqCCDhtBMObqd94oEqzKLw3Y0nbAvoh6zECxkqd7Hl+hH0BUpsIJ74SWKpoNOkkfh+EAOxLzSaF0UW+k825RXcGvEq8BcmhBaqd7JffjUgsaGgIB61bnitNOwFlGOF0kvFjTSWQIfRpy9IQBNXtZBZogs+s0sW9SNkXGjxTf28kILQei8BOCjADvexNxf+8Vmx61+2EhTI2NCTzQ72YY5t+2g7uMkWJ4WNLgChm/4rJABQQYzvM2BK85cirpF4qepfF8l0pVykv6kijE3SKCshDV6iCblEV1RBBj+gZvaI358l5cd6dj/loylnsHKM/cD5/APLpnH0=</latexit>

x 7! prox� (x)



Proximal Gradient Descent: Theory

<latexit sha1_base64="1ZdMy7zzeO0w/sWpV5klmeKDqic=">AAAB+nicbVDLTsMwEHTKq4RXCkcuFg0SpyqpEHCs4MKxIPqQ2qhyXKe16tiR7VBVoZ/ChQMIceVLuPE3OG0P0DLSSqOZXe3uhAmjSnvet1VYW9/Y3Cpu2zu7e/sHTumwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBWObnK/9UikooI/6ElCghgNOI0oRtpIPafkut17OhhqJKUYu65t95yyV/FmgKvEX5AyWKDec766fYHTmHCNGVKq43uJDjIkNcWMTO1uqkiC8AgNSMdQjmKigmx2+hSeGqUPIyFNcQ1n6u+JDMVKTeLQdMZID9Wyl4v/eZ1UR1dBRnmSasLxfFGUMqgFzHOAfSoJ1mxiCMKSmlshHiKJsDZp5SH4yy+vkma14l9Uzu+q5dr1Io4iOAYn4Az44BLUwC2ogwbAYAyewSt4s56sF+vd+pi3FqzFzBH4A+vzB/kmkoU=</latexit>) <latexit sha1_base64="9dTezAubq849ZJI5cfKOmdiPXvg=">AAACIHicbVBNTwIxFOz6LX6hHr00gokXyS4x4pHoxSMmgiYsbrrlAQ3d7tq+NRLwp3jxr3jxoDF6019jQQ4KTtJkMjMvr2/CRAqDrvvpzMzOzS8sLi1nVlbX1jeym1s1E6eaQ5XHMtZXITMghYIqCpRwlWhgUSjhMuyeDv3LW9BGxOoCewk0ItZWoiU4QysF2VLeH9wFeHAX+AaZ9gfXRepLuKH+LdOQGCFjRekw4/7O5INszi24I9Bp4o1JjoxRCbIffjPmaQQKuWTG1D03wUafaRRcwn3GTw0kjHdZG+qWKhaBafRHB97TPas0aSvW9imkI/X3RJ9FxvSi0CYjhh0z6Q3F/7x6iq3jRl+oJEVQ/GdRK5UUYzpsizaFBo6yZwnjWti/Ut5hmnG0nWZsCd7kydOkVix4R4XD82KufDKuY4nskF2yTzxSImVyRiqkSjh5IE/khbw6j86z8+a8/0RnnPHMNvkD5+sbCa6i4w==</latexit>

kxt � x?k2  "kx0 � x?k2

Theorem:

# iterations

<latexit sha1_base64="SfZgZhAS48f1uPEbXEJlgTpVW6A="></latexit>

µ
2 kx� yk2  Df (x, y)  L

2 kx� yk2

<latexit sha1_base64="C+rN2a8YJjXGIBAz+D2lFZE/aLk=">AAACDHicbVDLSgMxFM34rPVVdekm2BHctMyUouKq4MaFiwr2AW0pmTTThuYxJJliGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5J4gY1cbzvp2V1bX1jc3MVnZ7Z3dvP3dwWNcyVpjUsGRSNQOkCaOC1Aw1jDQjRRAPGGkEw+up3xgRpakU92YckQ5HfUFDipGxUjeXd0MXUg3dNo/dApZiRB4gEj3o3roFzaU0gyub8oreDHCZ+CnJgxTVbu6r3ZM45kQYzJDWLd+LTCdBylDMyCTbjjWJEB6iPmlZKhAnupPMjpnAU6v0YCiVfcLAmfp7IkFc6zEPbJIjM9CL3lT8z2vFJrzsJFREsSECzxeFMYNGwmkzsEcVwYaNLUFYUftXiAdIIWxsf1lbgr948jKpl4r+ebF8V8pXymkdGXAMTsAZ8MEFqIAbUAU1gMEjeAav4M15cl6cd+djHl1x0pkj8AfO5w8X2Jka</latexit>

f is µ-convex and L-smooth:

<latexit sha1_base64="PPNPN+Cl/U1jrYKGIrXMHyWljbI=">AAACF3icbZA7SwNBFIVn4yvGV9TSZjARrMJuCGoZsLGwiGAekIQwO7mbDJnHMjMrhCX/wsa/YmOhiK12/hsnj0ITDwwczrmX4X5hzJmxvv/tZdbWNza3stu5nd29/YP84VHDqERTqFPFlW6FxABnEuqWWQ6tWAMRIYdmOLqe9s0H0IYpeW/HMXQFGUgWMUqsi3r5UrETaULT20naEcmkiJnBdgiYKtln0xEsExGCxirCxajYyxf8kj8TXjXBwhTQQrVe/qvTVzQRIC3lxJh24Me2mxJtGeUwyXUSAzGhIzKAtrOSCDDddHbXBJ+5pI8jpd2TFs/S3xspEcaMRegmBbFDs9xNw/+6dmKjq27KZJxYkHT+UZRwbBWeQsJ9poFaPnaGUO04UEyHxHGyDmXOQQiWT141jXIpuChV7sqFamWBI4tO0Ck6RwG6RFV0g2qojih6RM/oFb15T96L9+59zEcz3mLnGP2R9/kDjdGe2g==</latexit>

L
µ is the condition number of f

<latexit sha1_base64="WOrktOM4MsRLERA3zcnD/NWsb78="></latexit>

x?
def
= arg min

x2Rd
f(x) +  (x)<latexit sha1_base64="D9s2phjQffDa1K94NOh+jf5prKU=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzJTirosiOCygn1AO5RMeqcNzSRDkhHq0C9x40IRt36KO//GtJ2Ftp7V4Zx7ueeeMOFMG8/7dgobm1vbO8Xd0t7+wWHZPTpua5kqCi0quVTdkGjgTEDLMMOhmyggccihE05u5n7nEZRmUjyYaQJBTEaCRYwSY6WBW75VSipsJAdFBIWBW/Gq3gJ4nfg5qaAczYH71R9KmsYgDOVE657vJSbIiDKMcpiV+qmGhNAJGUHPUkFi0EG2CD7D51YZ4sgGiKQweKH+3shIrPU0Du1kTMxYr3pz8T+vl5roOsiYSFIDgi4PRSm3f+J5C3jIFFDDp5YQqpjNiumYKEKN7apkS/BXX14n7VrVv6zW72uVRj2vo4hO0Rm6QD66Qg10h5qohShK0TN6RW/Ok/PivDsfy9GCk++coD9wPn8AxqqTIQ==</latexit>

Error tolerance

<latexit sha1_base64="+brja87ImCggT/u60MelFC+kvbs=">AAACDHicbVC7SgNBFJ2NrxhfUUubwUSITdgNQW2EgI2FRQTzgOwSZid3kyEzu8vMrBCXfICNv2JjoYitH2Dn3zh5FJp4qsM553LvPX7MmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVNFiaTQoBGPZNsnCjgLoaGZ5tCOJRDhc2j5w6uJ37oHqVgU3ulRDJ4g/ZAFjBJtpG6+UAoiiZWGWLEHwEW3T4Qgl24gCU2dcXozLp6alF22p8DLxJmTApqj3s1/ub2IJgJCTTlRquPYsfZSIjWjHMY5N1EQEzokfegYGhIBykunz4zxiVF6eHJVEIUaT9XfEykRSo2Eb5KC6IFa9Cbif14n0cGFl7IwTjSEdLYoSDjWEZ40g3tMAtV8ZAihkplbMR0Q04M2/eVMCc7iy8ukWSk7Z+XqbaVQq87ryKIjdIxKyEHnqIauUR01EEWP6Bm9ojfryXqx3q2PWTRjzWcO0R9Ynz+Dgpqa</latexit>

(for stepsize � = 1
L )

<latexit sha1_base64="CYMIVV8PNy0mLKU3RusBNgZSRXM=">AAACGnicbZDLSgMxFIYz9V5vVZdugq3gqswUUZeiGxcuKtgLdErJpGfa0EwyJplCGeY53Pgqblwo4k7c+Dam7Sy8/RD4+c45nJw/iDnTxnU/ncLC4tLyyupacX1jc2u7tLPb1DJRFBpUcqnaAdHAmYCGYYZDO1ZAooBDKxhdTuutMSjNpLg1kxi6ERkIFjJKjEW9klcx2B/AHfZDRWh6naV+lGTY53KQI8+iMVEQa8alyCq9UtmtujPhv8bLTRnlqvdK735f0iQCYSgnWnc8NzbdlCjDKIes6CcaYkJHZAAdawWJQHfT2WkZPrSkj0Op7BMGz+j3iZREWk+iwHZGxAz179oU/lfrJCY866ZMxIkBQeeLwoRjI/E0J9xnCqjhE2sIVcz+FdMhsYEYm2bRhuD9Pvmvadaq3kn1+KZWPr/I41hF++gAHSEPnaJzdIXqqIEoukeP6Bm9OA/Ok/PqvM1bC04+s4d+yPn4AomloTk=</latexit>

t � L
µ log 1

"



<latexit sha1_base64="LFOoWfrlQJsrbvH/f5WzgK103Zg=">AAAB9XicbVDJSgNBEK1xjXGLevTSmAiCEGaCuCBiwIvHCGaBZAw9nZ6kSc9Cd40ShvyHFw+KePVfvPk3dpaDJj4oeLxXRVU9L5ZCo21/WwuLS8srq5m17PrG5tZ2bme3pqNEMV5lkYxUw6OaSxHyKgqUvBErTgNP8rrXvxn59UeutIjCexzE3A1oNxS+YBSN9FDotVM8dobkqnV5XWjn8nbRHoPME2dK8jBFpZ37anUilgQ8RCap1k3HjtFNqULBJB9mW4nmMWV92uVNQ0MacO2m46uH5NAoHeJHylSIZKz+nkhpoPUg8ExnQLGnZ72R+J/XTNA/d1MRxgnykE0W+YkkGJFRBKQjFGcoB4ZQpoS5lbAeVZShCSprQnBmX54ntVLROS2e3JXy5YtpHBnYhwM4AgfOoAy3UIEqMFDwDK/wZj1ZL9a79TFpXbCmM3vwB9bnD0xnkQ4=</latexit>

ht+1 = ?
<latexit sha1_base64="Iiy0nwC+FFO57O8TM37mlZDLSsA=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBhNBEMJuEB+IGPDiMYJ5QLKG2ckkGTI7u8zMqmHJf3jxoIhX/8Wbf+NssgdNLGgoqrrp7vJCzpS27W8rs7C4tLySXc2trW9sbuW3d+oqiCShNRLwQDY9rChngtY005w2Q0mx73Ha8IbXid94oFKxQNzpUUhdH/cF6zGCtZHui0+dWB8548v2xVUx18kX7JI9AZonTkoKkKLayX+1uwGJfCo04ViplmOH2o2x1IxwOs61I0VDTIa4T1uGCuxT5caTq8fowChd1AukKaHRRP09EWNfqZHvmU4f64Ga9RLxP68V6d6ZGzMRRpoKMl3UizjSAUoiQF0mKdF8ZAgmkplbERlgiYk2QSUhOLMvz5N6ueSclI5vy4XKeRpHFvZgHw7BgVOowA1UoQYEJDzDK7xZj9aL9W59TFszVjqzC39gff4ARKaRCA==</latexit>

xt+1 = ?

ProxSkip: Bird’s Eye View

<latexit sha1_base64="glLM90FadTlxIQlainZOKcsxegI="></latexit>

x̂t+1 = xt � � (rf(xt)� ht)

2a

2b

1

<latexit sha1_base64="zyXoDwq5rbQBxHokoTG9reYJaWc=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFlsBU8lKaIei148VrAf0Iay2WzapZts2J0oofTiX/HiQRGv/gxv/hu3bQ7a+mDg8d4MM/P8RHANjvNtFVZW19Y3ipulre2d3T17/6ClZaooa1IppOr4RDPBY9YEDoJ1EsVI5AvW9kc3U7/9wJTmMr6HLGFeRAYxDzklYKS+ffTIYYgTJX3ic8Ehw5WkggPZt8tO1ZkBLxM3J2WUo9G3v3qBpGnEYqCCaN11nQS8MVHAqWCTUi/VLCF0RAasa2hMIqa98eyBCT41SoBDqUzFgGfq74kxibTOIt90RgSGetGbiv953RTCK2/M4yQFFtP5ojAVGCSepoEDrhgFkRlCqOLmVkyHRBEKJrOSCcFdfHmZtGpV96J6flcr16/zOIroGJ2gM+SiS1RHt6iBmoiiCXpGr+jNerJerHfrY95asPKZQ/QH1ucPyDqV4A==</latexit>

with probability p do

<latexit sha1_base64="5haphZHZo7xguD59kTVKsdLIeL8="></latexit>

evaluate prox �
p 

(?)

<latexit sha1_base64="BXCFaC37VD190XFXH1jWNjPNaVQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8FWEISSFPGyEApuXFawF2hDmEyn7dDJhZkTpcQ8ihsXirj1Sdz5Nk7aLLT1h4GP/5zDOfN7keAKLOvbKKysrq1vFDdLW9s7u3tmeb+twlhS1qKhCGXXI4oJHrAWcBCsG0lGfE+wjje5yeqdByYVD4N7mEbM8cko4ENOCWjLNcvVsZvAqZ3ia5xRWnXNilWzZsLLYOdQQbmarvnVH4Q09lkAVBClerYVgZMQCZwKlpb6sWIRoRMyYj2NAfGZcpLZ6Sk+1s4AD0OpXwB45v6eSIiv1NT3dKdPYKwWa5n5X60Xw/DSSXgQxcACOl80jAWGEGc54AGXjIKYaiBUcn0rpmMiCQWdVkmHYC9+eRna9Zp9Xju7q1caV3kcRXSIjtAJstEFaqBb1EQtRNEjekav6M14Ml6Md+Nj3low8pkD9EfG5w+DfJLa</latexit>

ht+1 = ht
<latexit sha1_base64="ZnlHqbHPsACvC0j/h6JXtqyhTxU=">AAACAnicbVDJSgNBEO2JW4zbqCfx0pgIghBmgrgchIAXjxHMAskw9HR6kiY9C901kjAMXvwVLx4U8epXePNv7CwHTXxQ8Pq9KrrqebHgCizr28gtLa+sruXXCxubW9s75u5eQ0WJpKxOIxHJlkcUEzxkdeAgWCuWjASeYE1vcDP2mw9MKh6F9zCKmROQXsh9TgloyTUPSkM3hVM7w9e40yeQDrPpu+SaRatsTYAXiT0jRTRDzTW/Ot2IJgELgQqiVNu2YnBSIoFTwbJCJ1EsJnRAeqytaUgCppx0ckKGj7XSxX4kdYWAJ+rviZQESo0CT3cGBPpq3huL/3ntBPxLJ+VhnAAL6fQjPxEYIjzOA3e5ZBTESBNCJde7YtonklDQqRV0CPb8yYukUSnb5+Wzu0qxejWLI48O0RE6QTa6QFV0i2qojih6RM/oFb0ZT8aL8W58TFtzxmxmH/2B8fkDhv6WNw==</latexit>

xt+1 = x̂t+1
<latexit sha1_base64="lM1CINZQDJyPKKj9CL7FjrVexuY=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTARvBh2g/i4Bbx4jGAekIQwOztJhszOLDO9SliCF3/FiwdFvPoV3vwbJ8keNLGgoajqprvLjwQ34LrfTmZpeWV1Lbue29jc2t7J7+7VjYo1ZTWqhNJNnxgmuGQ14CBYM9KMhL5gDX94PfEb90wbruQdjCLWCUlf8h6nBKzUzR88cBjgSCuf+FxwGOGidxoVcaC6+YJbcqfAi8RLSQGlqHbzX+1A0ThkEqggxrQ8N4JOQjRwKtg4144Niwgdkj5rWSpJyEwnmb4wxsdWCXBPaVsS8FT9PZGQ0JhR6NvOkMDAzHsT8T+vFUPvspNwGcXAJJ0t6sUCg8KTPHDANaMgRpYQqrm9FdMB0YSCTS1nQ/DmX14k9XLJOy+d3ZYLlas0jiw6REfoBHnoAlXQDaqiGqLoET2jV/TmPDkvzrvzMWvNOOnMPvoD5/MHrfWWSQ==</latexit>

with probability 1� p do

<latexit sha1_base64="xiHMLHMoOuO4VtOat1pcEK1X4wo=">AAAB83icbVBNSwMxEJ2tX7V+VT16CbaCp7JbinosePFYwX5AdynZNNuGZrMhyYpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzQsmZNq777RQ2Nre2d4q7pb39g8Oj8vFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91wcjv3u49UaZaIBzOVNIjxSLCIEWys5Felj6VUyRNyq4Nyxa25C6B14uWkAjlag/KXP0xIGlNhCMda9z1XmiDDyjDC6azkp5pKTCZ4RPuWChxTHWSLm2fowipDFCXKljBoof6eyHCs9TQObWeMzVivenPxP6+fmugmyJiQqaGCLBdFKUcmQfMA0JApSgyfWoKJYvZWRMZYYWJsTCUbgrf68jrp1GveVa1xX680G3kcRTiDc7gED66hCXfQgjYQkPAMr/DmpM6L8+58LFsLTj5zCn/gfP4A6bqQ6Q==</latexit>

p ⇡ 0

<latexit sha1_base64="NjuVd8v/UE33nfSEp7Vb5GTs4X0=">AAAB9XicbVBNSwMxEJ31s9avqkcvwVbwYtktRT0WvHisYD+gXUs2zbah2WxIsmpZ+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8QHKmjet+Oyura+sbm7mt/PbO7t5+4eCwqeNEEdogMY9VO8CaciZowzDDaVsqiqOA01Ywup76rQeqNIvFnRlL6kd4IFjICDZWui9557KLpVTxE/JKvULRLbszoGXiZaQIGeq9wle3H5MkosIQjrXueK40foqVYYTTSb6baCoxGeEB7VgqcES1n86unqBTq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwis/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFB5W0I3uLLy6RZKXsX5eptpVirZnHk4BhO4Aw8uIQa3EAdGkBAwTO8wpvz6Lw4787HvHXFyWaO4A+czx/IP5Fc</latexit>

1� p ⇡ 1

<latexit sha1_base64="y9LRd6V4NtZvnioT1pE6u9VYFYU=">AAACFHicbZDLSsNAFIYnXmu9RV26GWyFSqEkRdRl0Y3LKvYCTS2T6aQdOpmEmYm0hDyEG1/FjQtF3Lpw59s4abPQ1h8GPv5zDnPO74aMSmVZ38bS8srq2npuI7+5tb2za+7tN2UQCUwaOGCBaLtIEkY5aSiqGGmHgiDfZaTljq7SeuuBCEkDfqcmIen6aMCpRzFS2uqZ5WLR8SnvxWOHcuj4SA1dN75N7vsJ9ErjE1iGTiippmKxZxasijUVXAQ7gwLIVO+ZX04/wJFPuMIMSdmxrVB1YyQUxYwkeSeSJER4hAako5Ejn8huPD0qgcfa6UMvEPpxBafu74kY+VJOfFd3plvL+Vpq/lfrRMq76MaUh5EiHM8+8iIGVQDThGCfCoIVm2hAWFC9K8RDJBBWOse8DsGeP3kRmtWKfVY5vakWapdZHDlwCI5ACdjgHNTANaiDBsDgETyDV/BmPBkvxrvxMWtdMrKZA/BHxucPuRicsw==</latexit>

min
x2Rd

f(x) +  (x)



ProxSkip: The Algorithm (Detailed View)

?

?



<latexit sha1_base64="LxrOygh6v0/SsIIiYg9sE0L+bag=">AAACKHicbVDLSsNAFJ34tr6qLt0MtoKrkoioO0URXFawKjShTKY37eBkEmduCiXkc9z4K25EFHHrlzhpu/B1YOBwzrncuSdMpTDouh/O1PTM7Nz8wmJlaXllda26vnFtkkxzaPFEJvo2ZAakUNBCgRJuUw0sDiXchHdnpX8zAG1Eoq5wmEIQs54SkeAMrdSpHtfrfsywH4b5eeFLiLDtN43o5Fj4WvT6GFCr3lN/wDSkRshE0XHALer1SqVTrbkNdwT6l3gTUiMTNDvVF7+b8CwGhVwyY9qem2KQM42CSygqfmYgZfyO9aBtqWIxmCAfHVrQHat0aZRo+xTSkfp9ImexMcM4tMnyKPPbK8X/vHaG0VGQC5VmCIqPF0WZpJjQsjXaFRo4yqEljGth/0p5n2nG0XZbluD9Pvkvud5reAeN/cu92snppI4FskW2yS7xyCE5IRekSVqEkwfyRF7Jm/PoPDvvzsc4OuVMZjbJDzifX0N1pgs=</latexit>

E [ t]  " 0

ProxSkip: Bounding the # of Iterations

<latexit sha1_base64="u5OWsexmE0B072FL40h7D1Z9V2M="></latexit>

t � max

⇢
L

µ
,
1

p2

�
log

1

"

<latexit sha1_base64="1ZdMy7zzeO0w/sWpV5klmeKDqic=">AAAB+nicbVDLTsMwEHTKq4RXCkcuFg0SpyqpEHCs4MKxIPqQ2qhyXKe16tiR7VBVoZ/ChQMIceVLuPE3OG0P0DLSSqOZXe3uhAmjSnvet1VYW9/Y3Cpu2zu7e/sHTumwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBWObnK/9UikooI/6ElCghgNOI0oRtpIPafkut17OhhqJKUYu65t95yyV/FmgKvEX5AyWKDec766fYHTmHCNGVKq43uJDjIkNcWMTO1uqkiC8AgNSMdQjmKigmx2+hSeGqUPIyFNcQ1n6u+JDMVKTeLQdMZID9Wyl4v/eZ1UR1dBRnmSasLxfFGUMqgFzHOAfSoJ1mxiCMKSmlshHiKJsDZp5SH4yy+vkma14l9Uzu+q5dr1Io4iOAYn4Az44BLUwC2ogwbAYAyewSt4s56sF+vd+pi3FqzFzBH4A+vzB/kmkoU=</latexit>)
<latexit sha1_base64="yxZO0EjdNXm0aVa/Gu/yKrxuXDk="></latexit>

 t
def
= kxt � x?k2 +

1

L2p2
kht � h?k2

Lyapunov function:

<latexit sha1_base64="SfZgZhAS48f1uPEbXEJlgTpVW6A="></latexit>

µ
2 kx� yk2  Df (x, y)  L

2 kx� yk2

<latexit sha1_base64="C+rN2a8YJjXGIBAz+D2lFZE/aLk=">AAACDHicbVDLSgMxFM34rPVVdekm2BHctMyUouKq4MaFiwr2AW0pmTTThuYxJJliGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5J4gY1cbzvp2V1bX1jc3MVnZ7Z3dvP3dwWNcyVpjUsGRSNQOkCaOC1Aw1jDQjRRAPGGkEw+up3xgRpakU92YckQ5HfUFDipGxUjeXd0MXUg3dNo/dApZiRB4gEj3o3roFzaU0gyub8oreDHCZ+CnJgxTVbu6r3ZM45kQYzJDWLd+LTCdBylDMyCTbjjWJEB6iPmlZKhAnupPMjpnAU6v0YCiVfcLAmfp7IkFc6zEPbJIjM9CL3lT8z2vFJrzsJFREsSECzxeFMYNGwmkzsEcVwYaNLUFYUftXiAdIIWxsf1lbgr948jKpl4r+ebF8V8pXymkdGXAMTsAZ8MEFqIAbUAU1gMEjeAav4M15cl6cd+djHl1x0pkj8AfO5w8X2Jka</latexit>

f is µ-convex and L-smooth:

<latexit sha1_base64="PPNPN+Cl/U1jrYKGIrXMHyWljbI=">AAACF3icbZA7SwNBFIVn4yvGV9TSZjARrMJuCGoZsLGwiGAekIQwO7mbDJnHMjMrhCX/wsa/YmOhiK12/hsnj0ITDwwczrmX4X5hzJmxvv/tZdbWNza3stu5nd29/YP84VHDqERTqFPFlW6FxABnEuqWWQ6tWAMRIYdmOLqe9s0H0IYpeW/HMXQFGUgWMUqsi3r5UrETaULT20naEcmkiJnBdgiYKtln0xEsExGCxirCxajYyxf8kj8TXjXBwhTQQrVe/qvTVzQRIC3lxJh24Me2mxJtGeUwyXUSAzGhIzKAtrOSCDDddHbXBJ+5pI8jpd2TFs/S3xspEcaMRegmBbFDs9xNw/+6dmKjq27KZJxYkHT+UZRwbBWeQsJ9poFaPnaGUO04UEyHxHGyDmXOQQiWT141jXIpuChV7sqFamWBI4tO0Ck6RwG6RFV0g2qojih6RM/oFb15T96L9+59zEcz3mLnGP2R9/kDjdGe2g==</latexit>

L
µ is the condition number of f

# iterations

p = probability of 
evaluating the prox

Theorem:



ProxSkip: Optimal Prox-Evaluation Probability

<latexit sha1_base64="1ZdMy7zzeO0w/sWpV5klmeKDqic=">AAAB+nicbVDLTsMwEHTKq4RXCkcuFg0SpyqpEHCs4MKxIPqQ2qhyXKe16tiR7VBVoZ/ChQMIceVLuPE3OG0P0DLSSqOZXe3uhAmjSnvet1VYW9/Y3Cpu2zu7e/sHTumwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBWObnK/9UikooI/6ElCghgNOI0oRtpIPafkut17OhhqJKUYu65t95yyV/FmgKvEX5AyWKDec766fYHTmHCNGVKq43uJDjIkNcWMTO1uqkiC8AgNSMdQjmKigmx2+hSeGqUPIyFNcQ1n6u+JDMVKTeLQdMZID9Wyl4v/eZ1UR1dBRnmSasLxfFGUMqgFzHOAfSoJ1mxiCMKSmlshHiKJsDZp5SH4yy+vkma14l9Uzu+q5dr1Io4iOAYn4Az44BLUwC2ogwbAYAyewSt4s56sF+vd+pi3FqzFzBH4A+vzB/kmkoU=</latexit>)

<latexit sha1_base64="PPNPN+Cl/U1jrYKGIrXMHyWljbI=">AAACF3icbZA7SwNBFIVn4yvGV9TSZjARrMJuCGoZsLGwiGAekIQwO7mbDJnHMjMrhCX/wsa/YmOhiK12/hsnj0ITDwwczrmX4X5hzJmxvv/tZdbWNza3stu5nd29/YP84VHDqERTqFPFlW6FxABnEuqWWQ6tWAMRIYdmOLqe9s0H0IYpeW/HMXQFGUgWMUqsi3r5UrETaULT20naEcmkiJnBdgiYKtln0xEsExGCxirCxajYyxf8kj8TXjXBwhTQQrVe/qvTVzQRIC3lxJh24Me2mxJtGeUwyXUSAzGhIzKAtrOSCDDddHbXBJ+5pI8jpd2TFs/S3xspEcaMRegmBbFDs9xNw/+6dmKjq27KZJxYkHT+UZRwbBWeQsJ9poFaPnaGUO04UEyHxHGyDmXOQQiWT141jXIpuChV7sqFamWBI4tO0Ck6RwG6RFV0g2qojih6RM/oFb15T96L9+59zEcz3mLnGP2R9/kDjdGe2g==</latexit>

L
µ is the condition number of f

<latexit sha1_base64="Obhr8WibRImhiubDi+yYCclIk/o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LLaCp5KUol6EghePFewHtKFsNpt26SYbdzeFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPC/mTGnb/rYKG5tb2zvF3dLe/sHhUfn4pKNEIgltE8GF7HlYUc4i2tZMc9qLJcWhx2nXm9zN/e6USsVE9KjTmLohHkUsYARrI7nV9DZGA+ILjerVYbli1+wF0DpxclKBHK1h+WvgC5KENNKEY6X6jh1rN8NSM8LprDRIFI0xmeAR7Rsa4ZAqN1scPUMXRvFRIKSpSKOF+nsiw6FSaeiZzhDrsVr15uJ/Xj/RwY2bsShONI3IclGQcKQFmieAfCYp0Tw1BBPJzK2IjLHERJucSiYEZ/XlddKp15yrWuOhXmk28jiKcAbncAkOXEMT7qEFbSDwBM/wCm/W1Hqx3q2PZWvBymdO4Q+szx/rL5Db</latexit>

y = p · 2

<latexit sha1_base64="G5hnGPQA7SvxAfPO7r+m0c3/hpo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WWwFTyUpRb0IBS8eK9hWaEPZbDft0s0m7G6UEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKa+sbm1vF7dLO7t7+gV0+7KgokYS2ScQjee9jRTkTtK2Z5vQ+lhSHPqddf3I987sPVCoWiTudxtQL8UiwgBGsjTSwy9UUXaF+IDHJ3GkWT6sDu+LUnDnQKnFzUoEcrYH91R9GJAmp0IRjpXquE2svw1Izwum01E8UjTGZ4BHtGSpwSJWXzU+folOjDFEQSVNCo7n6eyLDoVJp6JvOEOuxWvZm4n9eL9HBpZcxESeaCrJYFCQc6QjNckBDJinRPDUEE8nMrYiMsYlBm7RKJgR3+eVV0qnX3PNa47ZeaTbyOIpwDCdwBi5cQBNuoAVtIPAIz/AKb9aT9WK9Wx+L1oKVzxzBH1ifP+HNkxU=</latexit>

y = 1
p

<latexit sha1_base64="WJO29l2z1yofATRNwaVXIyw+lPE=">AAACH3icbVDLSgMxFM3UV62vqks3wVZwVWZKad0IBTcuK9gHdErJpJk2NDMTkztiGeZP3PgrblwoIu76N6aPhbYeuHA4597k3uNJwTXY9tTKbGxube9kd3N7+weHR/njk5aOYkVZk0YiUh2PaCZ4yJrAQbCOVIwEnmBtb3wz89uPTGkehfcwkawXkGHIfU4JGKmfr7rzNxLFBmlR9l0NROFr7PqK0MRJE1c/KEjKaeoSKVX0hO1Sza4V+/mCXbLnwOvEWZICWqLRz3+7g4jGAQuBCqJ117El9BKigFPB0pwbayYJHZMh6xoakoDpXjLfLcUXRhlgP1KmQsBz9fdEQgKtJ4FnOgMCI73qzcT/vG4M/lUv4aGMgYV08ZEfCwwRnoWFB1wxCmJiCKGKm10xHRETDZhIcyYEZ/XkddIql5xqqXJXLtQryziy6Aydo0vkoBqqo1vUQE1E0TN6Re/ow3qx3qxP62vRmrGWM6foD6zpD5D/opM=</latexit>

p? = 1p
2
⇡ 0.707 <latexit sha1_base64="3m5Bxemn6Trww50wZGkS7PLzDes=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruEqEcSLx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnIbm1vbO/ndwt7+weFR8fikZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38799hPXRsTqEScJ9yM6VCIUjKKVHspJuV8suRV3AbJOvIyUIEOjX/zqDWKWRlwhk9SYrucm6E+pRsEknxV6qeEJZWM65F1LFY248aeLU2fkwioDEsbalkKyUH9PTGlkzCQKbGdEcWRWvbn4n9dNMbzxp0IlKXLFlovCVBKMyfxvMhCaM5QTSyjTwt5K2IhqytCmU7AheKsvr5NWteJdVWr31VK9lsWRhzM4h0vw4BrqcAcNaAKDITzDK7w50nlx3p2PZWvOyWZO4Q+czx+P4o1J</latexit>p

<latexit sha1_base64="gWhQqlPxs3LU3J85R+h0lsn4kTQ=">AAACLHicbVC7SgNBFJ2N7/iKWtoMJoJV2A2iNoKYxkIhgolCNoTZyWwcnBczs0Jc9oNs/BVBLAxi63c4SbbQxFMdzrmXe+6JFKPG+v7QK8zNLywuLa8UV9fWNzZLW9stIxONSRNLJvVdhAxhVJCmpZaRO6UJ4hEjt9FDfeTfPhJtqBQ3dqBIh6O+oDHFyDqpW6pfUUE5fSI9GEsNK6oCjbNMPKCiX6woGOKetDCMNcLpZZaGPM kgPM2FIEtVVumWyn7VHwPOkiAnZZCj0S29hT2JE06ExQwZ0w58ZTsp0pZiRrJimBiiEH5AfdJ2VCBOTCcdP5vBfadMwsZSWDhWf2+kiBsz4JGb5Mjem2lvJP7ntRMbn3RSKlRiicCTQ3HCoJVw1BzsUU2wZQNHENbUZYX4HrkarOu36EoIpl+eJa1aNTiqHl7XymfneR3LYBfsgQMQgGNwBi5AAzQBBs/gFXyAoffivXuf3tdktODlOzvgD7zvH5FxpzY=</latexit>

Minimized for p satisfying p · L
µ = 1

p

<latexit sha1_base64="CW8aPUaBtZKPj1yAB9Q7tL16yBI="></latexit>

Computation of optimal p? for L
µ = 2

<latexit sha1_base64="KjAaYta+r3MCO1rZEvkMD4Ok5w8=">AAACGHicbVC7SgNBFJ2NrxhfUUubxaxglewGURshaGNhEcE8IBvC7GQ2GTL7cOauEIb9DBt/xcZCEdt0/o2TTQpNPHDhcM69M/ceL+ZMgm1/G7mV1bX1jfxmYWt7Z3evuH/QlFEiCG2QiEei7WFJOQtpAxhw2o4FxYHHacsb3Uz91hMVkkXhA4xj2g3wIGQ+Ixi01CtWLEu52TNK0H4a91wJWKRXri8wUU6qXPkoQN1V3CBJU8vqFUt22c5gLhNnTkpojnqvOHH7EUkCGgLhWMqOY8fQVVgAI5ymBTeRNMZkhAe0o2mIAyq7KtsoNU+00jf9SOgKwczU3xMKB1KOA093BhiGctGbiv95nQT8y65iYZwADcnsIz/hJkTmNCWzzwQlwMeaYCKY3tUkQ6wjAZ1lQYfgLJ68TJrVsnNePruvlmrX8zjy6Agdo1PkoAtUQ7eojhqIoGf0it7Rh/FivBmfxtesNWfMZw7RHxiTH7XloNA=</latexit>

p? =
1p
L/µ

<latexit sha1_base64="9WWk6NbARU76qAGLV5su/0zHfNE="></latexit>

p · t = p ·max
n

L
µ ,

1
p2

o
· log 1

" = max
n
p · L

µ ,
1
p

o
· log 1

"

<latexit sha1_base64="pDseIzom3sNwKP8LyoVkX6qB1v4="></latexit>

Since in each iteration we evaluate the prox with probability p,
the expected number of prox evaluations after t iterations is:



<latexit sha1_base64="aMHTTP0etJF+S8VUMTdZ81YrQlA=">AAACG3icbVA9SwNBFNzz2/gVtbRZTITYhLsgahm0sVQxKuTC8W6zlyzZ2zt336kh+D9s/Cs2FopYCRb+GzfxCo0OLAwz83j7JkylMOi6n87E5NT0zOzcfGFhcWl5pbi6dm6STDPeYIlM9GUIhkuheAMFSn6Zag5xKPlF2Dsc+hfXXBuRqDPsp7wVQ0eJSDBAKwXFWtlXEEqgUSAqtwFuU/8qgzb1T0Wni6B1cpMrnTxQDoolt+qOQP8SLyclkuM4KL777YRlMVfIJBjT9NwUWwPQKJjkdwU/MzwF1oMOb1qqIOamNRjddke3rNKmUaLtU0hH6s+JAcTG9OPQJmPArhn3huJ/XjPDaL81ECrNkCv2vSjKJMWEDouibaE5Q9m3BJgW9q+UdUEDQ1tnwZbgjZ/8l5zXqt5udeekVqof5HXMkQ2ySSrEI3ukTo7IMWkQRu7JI3kmL86D8+S8Om/f0Qknn1knv+B8fAHY4aAQ</latexit>

rfi(xt) ) gi(xt)

From Gradients to Stochastic Gradients

• As described, in ProxSkip each worker computes the full gradient of its local function
• It’s often better to consider a cheap stochastic approximation of the gradient instead

• We consider this extension in the paper
• We provide theoretical convergence rates

Assumptions:
<latexit sha1_base64="j+coBocCkF1+UwHoylSK7i0Jpmg="></latexit>

E [gi,t(xt) | xt] = rfi(xt)

<latexit sha1_base64="Fsd2Z9Jb9ywpFqZE1P9uHLqZZcI="></latexit>

E
h
kgi,t (xt)�rf (x?)k2 | xt

i
 2ADf (xt, x?) + C

(unbiasedness)

(expected smoothness)
(Gower et al, 2019)

Full gradient Stochastic gradient



• In each communication round of ProxSkip, each worker sends messages to 
all oher workers (e.g., through a server). 
• We can think of ProxSkip workers as the nodes of a fully-connected network.
• In each communication round, all workers communicate with their neighbors.

• In the paper we provide extension to arbitrary connected networks.

From Fully Connected Networks to Arbitrary 
Connected Networks

Fully connected network Arbitrary connected network 



“Philosophically” Related Literature
Gradient Sliding by George Lan

Guanghui Lan
Gradient Sliding for Composite Optimization
Mathematical Programming 2016

Guanghui Lan and Yuyuan Ouyang
Accelerated Gradient Sliding for Structured Convex Optimization
COAP 2022

Guanghui Lan and Yi Zhou
Conditional Gradient Sliding for Convex Optimization
SIAM Journal on Optimization 2016

Dmitry Kovalev, Aleksandr Beznosikov, Ekaterina Dmitrievna Borodich, Alexander Gasnikov, Gesualdo Scutari
Optimal Gradient Sliding and its Application to Optimal Distributed Optimization Under Similarity
NeurIPS 2022



Part 5
RandProx: Primal–Dual Optimization 

Algorithms with Randomized Proximal 
Updates

Laurent Condat and P.R.
RandProx: Primal–Dual Optimization Algorithms with Randomized Proximal Updates
ICLR 2023 (arXiv:2207.12891)



Minimization of the Sum of Three Functions

proximable

proximable
L-smooth

<latexit sha1_base64="rAnmNGYZGaqqadWPK0zbHdRYaOs="></latexit>

prox�g(·)

<latexit sha1_base64="PtUpf001jpFO5boKMQE6gFA24WU="></latexit>

rf(·)
<latexit sha1_base64="vDdOerpiVQojeH5JntqR/6Mif8M="></latexit>

prox⌧h⇤(·)



PDDY: Primal-Dual Davis Yin Splitting

Adil Salim, Laurent Condat, Konstantin Mishchenko and P.R.
Dualize, Split, Randomize: Toward Fast Nonsmooth Optimization Algorithms
JOTA 2022



Special Cases of PDDY

[Drori, Sabach & Teboulle 2015]

[Drori, Sabach & Teboulle 2015]

[Davis & Yin 2017]

[Salim, Condat, Mishchenko & R 2022]

[Chambolle & Pock 2011]

[Boyd et al 2011]



From PDDY to RandProx: Compress the Prox!

Compression operator:

Variance reduction technique known as EF21:

P. R., Igor Sokolov and Ilyas Fatkhullin
EF21: A New, Simpler, Theoretically Better, and Practically Faster Error Feedback
NeurIPS 2021
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Part 6
GradSkip: Clients with Less Important 

Data can do Less Local Training
Artavazd Maranjyan, Mher Safaryan and P.R.
GradSkip: Communication-Accelerated Local Gradient Methods with Better  Computational Complexity
arXiv:2210.16402, 2022
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The End


