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Part 1
Introduction



min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

# parallel 
machines

# model parameters / features
<latexit sha1_base64="zGI/7SoNOwJBVAjxiaXqE6B5qT4="></latexit>

fi(x) := E⇠⇠Di [f(x, ⇠)]

<latexit sha1_base64="lkjn8yQxo5DqznNpVDzSz+oQcJE=">AAACHnicbVDLSgMxFM34rPVVdekm2AquyoxodVnQhQsXFawKbSl3MmkbmkmG5I5Qhn6JG3/FjQtFBFf6N2ZqF74OBA7nnMvNPWEihUXf//BmZufmFxYLS8XlldW19dLG5pXVqWG8ybTU5iYEy6VQvIkCJb9JDIc4lPw6HJ7k/vUtN1ZodYmjhHdi6CvREwzQSd3S4bm2lmpFpWYgaQQItJK1c3467ooKtagNj/JEDGzgttCKqHRLZb/qT0D/kmBKymSKRrf01o40S2OukEmwthX4CXYyMCiY5ONiO7U8ATaEPm85qiDmtpNNzhvTXadEtKeNewrpRP0+kUFs7SgOXTIGHNjfXi7+57VS7B13MqGSFLliX4t6qaSoad4VjYThDOXIEWBGuL9SNgADDF2jRVdC8Pvkv+RqvxrUqrWL/XL9YFpHgWyTHbJHAnJE6uSMNEiTMHJHHsgTefbuvUfvxXv9is5405kt8gPe+yd0NKDH</latexit>

Loss on local data Di stored on machine i

<latexit sha1_base64="g4fct6WLLkeUMoeBqrYCSvunl4U="></latexit>

It takes ⌧i seconds for worker i to compute rf(x, ⇠), where ⇠ ⇠ Di
<latexit sha1_base64="bylxIpAMqSYkgYsK/zy60Xc9eWM="></latexit>

It takes ✓i seconds for worker i to communicate g 2 Rd to the server

Optimization Problem

<latexit sha1_base64="xhtJumzemwkBQAxNTFAKt5mLB+E="></latexit>

Find a (possibly random) vector x̂ 2 Rd such that E
⇥
krf(x̂)k2

⇤
 "

! <latexit sha1_base64="o1qTlVw0Lkc34JKj8UJcenzRYJw=">AAACGXicbZDLTgIxFIY7eEO8oS7dNIKJKzJDDLpwQeLGJSZySYCQTqcDDZ12bM+YEMJruPFV3LjQGJe68m0sMAsE/6TJl/+ck9Pz+7HgBlz3x8msrW9sbmW3czu7e/sH+cOjhlGJpqxOlVC65RPDBJesDhwEa8WakcgXrOkPb6b15iPThit5D6OYdSPSlzzklIC1enm36OJr3AGS9DzcEexhzuWUaaDALPiy2MsX3JI7E14FL4UCSlXr5b86gaJJxCRQQYxpe24M3THRwKlgk1wnMSwmdEj6rG1RkoiZ7nh22QSfWSfAodL2ScAzd3FiTCJjRpFvOyMCA7Ncm5r/1doJhFfdMZdxAkzS+aIwERgUnsaEA64ZBTGyQKjm9q+YDogmFGyYORuCt3zyKjTKJa9SqtyVC9WLNI4sOkGn6Bx56BJV0S2qoTqi6Am9oDf07jw7r86H8zlvzTjpzDH6I+f7F/Vtnm0=</latexit>

0 < ⌧1  ⌧2  · · ·  ⌧n



Parallel Computing Architecture

Worker 1 Worker 2 Worker 3

Server

<latexit sha1_base64="mS0VTRQ8XYb2wv4bI9HkQQrujyE="></latexit>

f1(x) := E⇠⇠D1 [f(x, ⇠)]
<latexit sha1_base64="fg+pJ4jcT+E1HHyN5x1h3/9L7AU="></latexit>

f2(x) := E⇠⇠D2 [f(x, ⇠)]
<latexit sha1_base64="xeTkv6nxl0Fyiu0uU0httoUYU8c="></latexit>

f3(x) := E⇠⇠D3 [f(x, ⇠)]
<latexit sha1_base64="9hSr0PfRTjn4YbJ2oRmuJA2v/zo=">AAACGHicbVDLSgNBEJz1bXxFPXoZTAQFibtB1IsgePGoYFTIhtA76dXBmdllplcMwc/w4q948aCIV2/+jZOYg6+CgaKqm56qJFfSURh+BCOjY+MTk1PTpZnZufmF8uLSmcsKK7AhMpXZiwQcKmmwQZIUXuQWQScKz5Prw75/foPWycycUjfHloZLI1MpgLzULm9VYwOJAp6u327Gt3KDV7nIdF4QcpIa+T6vxgRFO6pyh8K1y5 WwFg7A/5JoSCpsiON2+T3uZKLQaEgocK4ZhTm1emBJCoV3pbhwmIO4hktsempAo2v1BsHu+JpXOjzNrH+G+ED9vtED7VxXJ35SA125315f/M9rFpTutXrS9HMa8XUoLRSnjPdb4h1pUZDqegLCSv9XLq7AgiDfZcmXEP2O/Jec1WvRTm3npF452B7WMcVW2CpbZxHbZQfsiB2zBhPsnj2yZ/YSPARPwWvw9jU6Egx3ltkPBO+ftCadqw==</latexit>

rf(x, ⇠) compute time = ⌧1 secs
<latexit sha1_base64="30zJ2xSdUKjax9gITg6PY09RKUc=">AAACGHicbVDLSgNBEJz1bXxFPXoZTAQFibtB1IsgePGoYFTIhtA76dXBmdllplcMwc/w4q948aCIV2/+jZOYg6+CgaKqm56qJFfSURh+BCOjY+MTk1PTpZnZufmF8uLSmcsKK7AhMpXZiwQcKmmwQZIUXuQWQScKz5Prw75/foPWycycUjfHloZLI1MpgLzULm9VYwOJAp6u327Gt3KDV7nIdF4QcpIa+T6vxgRFu17lDoVrlythLRyA/yXRkFTYEMft8nvcyUSh0ZBQ4FwzCnNq9cCSFArvSnHhMAdxDZfY9NSARtfqDYLd8TWvdHiaWf8M8YH6faMH2rmuTvykBrpyv72++J/XLCjda/Wk6ec04utQWihOGe+3xDvSoiDV9QSElf6vXFyBBUG+y5IvIfod+S85q9eindrOSb1ysD2sY4qtsFW2ziK2yw7YETtmDSbYPXtkz+wleAiegtfg7Wt0JBjuLLMfCN4/AbWwnaw=</latexit>

rf(x, ⇠) compute time = ⌧2 secs
<latexit sha1_base64="uO2sSWjti62TE0v6/VtYD7/aGcA=">AAACGHicbVDLSgNBEJz1bXxFPXoZTAQFibsq6kUQvHhUMCpkQ+id9OrgzOwy0yuG4Gd48Ve8eFDEqzf/xknMwVfBQFHVTU9VkivpKAw/gqHhkdGx8YnJ0tT0zOxceX7hzGWFFVgXmcrsRQIOlTRYJ0kKL3KLoBOF58n1Yc8/v0HrZGZOqZNjU8OlkakUQF5qlTeqsYFEAU9Xb9fjW7nGq1xkOi8IOUmNfJ9XY4KitVXlDoVrlSthLeyD/yXRgFTYAMet8nvczkSh0ZBQ4FwjCnNqdsGSFArvSnHhMAdxDZfY8NSARtfs9oPd8RWvtHmaWf8M8b76faML2rmOTvykBrpyv72e+J/XKCjda3al6eU04utQWihOGe+1xNvSoiDV8QSElf6vXFyBBUG+y5IvIfod+S8526xFO7Wdk83Kwfagjgm2xJbZKovYLjtgR+yY1Zlg9+yRPbOX4CF4Cl6Dt6/RoWCws8h+IHj/BLc6na0=</latexit>

rf(x, ⇠) compute time = ⌧3 secs

<latexit sha1_base64="P5MqkcbJ6EMH/lmlhobJje9DuPo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWyFClKSItVjwYvHCvYDmlAm2027dLMJuxtpKf0rXjwo4tU/4s1/47bNQasPBh7vzTAzL0g4U9pxvqzcxubW9k5+t7C3f3B4ZB8X2ypOJaEtEvNYdgNQlDNBW5ppTruJpBAFnHaC8e3C7zxSqVgsHvQ0oX4EQ8FCRkAbqW8Xy56AgAMOK5NLb8IucLlvl5yqswT+S9yMlFCGZt/+9AYxSSMqNOGgVM91Eu3PQGpGOJ0XvFTRBMgYhrRnqICIKn+2vH2Oz40ywGEsTQmNl+rPiRlESk2jwHRGoEdq3VuI/3m9VIc3/oyJJNVUkNWiMOVYx3gRBB4wSYnmU0OASGZuxWQEEog2cRVMCO76y39Ju1Z169X6fa3UuMriyKNTdIYqyEXXqIHuUBO1EEET9IRe0Ks1t56tN+t91ZqzspkT9AvWxzeawJLU</latexit>

rf(x, ⇠)

<latexit sha1_base64="P5MqkcbJ6EMH/lmlhobJje9DuPo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWyFClKSItVjwYvHCvYDmlAm2027dLMJuxtpKf0rXjwo4tU/4s1/47bNQasPBh7vzTAzL0g4U9pxvqzcxubW9k5+t7C3f3B4ZB8X2ypOJaEtEvNYdgNQlDNBW5ppTruJpBAFnHaC8e3C7zxSqVgsHvQ0oX4EQ8FCRkAbqW8Xy56AgAMOK5NLb8IucLlvl5yqswT+S9yMlFCGZt/+9AYxSSMqNOGgVM91Eu3PQGpGOJ0XvFTRBMgYhrRnqICIKn+2vH2Oz40ywGEsTQmNl+rPiRlESk2jwHRGoEdq3VuI/3m9VIc3/oyJJNVUkNWiMOVYx3gRBB4wSYnmU0OASGZuxWQEEog2cRVMCO76y39Ju1Z169X6fa3UuMriyKNTdIYqyEXXqIHuUBO1EEET9IRe0Ks1t56tN+t91ZqzspkT9AvWxzeawJLU</latexit>

rf(x, ⇠)
<latexit sha1_base64="P5MqkcbJ6EMH/lmlhobJje9DuPo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WWyFClKSItVjwYvHCvYDmlAm2027dLMJuxtpKf0rXjwo4tU/4s1/47bNQasPBh7vzTAzL0g4U9pxvqzcxubW9k5+t7C3f3B4ZB8X2ypOJaEtEvNYdgNQlDNBW5ppTruJpBAFnHaC8e3C7zxSqVgsHvQ0oX4EQ8FCRkAbqW8Xy56AgAMOK5NLb8IucLlvl5yqswT+S9yMlFCGZt/+9AYxSSMqNOGgVM91Eu3PQGpGOJ0XvFTRBMgYhrRnqICIKn+2vH2Oz40ywGEsTQmNl+rPiRlESk2jwHRGoEdq3VuI/3m9VIc3/oyJJNVUkNWiMOVYx3gRBB4wSYnmU0OASGZuxWQEEog2cRVMCO76y39Ju1Z169X6fa3UuMriyKNTdIYqyEXXqIHuUBO1EEET9IRe0Ks1t56tN+t91ZqzspkT9AvWxzeawJLU</latexit>

rf(x, ⇠)

<latexit sha1_base64="vzynl8KalDkTxDhcKa9DtkFcv7U=">AAACB3icbVC7SgNBFJ31GeNr1VKQwUSwCrtBomXAxjKCeUCyhNnZm2TI7IOZu2II6Wz8FRsLRWz9BTv/xkmyhSYeGDiccw937vETKTQ6zre1srq2vrGZ28pv7+zu7dsHhw0dp4pDnccyVi2faZAigjoKlNBKFLDQl9D0h9dTv3kPSos4usNRAl7I+pHoCc7QSF37pPhQpH1ATdMkYAgB9UcUB0A1KJPr2gWn5MxAl4mbkQLJUOvaX50g5mkIEXLJtG67ToLemCkUXMIk30k1JIwPWR/ahkYsBO2NZ3dM6JlRAtqLlXkR0pn6OzFmodaj0DeTIcOBXvSm4n9eO8XelTcWUZIiRHy+qJdKijGdlkIDoYCjHBnCuBLmr5QPmGIcTXV5U4K7ePIyaZRLbqVUuS0XqhdZHTlyTE7JOXHJJamSG1IjdcLJI3kmr+TNerJerHfrYz66YmWZI/IH1ucPm0uYfw==</latexit>

x gets updated by the server

<latexit sha1_base64="O8G8YX2DjUqIOLJFanflbGKMtf8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbpHosePFYwX5Au5Rsmm1Dk+ySZMWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu49UaRbJBzOLqS/wWLKQEWwyqfpURcNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE469ZrXqDXu65XmVR5HEc7gHC7Bg2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8A8taNfQ==</latexit>x

<latexit sha1_base64="O8G8YX2DjUqIOLJFanflbGKMtf8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbpHosePFYwX5Au5Rsmm1Dk+ySZMWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu49UaRbJBzOLqS/wWLKQEWwyqfpURcNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE469ZrXqDXu65XmVR5HEc7gHC7Bg2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8A8taNfQ==</latexit>x<latexit sha1_base64="O8G8YX2DjUqIOLJFanflbGKMtf8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CbaCp7JbpHosePFYwX5Au5Rsmm1Dk+ySZMWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu49UaRbJBzOLqS/wWLKQEWwyqfpURcNyxa25C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJrzxUybjxFBJlovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8mG4K2+vE469ZrXqDXu65XmVR5HEc7gHC7Bg2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8A8taNfQ==</latexit>x



Three Types of Heterogeneity

Data

Compute

Communication

<latexit sha1_base64="XBmvm9hXIqQ+mA3yo9Fet5VuW+o="></latexit>

compute times ⌧1, . . . , ⌧n are nonzero and can be di↵erent

<latexit sha1_base64="o2rXfI7K40fsx8SZASc8NU4ZMJQ=">AAACK3icbVDLSgNBEJz1bXxFPXoZjIIHCbtBosegHjwqGBNIQuid9Org7Owy0yuEJf/jxV/xoAcfePU/nMQgvgoGiuqu7ukKUyUt+f6LNzE5NT0zOzdfWFhcWl4prq5d2CQzAusiUYlphmBRSY11kqSwmRqEOFTYCK+PhvXGDRorE31O/RQ7MVxqGUkB5KRu8bAHBLznFhkZZkPN8q28LUDx40E32G33ErK7/EvRW1yA5iE6TxShQU3dYskv+yPwvyQYkxIb47RbfHBTRRY7r1BgbSvwU+rkYEgKhYNCO7OYgriGS2w5qiFG28lHtw74tlN6PEqMe5r4SP3uyCG2th+HrjMGurK/a0Pxv1oro+igk0udZoRafC6KMsUp4cPg3L0GBam+IyCMdH/l4goMCHLxFlwIwe+T/5KLSjmolqtnlVJtbxzHHNtgm2yHBWyf1dgJO2V1Jtgtu2dP7Nm78x69V+/ts3XCG3vW2Q947x/DG6a6</latexit>

data distributions D1, . . . ,Dn can be di↵erent

<latexit sha1_base64="n1tjy1cjEBoP17oK0kxakMoMs7E="></latexit>

communication times ✓1, . . . , ✓n are nonzero and can be di↵erent



Typical Assumptions

<latexit sha1_base64="mMLJATvJqwv+jg7k+5If9rp0Onc=">AAACAnicbVDLSsNAFL3xWesr6krcDLaCq5IUqS4LblxWsQ9oSplMJ+3QySTMTIQSiht/xY0LRdz6Fe78GydtFtp6YJjDOfdy7z1+zJnSjvNtrayurW9sFraK2zu7e/v2wWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74OvPbD1QqFol7PYlpL8RDwQJGsDZS3z4ulz0mAhQg8yEvxHrk++ndtFzu2yWn4syAlombkxLkaPTtL28QkSSkQhOOleq6Tqx7KZaaEU6nRS9RNMZkjIe0a6jAIVW9dHbCFJ0ZZYCCSJonNJqpvztSHCo1CX1Tme2oFr1M/M/rJjq46qVMxImmgswHBQlHOkJZHmjAJCWaTwzBRDKzKyIjLDHRJrWiCcFdPHmZtKoVt1ap3VZL9Ys8jgKcwCmcgwuXUIcbaEATCDzCM7zCm/VkvVjv1se8dMXKe47gD6zPH/EmldY=</latexit>

inf f 2 R
<latexit sha1_base64="q4/FIEUmLaki9N5s0ct4n55Jn2Q="></latexit>

fi(x) := E⇠⇠Di [f(x, ⇠)]

<latexit sha1_base64="FqBIky44f5dBz1WmmElFq8LfTG0="></latexit>

max
i2{1,...,n}

sup
x 6=y

krfi(x)�rfi(y)k
kx� yk  L

1

2

<latexit sha1_base64="MQSX2wd4IDwTmwMtsRfqcNA2e3Q="></latexit>

max
i2{1,...,n}

sup
x2Rd

E⇠⇠Di

⇥
krf(x, ⇠)� E⇠⇠Di [rf(x, ⇠)] k2

⇤
 �2

Stochastic gradients have bounded variance:

Gradient of local functions is Lipschitz:



Alexander Tyurin and P.R.
On the optimal time complexities in decentralized stochastic 
asynchronous optimization
arXiv:2405.16218, 2024

5/2024
Fragile SGD, Amelie SGD

+ accelerated variants

Our Papers

Alexander Tyurin, Kaja Gruntkowska, and P.R.
Freya PAGE: First optimal time complexity for large-scale 
nonconvex finite-sum optimization with heterogeneous 
asynchronous computations
arXiv:2405.1554, 2024

5/2024
Freya PAGE
Freya SGD

Alexander Tyurin, Marta Pozzi, Ivan Ilin and P.R.
Shadowheart SGD: Distributed asynchronous SGD with optimal 
time complexity under arbitrary computation and 
communication heterogeneity
arXiv:2402.04785, 2024

2/2024
Shadowheart SGD

… communication 
(and computation) heterogeneity

[Rennala SGD as a special case]

… computation heterogeneity for 
finite-sum problems

… computation and 
communication heterogeneity in 

the decentralized setup

Alexander Tyurin and P.R.
Optimal time complexities of parallel stochastic optimization 
methods under a fixed computation model
NeurIPS 2023

5/2023
Rennala SGD
Malenia SGD

Acc. Rennala SGD

… computation 
(and/or data) heterogeneity

First optimal 
parallel SGD under…

<latexit sha1_base64="mKhUqFyQfrlAhZ1zlATZcXL2i1Q=">AAACEHicbVA9TwJBEN3DL8SvU0ubjWCkkdxRoLEisbHERD4SQLK3DMeG3b1zd8+EEH6CjX/FxkJjbC3t/DfewRUKvmSSl/dmMjPPCznTxnG+rczK6tr6RnYzt7W9s7tn7x80dBApCnUa8EC1PKKBMwl1wwyHVqiACI9D0xtdJX7zAZRmgbw14xC6gviSDRglJpZ69imT2AwBc6J8ONOUcMAKfCbgEhdEx4d7LO/KhVzPzjslZwa8TNyU5FGKWs/+6vQDGgmQhnKiddt1QtOdEGUY5TDNdSINIaEj4kM7ppII0N3J7KEpPomVPh4EKi5p8Ez9PTEhQuux8OJOQcxQL3qJ+J/XjszgojthMowMSDpfNIg4NgFO0sF9poAaPo4JoYrFt2I6JIpQE2eYhOAuvrxMGuWSWylVbsr5ajGNI4uO0DEqIhedoyq6RjVURxQ9omf0it6sJ+vFerc+5q0ZK505RH9gff4A4z6bIQ==</latexit>

in the large-scale regime: m � n2



Rennala
Rennala, Queen of the Full Moon is a 

Legend Boss in Elden Ring. Though not a 
demigod, Rennala is one of the 

shardbearers who resides in the Academy 
of Raya Lucaria. Rennala is a powerful 

sorceress, head of the Carian Royal 
family, and erstwhile leader of the 

Academy. Shadowheart

Peter, What About the Weird Algorithm Names?



Optimal Parallel Stochastic Gradient Methods

Data 
Heterogeneity

Compute 
Heterogeneity

Communication 
Heterogeneity

Smooth 
Nonconvex

Smooth 
Convex

Infinite / Finite 
Sum?

Supports 
Decentralized 

Setup?

Optimal 
Time 

Complexity?

Rennala SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Malenia SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Accelerated Rennala SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Shadowheart SGD
Tyurin, Pozzi, Ilin & R ‘24 Inf

Freya PAGE
Tyurin, Gruntkowska & R ‘24 0 Finite

Freya SGD
Tyurin, Gruntkowska & R ‘24 0 Finite

Fragile SGD
Tyurin & R ‘24 Inf nearly

Amelie SGD
Tyurin & R ‘24 Inf

big data regime

<latexit sha1_base64="jLGR5Zz6XNCx8thOncvM7LlKm3g=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAixCbspoiWAS0sI5gHJEuYndxNhszOLjOzQlhi46/YWChi61/Y+TdOki008cDA4Zx7uHOPH3OmtON8W7m19Y3Nrfx2YWd3b//APjxqqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98PfPbDyAVi8S9nsTghWQoWMAo0Ubq2yflUtqjhOObaZ+V8IAFAUgQ+qJvF52KMwdeJW5GiihDo29/9QYRTUITppwo1XWdWHspkZpRDtNCL1EQEzomQ+gaKkgIykvnF0zxuVEGOIikeULjufo7kZJQqUnom8mQ6JFa9mbif1430cGVlzIRJxoEXSwKEo51hGd1mIMlUM0nhhAqmfkrpiMiCdWmtIIpwV0+eZW0qhW3VqndVYv1clZHHp2iM1RGLrpEdXSLGqiJKHpEz+gVvVlP1ov1bn0sRnNWljlGf2B9/gChEJWq</latexit>

(Di di↵erent)
<latexit sha1_base64="pvzxIWbDz1833EN5WQwKI9lVcXU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g61QNyXporosuHFZwT6gDWEynbRDJ5MwcyPUUPwVNy4Ucet/uPNvnLZZaOuBgcM59zD3niARXIPjfFtr6xubW9uFneLu3v7BoX103NZxqihr0VjEqhsQzQSXrAUcBOsmipEoEKwTjG9mfueBKc1jeQ+ThHkRGUoeckrASL59Win3gaQ+L+MBD0OmmIRL3y45VWcOvErcnJRQjqZvf/UHMU0jE6aCaN1znQS8jCjgVLBpsZ9qlhA6JkPWM1SSiGkvm28/xRdGGeAwVuZJwHP1dyIjkdaTKDCTEYGRXvZm4n9eL4Xw2su4TFJgki4+ClOBIcazKszBilEQE0MIVdzsiumIKELBFFY0JbjLJ6+Sdq3q1qv1u1qpUcnrKKAzdI4qyEVXqIFuURO1EEWP6Bm9ojfryXqx3q2PxeialWdO0B9Ynz8JC5RA</latexit>

(⌧i di↵erent)
<latexit sha1_base64="FIqk4gv3WYu/5CJsfXR5aiXA130=">AAAB/3icbVC7SgNBFJ31GeNrVbCxWUyE2ITdFNEyYGMZwTwgWZbZyd1kyOyDmbtCWFP4KzYWitj6G3b+jZNkC008MHA45x7m3uMngiu07W9jbX1jc2u7sFPc3ds/ODSPjtsqTiWDFotFLLs+VSB4BC3kKKCbSKChL6Djj29mfucBpOJxdI+TBNyQDiMecEZRS555Win3cQRIPV62BjwIQEKEl55Zsqv2HNYqcXJSIjmanvnVH8QsDXWYCapUz7ETdDMqkTMB02I/VZBQNqZD6Gka0RCUm833n1oXWhlYQSz1i9Caq78TGQ2VmoS+ngwpjtSyNxP/83opBtduxqMkRYjY4qMgFRbG1qwMfbAEhmKiCWWS610tNqKSMtSVFXUJzvLJq6Rdqzr1av2uVmpU8joK5IyckwpxyBVpkFvSJC3CyCN5Jq/kzXgyXox342MxumbkmRPyB8bnD5gTlSA=</latexit>

(✓i di↵erent)



Part 2
Previous Approaches 
to Parallelizing SGD



Hero SGD
Algorithmic idea: The fastest worker does it all!

The hero!



(Fair) Minibatch SGD
Algorithmic idea: Each worker does one job only!



Asynchronous SGD
Algorithmic idea: All workers are slaves and useful



published in NIPS 2011

NeurIPS 2020 Test of Time Award



Our Inspiration: Two Beautiful Papers

arXiv: June 15, 2022 arXiv: June 16, 2022



Part 3
Rennala SGD

Alexander Tyurin and P.R.
Optimal time complexities of parallel stochastic optimization 
methods under a fixed computation model
NeurIPS 2023



Rennala SGD
Algorithmic idea: Minibatch SGD with asynchronous minibatch collection



Upper Bound

Theorem (informal)
Assume data homogeneity and zero communication times.
Then Rennala SGD solves the problem in

seconds.

<latexit sha1_base64="sbw2SanmFDFhK7cIGugB28OmtE0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gIdWFJilQRhIIuXFawD2hqmUwn7dDJJMxMxBKKG3/FjQtF3PoV7vwbp20W2nrgwuGce7n3Hi9iVCrb/jYyC4tLyyvZ1dza+sbmlrm9U5dhLDCp4ZCFoukhSRjlpKaoYqQZCYICj5GGN7gc+417IiQN+a0aRqQdoB6nPsVIaalj7lmWe0WYQucXfuHhzj46din3oW9ZHTNvF+0J4DxxUpIHKaod88vthjgOCFeYISlbjh2pdoKEopiRUc6NJYkQHqAeaWnKUUBkO5m8MIKHWulCPxS6uIIT9fdEggIph4GnOwOk+nLWG4v/ea1Y+WfthPIoVoTj6SI/ZlCFcJwH7FJBsGJDTRAWVN8KcR8JhJVOLadDcGZfnif1UtEpF8s3pXzlJI0jC/bBASgAB5yCCrgGVVADGDyCZ/AK3own48V4Nz6mrRkjndkFf2B8/gCYlJT2</latexit>

� := f(x0)� inf f

<latexit sha1_base64="wIp+Qb8MwEVPFgfhszQhW+dxL/M=">AAACCXicbVC7SgNBFL0bXzG+Vi1tBrOCjWE3SLQMWGiRIoJ5QLKE2clsMmT2wcysEJe0Nv6KjYUitv6BnX/jJNlCEw8MHM659869x4s5k8q2v43cyura+kZ+s7C1vbO7Z+4fNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG11N/dY9FZJF4Z0ax9QN8CBkPiNYaalnomuB+4yGCkU+snwLMYmsmnVWY7EkQ6YeembRLtkzoGXiZKQIGeo986vbj0gS6JmEYyk7jh0rN8VCMcLppNBNJI0xGeEB7Wga4oBKN51dMkEnWukjPxL66Z1m6u+OFAdSjgNPVwZYDeWiNxX/8zqJ8i/dlIVxomhI5h/5CUcqQtNYUJ8JShQfa4KJYHpXRIZYYKJ0eAUdgrN48jJplktOpVS5LRer51kceTiCYzgFBy6gCjdQhwYQeIRneIU348l4Md6Nj3lpzsh6DuEPjM8fu/WYbg==</latexit>

Gradient of f is L-Lipschitz

<latexit sha1_base64="2zKC7NWtFz2vWzWaB2XGHFoqzaM="></latexit>

sup
x2Rd

E⇠⇠D
⇥
krf(x, ⇠)�rf(x)k2

⇤
 �2<latexit sha1_base64="NOwTpYWyVUWufw8Es1nHGqUshZw="></latexit>

Algorithm outputs x̂ such that E
⇥
krf(x̂)k2

⇤
 "

<latexit sha1_base64="o1qTlVw0Lkc34JKj8UJcenzRYJw=">AAACGXicbZDLTgIxFIY7eEO8oS7dNIKJKzJDDLpwQeLGJSZySYCQTqcDDZ12bM+YEMJruPFV3LjQGJe68m0sMAsE/6TJl/+ck9Pz+7HgBlz3x8msrW9sbmW3czu7e/sH+cOjhlGJpqxOlVC65RPDBJesDhwEa8WakcgXrOkPb6b15iPThit5D6OYdSPSlzzklIC1enm36OJr3AGS9DzcEexhzuWUaaDALPiy2MsX3JI7E14FL4UCSlXr5b86gaJJxCRQQYxpe24M3THRwKlgk1wnMSwmdEj6rG1RkoiZ7nh22QSfWSfAodL2ScAzd3FiTCJjRpFvOyMCA7Ncm5r/1doJhFfdMZdxAkzS+aIwERgUnsaEA64ZBTGyQKjm9q+YDogmFGyYORuCt3zyKjTKJa9SqtyVC9WLNI4sOkGn6Bx56BJV0S2qoTqi6Am9oDf07jw7r86H8zlvzTjpzDH6I+f7F/Vtnm0=</latexit>

0 < ⌧1  ⌧2  · · ·  ⌧n

<latexit sha1_base64="PHyqo2dLogjBDsWoQh5al0diHPU=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqewWqR4LvXisYD+gXUo2zbahSXZNZgtl6e/w4kERr/4Yb/4bs+0etPXBwOO9GWbmBbHgBlz32ylsbe/s7hX3SweHR8cn5dOzjokSTVmbRiLSvYAYJrhibeAgWC/WjMhAsG4wbWZ+d8a04ZF6hHnMfEnGioecErCS34xknADDwCUzw3LFrbpL4E3i5aSCcrSG5a/BKKKJZAqoIMb0PTcGPyUaOBVsURokhsWETsmY9S1VxC7x0+XRC3xllREOI21LAV6qvydSIo2Zy8B2SgITs+5l4n9eP4Hwzk+5yh5TdLUoTASGCGcJ4BHXjIKYW0Ko5vZWTCdEEwo2p5INwVt/eZN0alWvXq0/1CqNmzyOIrpAl+gaeegWNdA9aqE2ougJPaNX9ObMnBfn3flYtRacfOYc/YHz+QPMA5IW</latexit>

Compute times

<latexit sha1_base64="z9I7QWTN4KVGr0wMXkxrDS9gDEY=">AAACBHicbVDLSgMxFM34rPU16rKbYBFclZki1WXBjSupYB/QDiWT3mlDk8yQZIQydOHGX3HjQhG3foQ7/8a0nYW2HrhwOOfe5N4TJpxp43nfztr6xubWdmGnuLu3f3DoHh23dJwqCk0a81h1QqKBMwlNwwyHTqKAiJBDOxxfz/z2AyjNYnlvJgkEggwlixglxkp9t3SbihAUjiOcEEU4B44FoSP7nO67Za/izYFXiZ+TMsrR6LtfvUFMUwHSUE607vpeYoKMKMMoh2mxl2pICB2TIXQtlUSADrL5EVN8ZpUBjmJlSxo8V39PZERoPRGh7RTEjPSyNxP/87qpia6CjMkkNSDp4qMo5djEeJYIHjAF1PCJJYQqZnfFdGSzoMbmVrQh+Msnr5JWteLXKrW7arl+kcdRQCV0is6Rjy5RHd2gBmoiih7RM3pFb86T8+K8Ox+L1jUnnzlBf+B8/gBibpfn</latexit>

Number of parallel machines<latexit sha1_base64="fsm6WduP6RHlmcPSB5pSvhZ/rWE="></latexit>

96⇥ min
m2{1,...,n}

 
1

m

mX

i=1

1

⌧i

!�1✓
L�

"
+

L��2

"2m

◆



Matching Lower Bound

Theorem (informal)

It is not possible to design a method that will find a solution faster than in 

<latexit sha1_base64="I82gk+nIXCqm3wiYwMygPfXLh/0="></latexit>

⌦

0

@ min
m2{1,...,n}

 
1

m

mX

i=1

1

⌧i

!�1✓
L�

"
+

L��2

"2m

◆1

A

seconds.

Rennala SGD = first optimal parallel SGD



Classical Oracle: Keeps Track of # Iterations

Function class Algorithm classOracle class
Distribution 

governing noise

<latexit sha1_base64="QnsHR/gHWLESWShapUVZF7ZmVKw="></latexit>

moracle (A,F) := inf
A2A

sup
f2F

sup
(O,D)2O(f)

inf
�
k 2 N

��E
⇥
krf(xk)k2

⇤
 "

 
Iteration complexity (classical complexity measure):

Typically, stochastic gradient:
 

[Nemirovsky and Yudin, 1983]
[Carmon et al, 2020] [Arjevani et al, 2022]

[Nesterov, 2018]

<latexit sha1_base64="+FHY87i9G/145GG1CMINbh5ghYw=">AAACDXicbVDLSsNAFJ3UV62vqEs3g61QUUrSRXUjFN24rGAf0KRlMp20QyaTMDORltAfcOOvuHGhiFv37vwbp4+Fth64cDjnXu69x4sZlcqyvo3Myura+kZ2M7e1vbO7Z+4fNGSUCEzqOGKRaHlIEkY5qSuqGGnFgqDQY6TpBTcTv/lAhKQRv1ejmLgh6nPqU4yUlrpmodDvpMGZPYZX0OHIYwj6xWEnOIfOkM6c00LXzFslawq4TOw5yYM5al3zy+lFOAkJV5ghKdu2FSs3RUJRzMg45ySSxAgHqE/amnIUEumm02/G8EQrPehHQhdXcKr+nkhRKOUo9HRniNRALnoT8T+vnSj/0k0pjxNFOJ4t8hMGVQQn0cAeFQQrNtIEYUH1rRAPkEBY6QBzOgR78eVl0iiX7EqpclfOV6/ncWTBETgGRWCDC1AFt6AG6gCDR/AMXsGb8WS8GO/Gx6w1Y8xnDsEfGJ8/xdeZfQ==</latexit>

gk+1 = rf(xk, ⇠k+1)

Natural for sequential methods, where a 

single worker does all th
e work!



New Oracle: Keeps Track of Time

Time complexity (new complexity measure):

<latexit sha1_base64="QnsHR/gHWLESWShapUVZF7ZmVKw="></latexit>

moracle (A,F) := inf
A2A

sup
f2F

sup
(O,D)2O(f)

inf
�
k 2 N

��E
⇥
krf(xk)k2

⇤
 "

 
Iteration complexity (classical complexity measure):

<latexit sha1_base64="8vif1PFoYfKsgZ0rcaxVxRK1LB4="></latexit>

St :=
�
k 2 N [ {0}

�� tk  t
 

Natural for parallel methods!

<latexit sha1_base64="2Y/o2i0PDMzOC8JHJOXuwS5FlyM="></latexit>

mtime (A,F) := inf
A2A

sup
f2F

sup
(O,D)2O(f)

inf

⇢
t � 0

����E

inf
k2St

krf(xk)k2
�
 "

�



Data Homogeneous Regime



<latexit sha1_base64="Q7KSLYOA4DtVXbfHEad6t9tpMMw="></latexit>

The experiments are emulated with ⌧i =
p
i seconds

Experimental Results (Sample)



Part 4
Two Extensions



Extension 1: Data Heterogeneous Regime



Extension 2: Convex (Data Homogeneous) Regime

<latexit sha1_base64="HgZWxtkI8SFAAgzz8KiyZbWIhWg="></latexit>

rf is L-Lipschitz, f is M -Lipschitz, and kx0 � x?k  R



The End



Part 5
Further Extensions



Optimal Parallel Stochastic Gradient Methods

Data 
Heterogeneity

Compute 
Heterogeneity

Communication 
Heterogeneity

Smooth 
Nonconvex

Smooth 
Convex

Infinite / Finite 
Sum?

Supports 
Decentralized 

Setup?

Optimal 
Time 

Complexity?

Rennala SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Malenia SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Accelerated Rennala SGD
Tyurin & R (NeurIPS ‘23) 0 Inf

Shadowheart SGD
Tyurin, Pozzi, Ilin & R ‘24 Inf

Freya PAGE
Tyurin, Gruntkowska & R ‘24 0 Finite

Freya SGD
Tyurin, Gruntkowska & R ‘24 0 Finite

Fragile SGD
Tyurin & R ‘24 Inf nearly

Amelie SGD
Tyurin & R ‘24 Inf

big data regime

<latexit sha1_base64="jLGR5Zz6XNCx8thOncvM7LlKm3g=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAixCbspoiWAS0sI5gHJEuYndxNhszOLjOzQlhi46/YWChi61/Y+TdOki008cDA4Zx7uHOPH3OmtON8W7m19Y3Nrfx2YWd3b//APjxqqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX98PfPbDyAVi8S9nsTghWQoWMAo0Ubq2yflUtqjhOObaZ+V8IAFAUgQ+qJvF52KMwdeJW5GiihDo29/9QYRTUITppwo1XWdWHspkZpRDtNCL1EQEzomQ+gaKkgIykvnF0zxuVEGOIikeULjufo7kZJQqUnom8mQ6JFa9mbif1430cGVlzIRJxoEXSwKEo51hGd1mIMlUM0nhhAqmfkrpiMiCdWmtIIpwV0+eZW0qhW3VqndVYv1clZHHp2iM1RGLrpEdXSLGqiJKHpEz+gVvVlP1ov1bn0sRnNWljlGf2B9/gChEJWq</latexit>

(Di di↵erent)
<latexit sha1_base64="pvzxIWbDz1833EN5WQwKI9lVcXU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g61QNyXporosuHFZwT6gDWEynbRDJ5MwcyPUUPwVNy4Ucet/uPNvnLZZaOuBgcM59zD3niARXIPjfFtr6xubW9uFneLu3v7BoX103NZxqihr0VjEqhsQzQSXrAUcBOsmipEoEKwTjG9mfueBKc1jeQ+ThHkRGUoeckrASL59Win3gaQ+L+MBD0OmmIRL3y45VWcOvErcnJRQjqZvf/UHMU0jE6aCaN1znQS8jCjgVLBpsZ9qlhA6JkPWM1SSiGkvm28/xRdGGeAwVuZJwHP1dyIjkdaTKDCTEYGRXvZm4n9eL4Xw2su4TFJgki4+ClOBIcazKszBilEQE0MIVdzsiumIKELBFFY0JbjLJ6+Sdq3q1qv1u1qpUcnrKKAzdI4qyEVXqIFuURO1EEWP6Bm9ojfryXqx3q2PxeialWdO0B9Ynz8JC5RA</latexit>

(⌧i di↵erent)
<latexit sha1_base64="FIqk4gv3WYu/5CJsfXR5aiXA130=">AAAB/3icbVC7SgNBFJ31GeNrVbCxWUyE2ITdFNEyYGMZwTwgWZbZyd1kyOyDmbtCWFP4KzYWitj6G3b+jZNkC008MHA45x7m3uMngiu07W9jbX1jc2u7sFPc3ds/ODSPjtsqTiWDFotFLLs+VSB4BC3kKKCbSKChL6Djj29mfucBpOJxdI+TBNyQDiMecEZRS555Win3cQRIPV62BjwIQEKEl55Zsqv2HNYqcXJSIjmanvnVH8QsDXWYCapUz7ETdDMqkTMB02I/VZBQNqZD6Gka0RCUm833n1oXWhlYQSz1i9Caq78TGQ2VmoS+ngwpjtSyNxP/83opBtduxqMkRYjY4qMgFRbG1qwMfbAEhmKiCWWS610tNqKSMtSVFXUJzvLJq6Rdqzr1av2uVmpU8joK5IyckwpxyBVpkFvSJC3CyCN5Jq/kzXgyXox342MxumbkmRPyB8bnD5gTlSA=</latexit>

(✓i di↵erent)



Shadowheart SGD: 

Optimal Parallel SGD under 
Compute and Communication 

Heterogeneity



Shadowheart SGD

<latexit sha1_base64="DM2tyY+wbxP4uGRj9Sa+JXA/Vws="></latexit>

xk+1 = xk � � ·

nP
i=1

wi

miP
j=1

Cij
✓

biP
l=1

rf(xk, ⇠kil)

◆

nP
i=1

wimibi





Shadowheart SGD







Amelie SGD: 

Optimal SGD under Computation and 
Communication Heterogeneity in the  

Decentralized Setup



Decentralized Setup: Amelie SGD



The End
(for real)


