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Part 1
Broximal Point Method

Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, convergence theory, and applications
arXiv preprint arXiv:2502.02002, 2025



Problem Formulation

<latexit sha1_base64="Gh0bE3RSaRHq7G+SH6EmP3p+ipw=">AAACCnicbVC7TsMwFHXKq5RXgZHF0CKVpUo6FMYKFsaC6ENqSuQ4TmvVcSLbQa2iziz8CgsDCLHyBWz8DU6bAVqOdKWjc+7Vvfe4EaNSmea3kVtZXVvfyG8WtrZ3dveK+wdtGcYCkxYOWSi6LpKEUU5aiipGupEgKHAZ6bijq9TvPBAhacjv1CQi/QANOPUpRkpLTvG4XLYDyp1kbFMO7QCpoesmt9N7bwr9yvisXHaKJbNqzgCXiZWREsjQdIpfthfiOCBcYYak7FlmpPoJEopiRqYFO5YkQniEBqSnKUcBkf1k9soUnmrFg34odHEFZ+rviQQFUk4CV3emt8pFLxX/83qx8i/6CeVRrAjH80V+zKAKYZoL9KggWLGJJggLqm+FeIgEwkqnV9AhWIsvL5N2rWrVq/WbWqlxmcWRB0fgBFSABc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx/z1pyRzRyCPzA+fwBt7Zl1</latexit>

min
x2Rd

f(x)

<latexit sha1_base64="wIlTqtf0C3NOc+gT0k8fG9W8KFY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAruCpJkSq4KbhxWcE+oAlhMp20Q2cmYWYillA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+greJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44up76nXsiFY3FnR4nxOdoIGhEMdJGCuyjykPgQI8KmHmSw37MJ9C7glElsMtO1ZkBLhM3J2WQoxnYX14/xiknQmOGlOq5TqL9DElNMSOTkpcqkiA8QgPSM1QgTpSfzT6YwFOj9GEUS1NCw5n6eyJDXKkxD00nR3qoFr2p+J/XS3V06WdUJKkmAs8XRSmDOobTOGCfSoI1GxuCsKTmVoiHSCKsTWglE4K7+PIyadeqbr1av62VG+d5HEVwDE7AGXDBBWiAG9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPzSGVKA==</latexit>

x0 2 dom f

<latexit sha1_base64="ktbL1iopr/lSf3Jep5R+YaB70AY=">AAACCHicbVA9TwJBEN3DL8SvU0sLN4LGwpA7CrQk2lhiIh8JXMjeMgcb9nYvu3tEQiht/Cs2Fhpj60+w8994BxQKvmSSl/dmMjPPjzjTxnG+rczK6tr6RnYzt7W9s7tn7x/UtYwVhRqVXKqmTzRwJqBmmOHQjBSQ0OfQ8Ac3qd8YgtJMinszisALSU+wgFFiEqljHxeCAmYaR0pGoC4w5VJDF7fPMJViCA8dO+8UnSnwMnHnJI/mqHbsr3ZX0jgEYSgnWrdcJzLemCjDKIdJrh1riAgdkB60EipICNobTx+Z4NM4XR5IlZQweKr+nhiTUOtR6CedITF9veil4n9eKzbBlTdmIooNCDpbFMQcG4nTVHCXKaCGjxJCqGLJrZj2iSLUJNnlkhDcxZeXSb1UdMvF8l0pX7mex5FFR+gEnSMXXaIKukVVVEMUPaJn9IrerCfrxXq3PmatGWs+c4j+wPr8AX7pmGc=</latexit>

f is proper, closed & convex

<latexit sha1_base64="8Lfjcoiq7JHIVHlqmI4b1SHWSp0=">AAACC3icbVA9SwNBEN3z2/gVtbRZkghW4c4iCjZ+NJYRjAq5EPY2c3Fxd+/cnRPCkd7Gv2JjoYitf8DOf+Pmo9DEBwOP92aYmRelUlj0/W9vZnZufmFxabmwsrq2vlHc3LqySWY4NHgiE3MTMQtSaGigQAk3qQGmIgnX0d3ZwL9+AGNFoi+xl0JLsa4WseAMndQulip5aBQ9MV0ldJ+GRzSmoYZ7GoJKsWcBK+1i2a/6Q9BpEoxJmYxRbxe/wk7CMwUauWTWNgM/xVbODAouoV8IMwsp43esC01HNVNgW/nwlz7ddUqHxolxpZEO1d8TOVPW9lTkOhXDWzvpDcT/vGaG8WErFzrNEDQfLYozSTGhg2BoRxjgKHuOMG6Eu5XyW2YYRxdfwYUQTL48Ta72q0GtWrvYLx+fjuNYIjukRPZIQA7IMTknddIgnDySZ/JK3rwn78V79z5GrTPeeGab/IH3+QNHsZn1</latexit>

Argmin f 6= ;



Ball Proximal (“Broximal”) Operator



From Proximal to Broximal Operator:
From Penalty to Constraint

penalty

constraint

<latexit sha1_base64="Z5FYWCo2G6spFI894M/DXoFhitQ="></latexit>

broxtf (x) = Arg min
y2Rd

{f(y) : ky � xk  t}

<latexit sha1_base64="CJYvVzTZxT3Uq2BEMkEEKH5MWLg="></latexit>

prox�f (x) = Arg min
y2Rd

⇢
f(y) +

1

2�
ky � xk2

�

<latexit sha1_base64="L/72Fa9OgtUUYSfCF/PYBDPi1nY="></latexit>

B(x, t) := {y 2 Rd | ky � xk  t}
Notation for the constraint:



The First Brox Theorem (GLRR 2025)

A1.  
A2.  

<latexit sha1_base64="/06dJ10R+sd5Duv0VZZ2SoNpuFA="></latexit>

f : Rd ! R [ {+1} is proper, closed and convex
<latexit sha1_base64="Kj2dMI7ML3ByB0AXHrzRbGDU7hk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAruCpJF1VwU3TjsoJ9QBPKZDJph85MwsxELLELf8WNC0Xc+hvu/BunbRbaeuDC4Zx7ufeeIGFUacf5tgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyBFGBWkpalmpJtIgnjASCcYXU/9zj2RisbiTo8T4nM0EDSiGGkj9e2jygP0qICZJzkMYz6B3iWMKn277FSdGeAycXNSBjmaffvLC2OcciI0Zkipnusk2s+Q1BQzMil5qSIJwiM0ID1DBeJE+dns/gk8NUoIo1iaEhrO1N8TGeJKjXlgOjnSQ7XoTcX/vF6qows/oyJJNRF4vihKGdQxnIYBQyoJ1mxsCMKSmlshHiKJsDaRlUwI7uLLy6Rdq7r1av22Vm5c5XEUwTE4AWfABeegAW5AE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifP6FtlJM=</latexit>

x 2 dom f

<latexit sha1_base64="XCXSVWvpMkLtGJCgUbMY/Wfsa3U=">AAACGHicbVC7TgMxEPTxJrwClDQWAQmacEcBlAgaSpBIgpSEyOfsgYUfJ3sPEZ3uM2j4FRoKEKKl429wQgpIGGml0cyuvTtxKoXDMPwKJianpmdm5+ZLC4tLyyvl1bW6M5nlUONGGnsVMwdSaKihQAlXqQWmYgmN+O607zfuwTph9CX2UmgrdqNFIjhDL3XKe1t5yyoaW/NQdJLrPG8N3swtdAssCrrzsLtFhaPaaFAp9jrlSlgNB6DjJBqSChnivFP+bHUNzxRo5JI514zCFNs5syi4hKLUyhykjN+xG2h6qpkC184HSxR02ytdmhjrSyMdqL8ncqac66nYdyqGt27U64v/ec0Mk6N2LnSaIWj+81GSSYqG9lOiXWGBo+x5wrgVflfKb5llHH2WJR9CNHryOKnvV6OD6sHFfuX4ZBjHHNkgm2SHROSQHJMzck5qhJNH8kxeyVvwFLwE78HHT+tEMJxZJ38QfH4DU3KglA==</latexit>

broxtf (x) is nonempty
<latexit sha1_base64="twD5zFhxtDu4WnDsfQcF6mie6NI="></latexit>

Argmin f \ B(x, t) 6= ;
<latexit sha1_base64="7B4D+2bDcWHL8dumy4yU0AJp5F4="></latexit>

broxtf (x) ✓ Argmin f

<latexit sha1_base64="4LhiuVLhMysZrU9YnRkelh1Pr0U="></latexit>

Argmin f \ B(x, t) = ;

<latexit sha1_base64="OgWw4NESU88OUCzOoFEe56CfpxI=">AAACHHicbVBNSwMxFMz6WetX1aOXYBXqpewqqMeiF48VbBXaWrLp2xrMZpfkrbQs+0O8+Fe8eFDEiwfBf2O27UGrA4Fh5k3yMn4shUHX/XJmZufmFxYLS8XlldW19dLGZtNEiebQ4JGM9LXPDEihoIECJVzHGljoS7jy785y/+oetBGRusRhDJ2Q9ZUIBGdopW7pcDdt65D6Ohpk3eAmTdujO1MNvQyzjFYG+3SXCkMZNUL1JWCeKrtVdwT6l3gTUiYT1Lulj3Yv4kkICrlkxrQ8N8ZOyjQKLiErthMDMeN3rA8tSxULwXTS0SIZ3bNKjwaRtkchHak/EykLjRmGvp0MGd6aaS8X//NaCQYnnVSoOEFQfPxQkEiKEc2boj2hgaMcWsK4FnZXym+ZZhxtn0Vbgjf95b+keVD1jqpHFwfl2umkjgLZJjukQjxyTGrknNRJg3DyQJ7IC3l1Hp1n5815H4/OOJPMFvkF5/Mbpz2htg==</latexit>

broxtf (x) is a singleton
<latexit sha1_base64="TSGLfJQH6vf18PyvRLpvX7afRmQ=">AAACI3icbVDLTgIxFO3gC/E16tJNI5jgQjLDAo2JCdGNS0zkkTAj6ZQONHQeaTsGMsy/uPFX3LjQEDcu/BfLwALBk9zk5Jx7e3uPEzIqpGF8a5m19Y3Nrex2bmd3b/9APzxqiCDimNRxwALecpAgjPqkLqlkpBVygjyHkaYzuJv6zWfCBQ38RzkKie2hnk9dipFUUke/Lljj2OIedHgwTDruUxxb6asxJ91EJgksDs/hBRxaY3gDF61CR88bJSMFXCXmnOTBHLWOPrG6AY484kvMkBBt0wilHSMuKWYkyVmRICHCA9QjbUV95BFhx+nKBJ4ppQvdgKvyJUzVxYkYeUKMPEd1ekj2xbI3Ff/z2pF0r+yY+mEkiY9ni9yIQRnAaWCwSznBko0UQZhT9VeI+4gjLFWsORWCuXzyKmmUS2alVHko56u38ziy4AScgiIwwSWogntQA3WAwQt4Ax/gU3vV3rWJ9jVrzWjzmWPwB9rPLz/UpKA=</latexit>

kbroxtf (x)� xk = t



The Second Brox Theorem (GLRR 2025)

A1.  
A2.  

<latexit sha1_base64="/06dJ10R+sd5Duv0VZZ2SoNpuFA="></latexit>

f : Rd ! R [ {+1} is proper, closed and convex
<latexit sha1_base64="Kj2dMI7ML3ByB0AXHrzRbGDU7hk=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAruCpJF1VwU3TjsoJ9QBPKZDJph85MwsxELLELf8WNC0Xc+hvu/BunbRbaeuDC4Zx7ufeeIGFUacf5tgorq2vrG8XN0tb2zu6evX/QVnEqMWnhmMWyGyBFGBWkpalmpJtIgnjASCcYXU/9zj2RisbiTo8T4nM0EDSiGGkj9e2jygP0qICZJzkMYz6B3iWMKn277FSdGeAycXNSBjmaffvLC2OcciI0Zkipnusk2s+Q1BQzMil5qSIJwiM0ID1DBeJE+dns/gk8NUoIo1iaEhrO1N8TGeJKjXlgOjnSQ7XoTcX/vF6qows/oyJJNRF4vihKGdQxnIYBQyoJ1mxsCMKSmlshHiKJsDaRlUwI7uLLy6Rdq7r1av22Vm5c5XEUwTE4AWfABeegAW5AE7QABo/gGbyCN+vJerHerY95a8HKZw7BH1ifP6FtlJM=</latexit>

x 2 dom f

<latexit sha1_base64="GRN/dI4ZwOgOztEZEwoSEHGqgl0=">AAACF3icbVA9T8MwEHX4LOWrwMhi0SLBUiUdgBHBwsBQJFqQmlI57oVadZzIvqBWUf4FC3+FhQGEWGHj3+CWDlB40klP7935fC9IpDDoup/OzOzc/MJiYam4vLK6tl7a2GyaONUcGjyWsb4OmAEpFDRQoITrRAOLAglXQf905F/dgTYiVpc4TKAdsVslQsEZWqlTqp4D0kpKfaFo5uuIBjoe5J3wJsv88euZhm6OeU73BvsV2imV3ao7Bv1LvAkpkwnqndKH3415GoFCLpkxLc9NsJ0xjYJLyIt+aiBhvM9uoWWpYhGYdjbenNNdq3RpGGtbCulY/TmRsciYYRTYzohhz0x7I/E/r5VieNTOhEpSBMW/F4WppBjTUUi0KzRwlENLGNfC/pXyHtOMo42yaEPwpk/+S5q1qndQPbiolY9PJnEUyDbZIXvEI4fkmJyROmkQTu7JI3kmL86D8+S8Om/frTPOZGaL/ILz/gURAp9B</latexit>

Let u 2 broxtf (x)

<latexit sha1_base64="+zZ6jCjHlI3jt0kVwaNx4u41NXg=">AAACHnicbVDLSsNAFJ3UV62vqks3g1VoQUtS8LEsunGpYFuhCWUymbRDJ5MwcyOW0C9x46+4caGI4Er/xmnsQqsHBg7n3NccPxFcg21/WoW5+YXFpeJyaWV1bX2jvLnV1nGqKGvRWMTqxieaCS5ZCzgIdpMoRiJfsI4/PJ/4nVumNI/lNYwS5kWkL3nIKQEj9cpHe7R6d5C5+aRMsWAM4xp2aRADrt4dpoZzid2EKOBE4LCa1vYw7pUrdt3Ogf8SZ0oqaIrLXvndDWKaRkwCFUTrrmMn4GWTqVSwcclNNUsIHZI+6xoqScS0l+VHjfG+UQIcxso8CThXf3ZkJNJ6FPmmMiIw0LPeRPzP66YQnnoZl0kKTNLvRWEqMMR4khUOuGIUxMgQQhU3t2I6IIpQMImWTAjO7Jf/knaj7hzXj68alebZNI4i2kG7qIocdIKa6AJdohai6B49omf0Yj1YT9ar9fZdWrCmPdvoF6yPL/QNoHk=</latexit>

c(x, t) · (x� u) 2 @f(u)
<latexit sha1_base64="4AIvpifR22UgBvrtO28jncW6wkQ="></latexit>

f(y)� f(u) � c(x, t) · hx� u, y � ui for all y 2 Rd

<latexit sha1_base64="wevHtR+ZXSXwpkUkuDOOPpiIJTY=">AAACHHicbVC7SgNBFJ31GeMramkzmAgRJOwqqKVoYxnBmEA2hNnJTXbI7MOZu2JY9kNs/BUbC0VsLAT/xsmj0MQDA4dz7muOF0uh0ba/rbn5hcWl5dxKfnVtfWOzsLV9q6NEcajxSEaq4TENUoRQQ4ESGrECFngS6l7/cujX70FpEYU3OIihFbBeKLqCMzRSu3B844MCCg9mlaYlXn44TN3R2FRBJ8PswO3BHbVLVCfcp+gzpO1C0a7YI9BZ4kxIkUxQbRc+3U7EkwBC5JJp3XTsGFspUyi4hCzvJhpixvusB01DQxaAbqWjKzK6b5QO7UbKvBDpSP3dkbJA60HgmcqAoa+nvaH4n9dMsHvWSkUYJwghHy/qJpJiRIdJ0Y5QwFEODGFcCXMr5T5TjKPJM29CcKa/PEtujyrOSeXk+qh4fjGJI0d2yR4pE4ecknNyRaqkRjh5JM/klbxZT9aL9W59jEvnrEnPDvkD6+sHaXyg8Q==</latexit>

There exists c(x, t) � 0 such that



Broximal Point Method (BPM)



Broximal Point Method (BPM)
<latexit sha1_base64="HXV1ri2czz7o3KY6pbIh/OW1cL8="></latexit>

xk+1 = broxtkf (xk) = argmin {f(x) : kx� xkk  tk}

<latexit sha1_base64="VHiaBiTPH/qeUXSxrxsfFTvjF6I=">AAAB/XicbVDLTgIxFL2DL8TX+Ni5aQQTV2SGBbokunGJiTwSIKRTOtDQaSdtxwQJ8VfcuNAYt/6HO//GDsxCwZM0OTnnvnqCmDNtPO/bya2tb2xu5bcLO7t7+wfu4VFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjfpH7rgSrNpLg3k5j2IjwULGQEGyv13RMihbHDUDpAIxmiUljqu0Wv7M2BVomfkSJkqPfdr+5AkiSiwhCOte74Xmx6U6wMI5zOCt1E0xiTMR7SjqUCR1T3pvPrZ+jcKgMUSmWfMGiu/u6Y4kjrSRTYygibkV72UvE/r5OY8Ko3ZSJODBVksShMODISpVGgAVOUGD6xBBPF7K2IjLDCxNjACjYEf/nLq6RZKfvVcvWuUqxdZ3Hk4RTO4AJ8uIQa3EIdGkDgEZ7hFd6cJ+fFeXc+FqU5J+s5hj9wPn8AXS+UhA==</latexit>

contour lines of f

<latexit sha1_base64="ebO/90kBEpDccE+fEw3D9hIKMuI=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxi4gIJbEi3dKGh7W7arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZ37nUeqNIvlg5kmNBB4JFnECDZW8qtPA7c6KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95jVqjft6pXmVx1GEMziHS/DgGppwBy3wgQCDZ3iFN0c6L86787FsLTj5zCn8gfP5A8FxjfY=</latexit>x0

<latexit sha1_base64="NSFuBQBSnIgOGfLFjkvROBTYrLs=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHaJQY8kXjxi4gIJbEi3dKGh7W7arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZ37nUeqNIvlg5kmNBB4JFnECDZW8qtPA686KFfcmrsAWideTiqQozUof/WHMUkFlYZwrHXPcxMTZFgZRjidlfqppgkmEzyiPUslFlQH2eLYGbqwyhBFsbIlDVqovycyLLSeitB2CmzGetWbi/95vdREN0HGZJIaKslyUZRyZGI0/xwNmaLE8KklmChmb0VkjBUmxuZTsiF4qy+vk3a95jVqjft6pXmVx1GEMziHS/DgGppwBy3wgQCDZ3iFN0c6L86787FsLTj5zCn8gfP5A8L2jfc=</latexit>x1

<latexit sha1_base64="y263nyBnakinwcbNQqPb8q1pEh4=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4IrvEoEcSLx4xcYEENqRbutDQ7W7arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxU2Nre2d4q7pb39g8Oj8vFJW8eposyjsYhVNyCaCS6ZZ7gRrJsoRqJAsE4wuZ37nUemNI/lg5kmzI/ISPKQU2Ks5FWfBvXqoFxxas4CeJ24OalAjtag/NUfxjSNmDRUEK17rpMYPyPKcCrYrNRPNUsInZAR61kqScS0ny2OneELqwxxGCtb0uCF+nsiI5HW0yiwnRExY73qzcX/vF5qwhs/4zJJDZN0uShMBTYxnn+Oh1wxasTUEkIVt7diOiaKUGPzKdkQ3NWX10m7XnMbtcZ9vdK8yuMowhmcwyW4cA1NuIMWeECBwzO8whuS6AW9o49lawHlM6fwB+jzB8R7jfg=</latexit>x2

<latexit sha1_base64="eW1QmgOZCDwoAa7SDkJwfoUOf18=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLI5h4Irto0COJF4+YuEgCG9ItXWjodjdt10g2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5QSK4No7zjQpr6xubW8Xt0s7u3v5B+fCoreNUUebRWMSqExDNBJfMM9wI1kkUI1Eg2EMwvpn5D49MaR7LezNJmB+RoeQhp8RYyas+9S+q/XLFqTlz4FXi5qQCOVr98ldvENM0YtJQQbTuuk5i/Iwow6lg01Iv1SwhdEyGrGupJBHTfjY/dorPrDLAYaxsSYPn6u+JjERaT6LAdkbEjPSyNxP/87qpCa/9jMskNUzSxaIwFdjEePY5HnDFqBETSwhV3N6K6YgoQo3Np2RDcJdfXiXtes1t1Bp39UrzMo+jCCdwCufgwhU04RZa4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPH8YAjfk=</latexit>x3<latexit sha1_base64="rzw+bmYeT6jj8SuiwaUifGHbqh0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHYJQY8kXjxi4oIJbEi3dKGh7W7arpFs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo5TRahPYh6rhxBrypmkvmGG04dEUSxCTrvh5Gbudx+p0iyW92aa0EDgkWQRI9hYya8+DRrVQbni1twF0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBbHztCFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66Umug4yJpPUUEmWi6KUIxOj+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nXTqNa9Za97VK61GHkcRzuAcLsGDK2jBLbTBBwIMnuEV3hzpvDjvzseyteDkM6fwB87nD8eFjfo=</latexit>x4

<latexit sha1_base64="NUMXOkqPQSkkVTKFW8NQhTBKrsY=">AAAB+3icbVA9TwJBEJ3DL8QvxNJmI5hYkTsKNLFBbSwxESThLmRv2YMNu3uX3T0jufBXbCw0xtY/Yue/cfkoFHzJJC/vzWRmXphwpo3rfju5tfWNza38dmFnd2//oHhYaus4VYS2SMxj1QmxppxJ2jLMcNpJFMUi5PQhHN1M/YdHqjSL5b0ZJzQQeCBZxAg2VuoVS5XMVwJdqYFgcuJfoqjSK5bdqjsDWiXegpRhgWav+OX3Y5IKKg3hWOuu5yYmyLAyjHA6KfippgkmIzygXUslFlQH2ez2CTq1Sh9FsbIlDZqpvycyLLQei9B2CmyGetmbiv953dREF0HGZJIaKsl8UZRyZGI0DQL1maLE8LElmChmb0VkiBUmxsZVsCF4yy+vknat6tWr9btauXG9iCMPx3ACZ+DBOTTgFprQAgJP8Ayv8OZMnBfn3fmYt+acxcwR/IHz+QOPS5N+</latexit>

Argmin f



BPM = “Normalized” PPM
<latexit sha1_base64="YUxMZ+90vvczCcU8xjmZwBMoYqs="></latexit>

�k =
tk

krf(xk+1)k

<latexit sha1_base64="Z5FYWCo2G6spFI894M/DXoFhitQ="></latexit>

broxtf (x) = Arg min
y2Rd

{f(y) : ky � xk  t}
<latexit sha1_base64="xxfyeSUEomqyhrPEJ/n6xAfD7Hk=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4KjNFqsuCG5cV7APaoWQyt21okhmSjFCHbtz4K25cKOLWf3Dn35i2s9DWA4HDOfdwc0+YcKaN5307K6tr6xubha3i9s7u3r57cNjUcaooNGjMY9UOiQbOJDQMMxzaiQIiQg6tcHQ99Vv3oDSL5Z0ZJxAIMpCszygxVuq5JzJWgnD2ABFmwm6kzOCBIhEDaXpuySt7M+Bl4uekhHLUe+5XN4ppKmyWcqJ1x/cSE2REGUY5TIrdVENC6IgMoGOpJAJ0kM2umOAzq0S4Hyv7pMEz9XciI0LrsQjtpCBmqBe9qfif10lN/yrImExSA5LOF/VTjk2Mp5XgiCmgho8tIVQx+1dMh0QRamxxRVuCv3jyMmlWyn61XL2tlGoXeR0FdIxO0Tny0SWqoRtURw1E0SN6Rq/ozXlyXpx352M+uuLkmSP0B87nDwE9mNw=</latexit>

normalized implicit gradient

<latexit sha1_base64="oeDCKgEd2VB40KGUDudqDiZCCnU="></latexit>

xk+1 = broxtkf (xk) = xk � tk
rf(xk+1)

krf(xk+1)k
= prox�k

f (xk)

<latexit sha1_base64="wfMxGITPUoNyT2TuC8kPweyQEg4="></latexit>

f : Rd ! R
convex & di↵erentiable



The Ball Envelope

<latexit sha1_base64="qTdXT9FCTTPKhpwQddrejlo+JHU=">AAAB83icbVBNS8NAEJ34WetX1aOXxUaol5IUqV6EghePFewHtLFstpt26WYTdjfSEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnH+bbW1jc2t7ZzO/ndvf2Dw8LRcVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh25reeqFQsEg96ElMvxAPBAkawNlLXtoPS+OJm/Fix7V6h6JSdOdAqcTNShAz1XuGr249IElKhCcdKdVwn1l6KpWaE02m+mygaYzLCA9oxVOCQKi+d3zxF50bpoyCSpoRGc/X3RIpDpSahbzpDrIdq2ZuJ/3mdRAfXXspEnGgqyGJRkHCkIzQLAPWZpETziSGYSGZuRWSIJSbaxJQ3IbjLL6+SZqXsVsvV+0qxdpnFkYNTOIMSuHAFNbiDOjSAQAzP8ApvVmK9WO/Wx6J1zcpmTuAPrM8faHSP8Q==</latexit>

f(x) = x2Example:

<latexit sha1_base64="TM+y31qqvFaJKWgnEoTZPdtnt/4="></latexit>

N t
f (x) =

8
><

>:

(x+ t)2 if x < �t

0 if � t  x  t

(x� t)2 if x > t

<latexit sha1_base64="LfDotU905BCgfI3cXiK3hyLY8NM=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AieAq7OUTxFOLFYwTzgCSE2UlvMmR2ZpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4g5kwbz/t2MhubW9s72d3c3v7B4ZF7fNLQMlEU6lRyqVoB0cCZgLphhkMrVkCigEMzGN3N/OYYlGZSPJpJDN2IDAQLGSXGSj33rEo4xyDGwGUMWIa4EBZue27eK3pz4HXiL0keLVHruV+dvqRJBMJQTrRu+15suilRhlEO01wn0RATOiIDaFsqSAS6m87Pn+JLq/RxKJUtYfBc/T2RkkjrSRTYzoiYoV71ZuJ/Xjsx4U03ZSJODAi6WBQmHBuJZ1ngPlNADZ9YQqhi9lZMh0QRamxiORuCv/ryOmmUin65WH4o5SvVZRxZdI4u0BXy0TWqoHtUQ3VEUYqe0St6c56cF+fd+Vi0ZpzlzCn6A+fzB2felHw=</latexit>

Ball envelope of f :
<latexit sha1_base64="uHohD2oRlynjK2BdhNqUDpKFyHQ="></latexit>

N t
f (x) := min

kz�xkt
f(z)

<latexit sha1_base64="TPFfEzKQLvB25Gbg0W92R2fteyU="></latexit>

Argmin N t
f = Argmin f + {x 2 Rd | kxk  t}



BPM = Normalized GD for Minimizing 
the Ball Envelope

<latexit sha1_base64="EBPBJ2YnjT1e7gbpnDskacsq600="></latexit>

xk+1 = broxtkf (xk) = xk � tk
rN tk

f (xk)

krN tk
f (xk)k

<latexit sha1_base64="FI3+SRDuAApBSxxd/SRKQNMPBqw=">AAACIXicbVDLSgMxFM3UV62vUZdugq3gxjJTpBZXBTcuXFSxD2hryWQybWgmGZJMsQz9FTf+ihsXinQn/ozpA9TWAxcO59zLvfd4EaNKO86nlVpZXVvfSG9mtrZ3dvfs/YOaErHEpIoFE7LhIUUY5aSqqWakEUmCQo+Rute/mvj1AZGKCn6vhxFph6jLaUAx0kbq2KVccNkKke55XnI3evBhSwv4I+QgVRALPiCPEHEf5m5yZyoUQvc6dtbJO1PAZeLOSRbMUenY45YvcBwSrjFDSjVdJ9LtBElNMSOjTCtWJEK4j7qkaShHIVHtZPrhCJ4YxYeBkKa4hlP190SCQqWGoWc6J7erRW8i/uc1Yx2U2gnlUawJx7NFQcygSWESF/SpJFizoSEIS2puhbiHJMLahJoxIbiLLy+TWiHvFvPF20K2fD6PIw2OwDE4BS64AGVwDSqgCjB4Ai/gDbxbz9ar9WGNZ60paz5zCP7A+voG0L+ipA==</latexit>

f : Rd ! R is convex and L-smooth
<latexit sha1_base64="WxMFwZTo4fUPNSvG30tBPygL4yI=">AAACC3icbVDLSgMxFM3UV62vUZduQltBEMpMkSq4qbhxWcE+oDOUTJppQ5PMkGTEMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69J4gZVdpxvq3cyura+kZ+s7C1vbO7Z+8ftFSUSEyaOGKR7ARIEUYFaWqqGenEkiAeMNIORtdTv31PpKKRuNPjmPgcDQQNKUbaSD27WH7opaNTdwI9EWkqYOpJDq/kgFNhtEsYlnt2yak4M8Bl4makBDI0evaX149wwonQmCGluq4Taz9FUlPMyKTgJYrECI/QgHQNFYgT5aezXybw2Ch9GEbSlNBwpv6eSBFXaswD08mRHqpFbyr+53UTHV74KRVxoonA80VhwqCO4DQY2KeSYM3GhiAsqbkV4iGSCGsTX8GE4C6+vExa1Ypbq9Ruq6X6WRZHHhyBIjgBLjgHdXADGqAJMHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AG6XJmK</latexit>

xk+1 /2 Argmin f
<latexit sha1_base64="LfDotU905BCgfI3cXiK3hyLY8NM=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AieAq7OUTxFOLFYwTzgCSE2UlvMmR2ZpmZDYQl4K948aCIV7/Dm3/j5HHQxIKGoqqb7q4g5kwbz/t2MhubW9s72d3c3v7B4ZF7fNLQMlEU6lRyqVoB0cCZgLphhkMrVkCigEMzGN3N/OYYlGZSPJpJDN2IDAQLGSXGSj33rEo4xyDGwGUMWIa4EBZue27eK3pz4HXiL0keLVHruV+dvqRJBMJQTrRu+15suilRhlEO01wn0RATOiIDaFsqSAS6m87Pn+JLq/RxKJUtYfBc/T2RkkjrSRTYzoiYoV71ZuJ/Xjsx4U03ZSJODAi6WBQmHBuJZ1ngPlNADZ9YQqhi9lZMh0QRamxiORuCv/ryOmmUin65WH4o5SvVZRxZdI4u0BXy0TWqoHtUQ3VEUYqe0St6c56cF+fd+Vi0ZpzlzCn6A+fzB2felHw=</latexit>

Ball envelope of f :
<latexit sha1_base64="uHohD2oRlynjK2BdhNqUDpKFyHQ="></latexit>

N t
f (x) := min

kz�xkt
f(z)



Seven (Convergence) Results



Assumptions (Convex Setup)

<latexit sha1_base64="wIlTqtf0C3NOc+gT0k8fG9W8KFY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAruCpJkSq4KbhxWcE+oAlhMp20Q2cmYWYillA3/oobF4q49S/c+TdO2yy09cCFwzn3cu89YcKo0o7zbRVWVtfWN4qbpa3tnd09e/+greJUYtLCMYtlN0SKMCpIS1PNSDeRBPGQkU44up76nXsiFY3FnR4nxOdoIGhEMdJGCuyjykPgQI8KmHmSw37MJ9C7glElsMtO1ZkBLhM3J2WQoxnYX14/xiknQmOGlOq5TqL9DElNMSOTkpcqkiA8QgPSM1QgTpSfzT6YwFOj9GEUS1NCw5n6eyJDXKkxD00nR3qoFr2p+J/XS3V06WdUJKkmAs8XRSmDOobTOGCfSoI1GxuCsKTmVoiHSCKsTWglE4K7+PIyadeqbr1av62VG+d5HEVwDE7AGXDBBWiAG9AELYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPzSGVKA==</latexit>

x0 2 dom f

<latexit sha1_base64="ktbL1iopr/lSf3Jep5R+YaB70AY=">AAACCHicbVA9TwJBEN3DL8SvU0sLN4LGwpA7CrQk2lhiIh8JXMjeMgcb9nYvu3tEQiht/Cs2Fhpj60+w8994BxQKvmSSl/dmMjPPjzjTxnG+rczK6tr6RnYzt7W9s7tn7x/UtYwVhRqVXKqmTzRwJqBmmOHQjBSQ0OfQ8Ac3qd8YgtJMinszisALSU+wgFFiEqljHxeCAmYaR0pGoC4w5VJDF7fPMJViCA8dO+8UnSnwMnHnJI/mqHbsr3ZX0jgEYSgnWrdcJzLemCjDKIdJrh1riAgdkB60EipICNobTx+Z4NM4XR5IlZQweKr+nhiTUOtR6CedITF9veil4n9eKzbBlTdmIooNCDpbFMQcG4nTVHCXKaCGjxJCqGLJrZj2iSLUJNnlkhDcxZeXSb1UdMvF8l0pX7mex5FFR+gEnSMXXaIKukVVVEMUPaJn9IrerCfrxXq3PmatGWs+c4j+wPr8AX7pmGc=</latexit>

f is proper, closed & convex

<latexit sha1_base64="8Lfjcoiq7JHIVHlqmI4b1SHWSp0=">AAACC3icbVA9SwNBEN3z2/gVtbRZkghW4c4iCjZ+NJYRjAq5EPY2c3Fxd+/cnRPCkd7Gv2JjoYitf8DOf+Pmo9DEBwOP92aYmRelUlj0/W9vZnZufmFxabmwsrq2vlHc3LqySWY4NHgiE3MTMQtSaGigQAk3qQGmIgnX0d3ZwL9+AGNFoi+xl0JLsa4WseAMndQulip5aBQ9MV0ldJ+GRzSmoYZ7GoJKsWcBK+1i2a/6Q9BpEoxJmYxRbxe/wk7CMwUauWTWNgM/xVbODAouoV8IMwsp43esC01HNVNgW/nwlz7ddUqHxolxpZEO1d8TOVPW9lTkOhXDWzvpDcT/vGaG8WErFzrNEDQfLYozSTGhg2BoRxjgKHuOMG6Eu5XyW2YYRxdfwYUQTL48Ta72q0GtWrvYLx+fjuNYIjukRPZIQA7IMTknddIgnDySZ/JK3rwn78V79z5GrTPeeGab/IH3+QNHsZn1</latexit>

Argmin f 6= ;

We have nonconvex theory 
in the paper 

(not covered in this talk)



Result 1: One Step Convergence

<latexit sha1_base64="gpS9/aWdJwpvApIyXskBgkffqhA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGLiAQlcyN6yBxt29y67e0Zy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+55EqzWL5YKYJDQQeSRYxgo2V/OrTYFIdlCtuzV0ArRMvJxXI0RqUv/rDmKSCSkM41rrnuYkJMqwMI5zOSv1U0wSTCR7RnqUSC6qDbHHsDF1YZYiiWNmSBi3U3xMZFlpPRWg7BTZjverNxf+8Xmqi6yBjMkkNlWS5KEo5MjGaf46GTFFi+NQSTBSztyIyxgoTY/Mp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4QIDBM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AR9djj8=</latexit>xk

<latexit sha1_base64="VHiaBiTPH/qeUXSxrxsfFTvjF6I=">AAAB/XicbVDLTgIxFL2DL8TX+Ni5aQQTV2SGBbokunGJiTwSIKRTOtDQaSdtxwQJ8VfcuNAYt/6HO//GDsxCwZM0OTnnvnqCmDNtPO/bya2tb2xu5bcLO7t7+wfu4VFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjfpH7rgSrNpLg3k5j2IjwULGQEGyv13RMihbHDUDpAIxmiUljqu0Wv7M2BVomfkSJkqPfdr+5AkiSiwhCOte74Xmx6U6wMI5zOCt1E0xiTMR7SjqUCR1T3pvPrZ+jcKgMUSmWfMGiu/u6Y4kjrSRTYygibkV72UvE/r5OY8Ko3ZSJODBVksShMODISpVGgAVOUGD6xBBPF7K2IjLDCxNjACjYEf/nLq6RZKfvVcvWuUqxdZ3Hk4RTO4AJ8uIQa3EIdGkDgEZ7hFd6cJ+fFeXc+FqU5J+s5hj9wPn8AXS+UhA==</latexit>

contour lines of f

<latexit sha1_base64="L4U1Wlg9H6gWZEDWIk8O4ef6xmU=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYvEVCUdCmMFC2OR6ENqo8hxblqrzkO2A6pCP4WFAYRY+RI2/gY3zQAtR7rS0Tn3+voeL+FMKsv6Nkobm1vbO+Xdyt7+weGRWT3uyTgVFLo05rEYeEQCZxF0FVMcBokAEnoc+t70ZuH3H0BIFkf3apaAE5JxxAJGidKSa1bro/yRTIA/x8qd1l2zZjWsHHid2AWpoQId1/wa+TFNQ4gU5UTKoW0lysmIUIxymFdGqYSE0CkZw1DTiIQgnSzfOsfnWvFxEAtdkcK5+nsiI6GUs9DTnSFRE7nqLcT/vGGqgisnY1GSKojoclGQcqxivMgB+0wAVXymCaGC6b9iOiGCUKXTqugQ7NWT10mv2bBbjdZds9a+LuIoo1N0hi6QjS5RG92iDuoiih7RM3pFb8aT8WK8Gx/L1pJRzJygPzA+fwDF4JOy</latexit>

tk

<latexit sha1_base64="OguFuFAiK2banuSh05IXvAdkdHA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCIJTdHqrHohePFeyHtEvJptk2NMkuSVYsS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSg/lp346vvCm5X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhWvVqndVUv16yyOPJzAKZyDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+/e4+7</latexit>xk+1

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)

<latexit sha1_base64="88EFKzaXr/aNiRQspKk1gCPniWc="></latexit>

Argmin f \ B(xk, tk) 6= ;

<latexit sha1_base64="Lj99o4n/jYQ4k1YyX9dktDX+CqA=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDiaCIITdFFGwidpYRjAPyC7L7GQ2GTIzu8zMimFJaeOv2FgoYusn2Pk3Th6FJh64cDjnXu69J0wYVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVWcSkwaOGaxbIdIEUYFaWiqGWknkiAeMtIKB9djv3VPpKKxuNPDhPgc9QSNKEbaSIF9WHoIssGpO4IeFTDzJIeXssepMMIFjEqBXXTKzgRwkbgzUgQz1AP7y+vGOOVEaMyQUh3XSbSfIakpZmRU8FJFEoQHqEc6hgrEifKzySMjeGyULoxiaUpoOFF/T2SIKzXkoenkSPfVvDcW//M6qY7O/YyKJNVE4OmiKGVQx3CcCuxSSbBmQ0MQltTcCnEfSYS1ya5gQnDnX14kzUrZrZart5Vi7WoWRx4cgCNwAlxwBmrgBtRBA2DwCJ7BK3iznqwX6936mLbmrNnMPvgD6/MHKVuYKQ==</latexit>

xk+1 2 Argmin f



<latexit sha1_base64="GV/X4J4kr8dDBU6/MO48oTQjIpM="></latexit>

Argmin f \ B(xk, tk) = ;

Result 2: Step to Boundary

<latexit sha1_base64="OguFuFAiK2banuSh05IXvAdkdHA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCIJTdHqrHohePFeyHtEvJptk2NMkuSVYsS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSg/lp346vvCm5X6x5FbcOdAq8TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKrGg2k/nB0/RmVUGKIyULWnQXP09kWKh9UQEtlNgM9LL3kz8z+smJrzyUybjxFBJFovChCMTodn3aMAUJYZPLMFEMXsrIiOsMDE2o4INwVt+eZW0qhWvVqndVUv16yyOPJzAKZyDB5dQh1toQBMICHiGV3hzlPPivDsfi9ack80cwx84nz+/e4+7</latexit>xk+1

<latexit sha1_base64="gpS9/aWdJwpvApIyXskBgkffqhA=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWGLiAQlcyN6yBxt29y67e0Zy4TfYWGiMrT/Izn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fikreNUEeqTmMeqG2JNOZPUN8xw2k0UxSLktBNObud+55EqzWL5YKYJDQQeSRYxgo2V/OrTYFIdlCtuzV0ArRMvJxXI0RqUv/rDmKSCSkM41rrnuYkJMqwMI5zOSv1U0wSTCR7RnqUSC6qDbHHsDF1YZYiiWNmSBi3U3xMZFlpPRWg7BTZjverNxf+8Xmqi6yBjMkkNlWS5KEo5MjGaf46GTFFi+NQSTBSztyIyxgoTY/Mp2RC81ZfXSbte8xq1xn290rzJ4yjCGZzDJXhwBU24gxb4QIDBM7zCmyOdF+fd+Vi2Fpx85hT+wPn8AR9djj8=</latexit>xk

<latexit sha1_base64="ycjEL4kr83MiNSeNkDjyYXS93Us=">AAACDHicbVC7TsMwFHXKq5RXgZHFokVCQlRJh8KCVMHCWCT6kJoochynteI8ZDuoVZoPYOFXWBhAiJUPYONvcNMO0HIkS0fnnOtrHydmVEhd/9YKK6tr6xvFzdLW9s7uXnn/oCOihGPSxhGLeM9BgjAakrakkpFezAkKHEa6jn8z9bsPhAsahfdyHBMrQIOQehQjqSS7XKmak5Gd+mdGdg5Htm9O4BU083tTTtxM2n5VpfSangMuE2NOKmCOll3+Mt0IJwEJJWZIiL6hx9JKEZcUM5KVzESQGGEfDUhf0RAFRFhpvjSDJ0pxoRdxdUIJc/X3RIoCIcaBo5IBkkOx6E3F/7x+Ir1LK6VhnEgS4tkiL2FQRnDaDHQpJ1iysSIIc6reCvEQcYSl6q+kSjAWv7xMOvWa0ag17uqV5vW8jiI4AsfgFBjgAjTBLWiBNsDgETyDV/CmPWkv2rv2MYsWtPnMIfgD7fMHYrmamA==</latexit>

kxk+1 � xkk = tk

<latexit sha1_base64="VHiaBiTPH/qeUXSxrxsfFTvjF6I=">AAAB/XicbVDLTgIxFL2DL8TX+Ni5aQQTV2SGBbokunGJiTwSIKRTOtDQaSdtxwQJ8VfcuNAYt/6HO//GDsxCwZM0OTnnvnqCmDNtPO/bya2tb2xu5bcLO7t7+wfu4VFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjfpH7rgSrNpLg3k5j2IjwULGQEGyv13RMihbHDUDpAIxmiUljqu0Wv7M2BVomfkSJkqPfdr+5AkiSiwhCOte74Xmx6U6wMI5zOCt1E0xiTMR7SjqUCR1T3pvPrZ+jcKgMUSmWfMGiu/u6Y4kjrSRTYygibkV72UvE/r5OY8Ko3ZSJODBVksShMODISpVGgAVOUGD6xBBPF7K2IjLDCxNjACjYEf/nLq6RZKfvVcvWuUqxdZ3Hk4RTO4AJ8uIQa3EIdGkDgEZ7hFd6cJ+fFeXc+FqU5J+s5hj9wPn8AXS+UhA==</latexit>

contour lines of f

<latexit sha1_base64="L4U1Wlg9H6gWZEDWIk8O4ef6xmU=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYvEVCUdCmMFC2OR6ENqo8hxblqrzkO2A6pCP4WFAYRY+RI2/gY3zQAtR7rS0Tn3+voeL+FMKsv6Nkobm1vbO+Xdyt7+weGRWT3uyTgVFLo05rEYeEQCZxF0FVMcBokAEnoc+t70ZuH3H0BIFkf3apaAE5JxxAJGidKSa1bro/yRTIA/x8qd1l2zZjWsHHid2AWpoQId1/wa+TFNQ4gU5UTKoW0lysmIUIxymFdGqYSE0CkZw1DTiIQgnSzfOsfnWvFxEAtdkcK5+nsiI6GUs9DTnSFRE7nqLcT/vGGqgisnY1GSKojoclGQcqxivMgB+0wAVXymCaGC6b9iOiGCUKXTqugQ7NWT10mv2bBbjdZds9a+LuIoo1N0hi6QjS5RG92iDuoiih7RM3pFb8aT8WK8Gx/L1pJRzJygPzA+fwDF4JOy</latexit>

tk

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)



Result 3: Super-Accelerated 
Linear Convergence in Distance to Minimizer

<latexit sha1_base64="nM3jWRt8og2cAC/Ew7O9TvxXp7w="></latexit>

kxk+1 � x?k2  kxk � x?k2 � t2k

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)

<latexit sha1_base64="t/XyzBYA7ZxN9elCX0TzsvA3UYw="></latexit>✓
1� t2k

kxk � x?k2

◆
kxk � x?k2

No need for 
strong convexity!

<latexit sha1_base64="7tw/qlJtsqgGpOIPz9mwLq/gXpA=">AAACCnicbVDLSsNAFJ34rPUVdelmtBVclaRIFdxU3LisYB/QhDCZTtqhM5MwMxFL6NqNv+LGhSJu/QJ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr64WN4ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89j2RisbiTo8S4nPUFzSiGGkjBfZR+SHIPKWRHEOPCph5ksMr2edUGOESRuXALjkVZwq4SNyclECORmB/eb0Yp5wIjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXUIE4UX42fWUMT4zSg1EsTQkNp+rviQxxpUY8NJ0c6YGa9ybif1431dGFn1GRpJoIPFsUpQzqGE5ygT0qCdZsZAjCkppbIR4gibA26RVNCO78y4ukVa24tUrttlqqn+VxFMAhOAanwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8AkOSZfg==</latexit>

x? 2 Argmin f

<latexit sha1_base64="GV/X4J4kr8dDBU6/MO48oTQjIpM="></latexit>

Argmin f \ B(xk, tk) = ;



<latexit sha1_base64="6xhcRJnKFNr2wNrnYLbKA1vdplc=">AAACHHicbVDLSgMxFM34rPVVdekm2ApuLDMVqkvRjeCmgq2FTh0y6Z0azDxM7ohl2g9x46+4caGIGxeCf2Nau9DqgcDJOfdykuMnUmi07U9ranpmdm4+t5BfXFpeWS2srTd0nCoOdR7LWDV9pkGKCOooUEIzUcBCX8KFf3089C9uQWkRR+fYS6Adsm4kAsEZGskr7JVKp9Ttwg11A8V45vbvPHv3znM1MuX2LyuDzB2lZAo6AzT3UskrFO2yPQL9S5wxKZIxal7h3e3EPA0hQi6Z1i3HTrCdMYWCSxjk3VRDwvg160LL0IiFoNvZKHZAt43SoUGszImQjtSfGxkLte6FvpkMGV7pSW8o/ue1UgwO2pmIkhQh4t9BQSopxnTYFO0IBRxlzxDGlTBvpfyKmZLQ9Jk3JTiTX/5LGpWyUy1XzyrFw6NxHTmySbbIDnHIPjkkJ6RG6oSTe/JInsmL9WA9Wa/W2/folDXe2SC/YH18AQLtoWE=</latexit>

K � kx0 � x?k2

t2

Result 4: Finite Convergence
(i.e., BPM is a “Direct” Optimization Method)

<latexit sha1_base64="laiWMQtxWLSrs0SXlINGQV4nIQI=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJGYqqRDYSywILEUiT6kJooc12mt2k5kO4gq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPmDCqtON8Wyura+sbm4Wt4vbO7t6+fXDYVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU39zj2RisbiTo8T4nM0EDSiGGkjBXapUnkIbqBHBcw8yeGFHHAqJjCClUpgl52qMwNcJm5OyiBHM7C/vH6MU06Exgwp1XOdRPsZkppiRiZFL1UkQXiEBqRnqECcKD+bPTGBJ0bpwyiWpoSGM/X3RIa4UmMemk6O9FAtelPxP6+X6ujcz6hIUk0Eni+KUgZ1DKeJwD6VBGs2NgRhSc2tEA+RRFib3IomBHfx5WXSrlXderV+Wys3LvM4CqAEjsEpcMEZaIBr0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4A+szx+6jJY+</latexit>

xK 2 Argminf

<latexit sha1_base64="LrVaoAtioOykZZJhgrySjtwYL5M="></latexit>

K�1X

k=0

t2k � kx0 � x?k2

<latexit sha1_base64="laiWMQtxWLSrs0SXlINGQV4nIQI=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJGYqqRDYSywILEUiT6kJooc12mt2k5kO4gq6sDCr7AwgBArH8HG3+C2GaDlSFc6Oude3XtPmDCqtON8Wyura+sbm4Wt4vbO7t6+fXDYVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCccXU39zj2RisbiTo8T4nM0EDSiGGkjBXapUnkIbqBHBcw8yeGFHHAqJjCClUpgl52qMwNcJm5OyiBHM7C/vH6MU06Exgwp1XOdRPsZkppiRiZFL1UkQXiEBqRnqECcKD+bPTGBJ0bpwyiWpoSGM/X3RIa4UmMemk6O9FAtelPxP6+X6ujcz6hIUk0Eni+KUgZ1DKeJwD6VBGs2NgRhSc2tEA+RRFib3IomBHfx5WXSrlXderV+Wys3LvM4CqAEjsEpcMEZaIBr0AQtgMEjeAav4M16sl6sd+tj3rpi5TNH4A+szx+6jJY+</latexit>

xK 2 Argminf

<latexit sha1_base64="4lAFUTEmFLJfwNEta5Fl3py1ZQw="></latexit>

Constant stepsize regime: tk ⌘ t for all k � 0

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)

<latexit sha1_base64="7tw/qlJtsqgGpOIPz9mwLq/gXpA=">AAACCnicbVDLSsNAFJ34rPUVdelmtBVclaRIFdxU3LisYB/QhDCZTtqhM5MwMxFL6NqNv+LGhSJu/QJ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr64WN4ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89j2RisbiTo8S4nPUFzSiGGkjBfZR+SHIPKWRHEOPCph5ksMr2edUGOESRuXALjkVZwq4SNyclECORmB/eb0Yp5wIjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXUIE4UX42fWUMT4zSg1EsTQkNp+rviQxxpUY8NJ0c6YGa9ybif1431dGFn1GRpJoIPFsUpQzqGE5ygT0qCdZsZAjCkppbIR4gibA26RVNCO78y4ukVa24tUrttlqqn+VxFMAhOAanwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8AkOSZfg==</latexit>

x? 2 Argmin f

Corollary:



<latexit sha1_base64="wQY1/BWTR7in03J8NmAF/mzUgDA="></latexit>

f(xk+1)� f(x?) 
✓
1 +

tk
kxk+1 � x?k

◆�1

(f(xk)� f(x?))

Result 5: Super-Accelerated 
Linear Convergence in Function Values

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)

No need for 
strong convexity!

<latexit sha1_base64="7tw/qlJtsqgGpOIPz9mwLq/gXpA=">AAACCnicbVDLSsNAFJ34rPUVdelmtBVclaRIFdxU3LisYB/QhDCZTtqhM5MwMxFL6NqNv+LGhSJu/QJ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr64WN4ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89j2RisbiTo8S4nPUFzSiGGkjBfZR+SHIPKWRHEOPCph5ksMr2edUGOESRuXALjkVZwq4SNyclECORmB/eb0Yp5wIjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXUIE4UX42fWUMT4zSg1EsTQkNp+rviQxxpUY8NJ0c6YGa9ybif1431dGFn1GRpJoIPFsUpQzqGE5ygT0qCdZsZAjCkppbIR4gibA26RVNCO78y4ukVa24tUrttlqqn+VxFMAhOAanwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8AkOSZfg==</latexit>

x? 2 Argmin f

<latexit sha1_base64="9ck4dWrpuww0q6/kxtHxw6oqm2s="></latexit>

f(xk+1)  f(xk)� tk
f(xk+1)� f(x?)

kxk+1 � x?k

<latexit sha1_base64="MmdECN3ANCIwbZp+q78KN/XAapI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGMA9IljA7mU2GzGOZmVXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7j1QbpuSDnSY0FHgkWcwItk7qx4pz9WRQrJUYlCt+1V8ArZMgJxXI0RyUv/pDRVJBpSUcG9ML/MSGGdaWEU5npX5qaILJBI9oz1GJBTVhtrh5hi6cMkSx0q6kRQv190SGhTFTEblOge3YrHpz8T+vl9r4JsyYTFJLJVkuilOOrELzANCQaUosnzqCiWbuVkTGWGNiXUwlF0Kw+vI6adeqQb1av69VGld5HEU4g3O4hACuoQF30IQWEEjgGV7hzUu9F+/d+1i2Frx85hT+wPv8ATs5kcc=</latexit>

follows from



Result 6: Gradient Monotonicity

<latexit sha1_base64="ZRrpRgxIL7ooIBQSj5vwEfuDTx8=">AAACF3icbVDLTsJAFJ36RHyhLt1MBBOMSdOyQJdENy4xkUdCSTMdpjDpdFpnpkZS+As3/oobFxrjVnf+jQN0IeBJbnJyzr259x4vZlQqy/oxVlbX1jc2c1v57Z3dvf3CwWFTRonApIEjFom2hyRhlJOGooqRdiwICj1GWl5wPfFbD0RIGvE7NYxJN0R9Tn2KkdKSWzBLzsjhyGMI+uVHNw3O7fGZM4IOI/dwzgq0XHILRcu0poDLxM5IEWSou4VvpxfhJCRcYYak7NhWrLopEopiRsZ5J5EkRjhAfdLRlKOQyG46/WsMT7XSg34kdHEFp+rfiRSFUg5DT3eGSA3kojcR//M6ifIvuynlcaIIx7NFfsKgiuAkJNijgmDFhpogLKi+FeIBEggrHWVeh2AvvrxMmhXTrprV20qxdpXFkQPH4ASUgQ0uQA3cgDpoAAyewAt4A+/Gs/FqfBifs9YVI5s5AnMwvn4BeMueQA==</latexit>

krf(xk+1)k  krf(xk)k

<latexit sha1_base64="f/x4Qgx07ULFMoD4luyc/jp2b3M=">AAACJHicbVC7TsMwFHV4lvIKMLJYtCCmKulQkLpUsDAWiT6kJooc12mt2k5kO4gq6sew8CssDDzEwMK34LYZoOVKlo/OuUf33hMmjCrtOF/Wyura+sZmYau4vbO7t28fHLZVnEpMWjhmseyGSBFGBWlpqhnpJpIgHjLSCUfXU71zT6SisbjT44T4HA0EjShG2lCBXS9HZUgV7NMoIpIITZGxQq/u1aF3Nv/LD4EDPSpg5kkO+zGfGB5G5cAuORVnVnAZuDkogbyagf3u9WOccjMGM6RUz3US7WdIaooZmRS9VJEE4REakJ6BAnGi/Gx25ASeGqYPo1iaJzScsb8dGeJKjXloOjnSQ7WoTcn/tF6qo0s/oyJJNRF4PihKGdQxnCZmopEEazY2AGFJza4QD5FEWJtciyYEd/HkZdCuVtxapXZbLTWu8jgK4BicgHPgggvQADegCVoAg0fwDF7Bm/VkvVgf1ue8dcXKPUfgT1nfPylwoXA=</latexit>

f is di↵erentiable & x0 2 dom f

<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)



Result 7: Gradient Convergence

<latexit sha1_base64="Hf6Bac/wIeVL2reZsF8fyRKfxcI="></latexit>

K�1X

k=0

tkPK�1
s=0 ts

krf(xk+1)k  f(x0)� f(x?)PK�1
k=0 tk

Corollary:

<latexit sha1_base64="4lAFUTEmFLJfwNEta5Fl3py1ZQw="></latexit>

Constant stepsize regime: tk ⌘ t for all k � 0
<latexit sha1_base64="z/bJE/ZJK1xgpNmMELT9a/rh75E="></latexit>

krf(xK+1)k  1

K

K�1X

k=0

krf(xk+1)k  f(x0)� f(x?)

t ·K
<latexit sha1_base64="4H11QnVAyrn1MesZ6WaXlnGpJCc="></latexit>

xk+1 2 Argmin {f(x) : kx� xkk  tk}

Broximal Point Method (BPM)

<latexit sha1_base64="7tw/qlJtsqgGpOIPz9mwLq/gXpA=">AAACCnicbVDLSsNAFJ34rPUVdelmtBVclaRIFdxU3LisYB/QhDCZTtqhM5MwMxFL6NqNv+LGhSJu/QJ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr64WN4ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk/89j2RisbiTo8S4nPUFzSiGGkjBfZR+SHIPKWRHEOPCph5ksMr2edUGOESRuXALjkVZwq4SNyclECORmB/eb0Yp5wIjRlSqus6ifYzJDXFjIyLXqpIgvAQ9UnXUIE4UX42fWUMT4zSg1EsTQkNp+rviQxxpUY8NJ0c6YGa9ybif1431dGFn1GRpJoIPFsUpQzqGE5ygT0qCdZsZAjCkppbIR4gibA26RVNCO78y4ukVa24tUrttlqqn+VxFMAhOAanwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2PWeuSlc8cgD+wPn8AkOSZfg==</latexit>

x? 2 Argmin f
<latexit sha1_base64="0xCMHybKu5yABs7jv0P8V0vIpRI="></latexit>

f(xk+1)  f(xk)� tkkrf(xk+1)k

<latexit sha1_base64="MmdECN3ANCIwbZp+q78KN/XAapI=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKewGiR4DXjxGMA9IljA7mU2GzGOZmVXCkt/w4kERr/6MN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7j1QbpuSDnSY0FHgkWcwItk7qx4pz9WRQrJUYlCt+1V8ArZMgJxXI0RyUv/pDRVJBpSUcG9ML/MSGGdaWEU5npX5qaILJBI9oz1GJBTVhtrh5hi6cMkSx0q6kRQv190SGhTFTEblOge3YrHpz8T+vl9r4JsyYTFJLJVkuilOOrELzANCQaUosnzqCiWbuVkTGWGNiXUwlF0Kw+vI6adeqQb1av69VGld5HEU4g3O4hACuoQF30IQWEEjgGV7hzUu9F+/d+1i2Frx85hT+wPv8ATs5kcc=</latexit>

follows from



Practical Considerations



1. Some results extend to arbitrary non-Euclidean norms [GR 2025]
(choice of the norm is very important in deep learning, and training of LLMs!)

2. Can be made practical by approximation:

<latexit sha1_base64="CF25z5AgIbIrBjqd6yw2uq4X368=">AAACF3icbVC7SgNBFJ31GddX1NJmMBGswm6KKFYhNjZCBPOAJITZ2bvJkNmdZWZWDEv+wsZfsbFQxFY7/8bZJIUmHhg4nHMvc8/xYs6Udpxva2V1bX1jM7dlb+/s7u3nDw6bSiSSQoMKLmTbIwo4i6ChmebQjiWQ0OPQ8kZXmd+6B6mYiO70OIZeSAYRCxgl2kj9fInEsRQPLCQacDEoXmIj8DGu1W+wFpjgUPjAsQgy07b7+YJTcqbAy8SdkwKao97Pf3V9QZMQIk05UarjOrHupURqRjlM7G6iICZ0RAbQMTQiIaheOs01wadG8XEgpHmRxlP190ZKQqXGoWcmzf1Dtehl4n9eJ9HBRS9lUZxoiOjsoyDhWeKsJOwzCVSbGnxGqGTmVkyHRBKqTZVZCe5i5GXSLJfcSqlyWy5Ua/M6cugYnaAz5KJzVEXXqI4aiKJH9Ixe0Zv1ZL1Y79bHbHTFmu8coT+wPn8AmgKdAw==</latexit>

approximate f : apply BPM to a model of f
(gives rise to non-Euclidean trust region methods)

<latexit sha1_base64="1IJTQzirePkzWxcsIPY7ljhGc2M="></latexit>

approximate broxtf : use an iterative technique, stop early

BPM: Practical Considerations



BPM: Related Works



Prior Related Work: Acceleration



Prior Related Work: Non-Euclidean Balls
<latexit sha1_base64="hcYobmi+PtFFoTh+qpY5aWgwI44=">AAAB/HicbVBNT8JAEN3iF+JXlaOXjWDiibQc0CPRi0dMBExo02yXLWzYbpvdqUlD8K948aAxXv0h3vw3LtCDgi+Z5OW9mczMC1PBNTjOt1Xa2Nza3invVvb2Dw6P7OOTnk4yRVmXJiJRDyHRTHDJusBBsIdUMRKHgvXDyc3c7z8ypXki7yFPmR+TkeQRpwSMFNjVuseECDwuI8jrOCRC6MCuOQ1nAbxO3ILUUIFOYH95w4RmMZNABdF64Dop+FOigFPBZhUv0ywldEJGbGCoJDHT/nRx/AyfG2WIo0SZkoAX6u+JKYm1zuPQdMYExnrVm4v/eYMMoit/ymWaAZN0uSjKBIYEz5PAQ64YBZEbQqji5lZMx0QRCiavignBXX15nfSaDbfVaN01a+3rIo4yOkVn6AK56BK10S3qoC6iKEfP6BW9WU/Wi/VufSxbS1YxU0V/YH3+AAxmlGY=</latexit>

`1 balls
<latexit sha1_base64="bgRFPAtcZFzLo5WLy+GgO2O7hvE=">AAAB9XicbVA9TwJBEJ3zE/ELtbTZCCZW5I4CLYk2lpjIRwJI9pY52LC3d9nd05AL/8PGQmNs/S92/hsXuELBl0zy8t5MZub5seDauO63s7a+sbm1ndvJ7+7tHxwWjo6bOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzPzWIyrNI3lvJjH2QjqUPOCMGis9lLooRD8uEZ8KofuFolt25yCrxMtIETLU+4Wv7iBiSYjSMEG17nhubHopVYYzgdN8N9EYUzamQ+xYKmmIupfOr56Sc6sMSBApW9KQufp7IqWh1pPQt50hNSO97M3E/7xOYoKrXsplnBiUbLEoSAQxEZlFQAZcITNiYgllittbCRtRRZmxQeVtCN7yy6ukWSl71XL1rlKsXWdx5OAUzuACPLiEGtxCHRrAQMEzvMKb8+S8OO/Ox6J1zclmTuAPnM8fkmiR7Q==</latexit>

`p balls



Prior Related Work: Parallel Optimization



Prior Related Work: Minimize Maximum Loss



Part 2
Deep Learning & 

Orthogonalizing the Gradient



Shampoo (2018)

Promising, but did not 
replace Adam

(259 citations only)



Orthogonal SGDM (2022)



Orthogonal SGDM (2022)

No theory
3 citations only as 

of today!



Muon (12/2024)

Consistently beats 
Adam!



Newton-Schulz 5

By Keller Jordan (blog; 12/2024)

Efficient Orthonormalization in Muon
Optimal method (6/2025)



February 2025 March 2025

Muon Theory



Scion (2/2025)

Improves upon Muon, 
exhibits hyperparameter 

transfer



Distributed Muon-Style Optimizers

February 2025 May 2025 May 2025



Part 3
Gluon: Efficient Training of 

Large Language Models



1. Global vs layer-wise linear minimization
• Practice: linear minimization over non-Euclidean balls is 

performed layer-by layer
• Theory: linear minimization over all parameters

2. Learning rates (stepsizes)
• Practice: trial & error tuning 
• Theory: impractically tiny stepsizes

Issues with Existing Theory



Gluon: The Setup

<latexit sha1_base64="cSZHz5mUiQ8iDmF2NLcNlNa2hG4="></latexit>

min
X2S

{f(X) := E⇠⇠D [f⇠(X)]}

<latexit sha1_base64="/yWB1FbnTaAcZrCPpoVi60nO2WY=">AAACA3icbVBNS8NAEN34WetX1JteFhvBQylJD9WLUPTisYJtA2kIm822XbrZhN2NUELBi3/FiwdFvPonvPlv3LY5aOuDgcd7M8zMC1NGpbLtb2NldW19Y7O0Vd7e2d3bNw8OOzLJBCZtnLBEuCGShFFO2ooqRtxUEBSHjHTD0c3U7z4QIWnC79U4JX6MBpz2KUZKS4F5bFkuvIKeGzhV2MNRomQVukHqW1ZgVuyaPQNcJk5BKqBAKzC/elGCs5hwhRmS0nPsVPk5EopiRiblXiZJivAIDYinKUcxkX4++2ECz7QSwX4idHEFZ+rviRzFUo7jUHfGSA3lojcV//O8TPUv/ZzyNFOE4/mifsagSuA0EBhRQbBiY00QFlTfCvEQCYSVjq2sQ3AWX14mnXrNadQad/VK87qIowROwCk4Bw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFtXjGLmCPyB8fkDluuU9Q==</latexit>

X = [X1, · · · , Xp]
<latexit sha1_base64="p+OD4aMWLOyZ+A8OB84g0zAnAKI=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaRgFUEounFZH31AE8NkOm2HTiZhZiKUkC9x46+4caGI4Er/xkmbhbYeGDhzzr3ce48fMSqVZX0bC4tLyyurhbXi+sbm1ra5s9uSYSwwaeKQhaLjI0kY5aSpqGKkEwmCAp+Rtj+6zPz2AxGShvxOjSPiBmjAaZ9ipLTkmcflcsej0KEcJg5GDN6m+nt2Dp0AqaHvJzfpfcKzCkUDImHg0bRc9sySVbEmgPPEzkkJ5Gh45qfTC3EcEK4wQ1J2bStSboKEopiRtOjEkkQIj9CAdDXlSM9yk8l5KTzUSg/2Q6EfV3Ci/u5IUCDlOPB1Zba0nPUy8T+vG6v+qZtQHsWKcDwd1I8ZVCHMsoI9KghWbKwJwoLqXSEeIoGw0okWdQj27MnzpFWt2LVK7bpaql/kcRTAPjgAR8AGJ6AOrkADNAEGj+AZvII348l4Md6Nj2npgpH37IE/ML5+AI6poPI=</latexit>

Xi 2 Si := Rni⇥mi

<latexit sha1_base64="pagLM6gKGloyyiUTm+lFHTbzcTw=">AAACJXicbVDLSgMxFM3UV62vUZdugq3gqsx0UUUUim5cVrQP6JSSSdM2NDMZkjtCGfozbvwVNy4sIrjyV0wfFm09EDj3nHu5ucePBNfgOJ9WamV1bX0jvZnZ2t7Z3bP3D6paxoqyCpVCqrpPNBM8ZBXgIFg9UowEvmA1v38z9muPTGkuwwcYRKwZkG7IO5wSMFLLvszlEo8Sge+H+OIK//CWiz0JPGAae7QtQc/LeUeUy7XsrJN3JsDLxJ2RLJqh3LJHXlvSOGAhUEG0brhOBM2EKOBUsGHGizWLCO2TLmsYGhKzsZlMrhziE6O0cUcq80LAE/X3REICrQeBbzoDAj296I3F/7xGDJ3zZsLDKAYW0umiTiwwSDyODLe5YhTEwBBCFTd/xbRHFKFggs2YENzFk5dJtZB3i/niXSFbup7FkUZH6BidIhedoRK6RWVUQRQ9oRf0hkbWs/VqvVsf09aUNZs5RH9gfX0DaFWjag==</latexit>

S := S1 ⌦ · · ·⌦ Sp



Gluon: The Algorithm

<latexit sha1_base64="IMRxo8oV/BsjuDfCxw7WD5Q5kIY="></latexit>

Xk+1
i = argminXi2Si

�
hMk

i , Xii(i) | kXi �Xk
i k(i)  tki

 

<latexit sha1_base64="HY123pQJzP+UtwPopewmBnLpbVI="></latexit>

Mk
i = �kMk�1

i + (1� �k)rif⇠k(X
k)

<latexit sha1_base64="hl+8zShndyImgRGkllNOv5yOMRI=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g4lgEcJuiiiCEBTEMoJ5QLKE2clsMmR2ZpmZFZYlP2Djr9hYKGJrb+ffOEm20MRbHc6De+/xI0aVdpxvK7eyura+kd8sbG3v7O7Z+wctJWKJSRMLJmTHR4owyklTU81IJ5IEhT4jbX98PdXbD0QqKvi9TiLihWjIaUAx0obq26UbISFiDDKUGBss0Uu3XC3D3kBoVYZRCQ7ERd8uOhVnNnAZuBkogmwaffvL5HEcEq4xQ0p1XSfSXoqkppiRSaEXKxIhPEZD0jWQo5AoL519M4EnhhnAwNwVCK7hjP2dSFGoVBL6xhkiPVKL2pT8T+vGOjj3UsqjWBOO54uCmEEt4LQaOKCSYM0SAxCW1NwK8QhJhLVppmBKcBdfXgatasWtVWp31WL9KqsjD47AMTgFLjgDdXALGqAJMHgEz+AVvFlP1ov1bn3MrTkryxyCP2N9/gBaR5k0</latexit>

For all layers i = 1, 2, . . . , p do:

<latexit sha1_base64="cSZHz5mUiQ8iDmF2NLcNlNa2hG4="></latexit>

min
X2S

{f(X) := E⇠⇠D [f⇠(X)]}

<latexit sha1_base64="+hVuSXH1pXNLKIfuWfMh9jyrOwo=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEQSgzRarLghuXFe0D2qFk0rQNTSZDkhFK6dKNv+LGhSJu/QR3/o2ZdhbaeiBwOOcebu4JY8608bxvJ7eyura+kd8sbG3v7O65+wcNLRNFaJ1ILlUrxJpyFtG6YYbTVqwoFiGnzXB0nfrNB6o0k9G9Gcc0EHgQsT4j2Fip6x7fGUmGWBtG0EDhHqORQedISGFJIgpdt+iVvBnQMvEzUoQMta771elJkqRxwrHWbd+LTTDBym7gdFroJJrGmIzwgLYtjbCgOpjMDpmiU6v0UF8q++w/ZurvxAQLrccitJMCm6Fe9FLxP6+dmP5VMGFRnBgakfmifsKRkShtBfWYosTwsSWYKJa2YVtRmBjbXVqCv3jyMmmUS36lVLktF6sXWR15OIITOAMfLqEKN1CDOhB4hGd4hTfnyXlx3p2P+WjOyTKH8AfO5w/9vZlG</latexit>

Stochastic gradient + momentum
<latexit sha1_base64="Gqmvs9jtc97N/OjQzi4fUY5gwNg="></latexit>

hXi, Yii := Tr
�
X>

i Yi

�
<latexit sha1_base64="w55NShi8DDesrswwHZ0ZOOwbo9I="></latexit>

Trace inner product on Si := Rmi⇥ni

<latexit sha1_base64="x8tsgaCAeuUvUSAk/9S2ueYNQIM="></latexit>

Non-Euclidean norm on Si := Rmi⇥ni

<latexit sha1_base64="fDyo9RhrXslNukNCpXMED1VmF34=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxlCqpUGFBqsTCWAR9SG1UOa7TWnXsyHaQqqgzC7/CwgBCrHwBG3+Dm2aAwpmOzrlH997jR4wq7ThfVm5peWV1Lb9e2Njc2t6xd/daSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74aua374lUVPA7PYmIF6IhpwHFSBupbx/eRgRriRjkQoYwEBKW6KVb7g2EVuXo1C317aJTcVLAv8TNSBFkaPTtTxPGcUi4xgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUI5CorwkfWUKj40ySM8IBNcwVX8mEhQqNQl9MxkiPVKL3kz8z+vGOrjwEsqjWBOO54uCmEEt4KwXOKDSFMEmhiAsqbkV4hGSCGvTXsGU4C6+/Je0qhW3VqndVIv1s6yOPDgAR+AEuOAc1ME1aIAmwOABPIEX8Go9Ws/Wm/U+H81ZWWYf/IL18Q2tw5js</latexit>

Spectral norm for i = 1, . . . , p� 1

<latexit sha1_base64="/kyIW+l5NcmFL5KgNazlC8OrwvE=">AAACBnicbVC7TsNAEDyHVwgvAyVCOpEgUQU7QoEyEg1lEOQhJVZ0Pq+TU84P3Z2RjJWKhl+hoQAhWr6Bjr/hkriAwFSjmV3t7LgxZ1JZ1pdRWFpeWV0rrpc2Nre2d8zdvbaMEkGhRSMeia5LJHAWQksxxaEbCyCBy6Hjji+nfucOhGRReKvSGJyADEPmM0qUlgbm4Y2CWLJ7OBXEY4nEfiQwJykIXGGVgVm2qtYM+C+xc1JGOZoD87PvRTQJIFSUEyl7thUrJyNCMcphUuonEmJCx2QIPU1DEoB0stkbE3ysFW8WwI9ChWfqz42MBFKmgasnA6JGctGbiv95vUT5F07GwjhRENL5IT/hWEV42gn2mACqeKoJoYLprJiOiCBU6eZKugR78eW/pF2r2vVq/bpWbpzldRTRATpCJ8hG56iBrlATtRBFD+gJvaBX49F4Nt6M9/lowch39tEvGB/fQWKYSw==</latexit>

Stepsize/radius for layer i

<latexit sha1_base64="SVwfcSsuxJ9Cpo/xpyC0dXPG9uM=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+AqCI7RDplehIEXjxPcVthqSdN0C0tfSFJhlH0dL34VLwqKevWLmK096OYfAv/8nuchef5ewqiQpvmplVZW19Y3ypuVre2d3T19/6Ar4pRj0sExi7ntIUEYjUhHUsmInXCCQo+Rnje+ntV7D4QLGkd3cpIQJ0TDiAYUI6mQq7cMw77PxmfWFF7Bvu1a+aUGB9iPpahB26WLSLEkZ45huHrVrJtzwWVjFaYKCrVd/XXgxzgNSSQxQ0L0LTORToa4pJiRaWWQCpIgPEZD0lc2QiERTjbfdApPFPFhEHN1Ignn9PdEhkIhJqGnOkMkR2KxNoP/1fqpDC6djEZJKkmE84eClEEZw1ls0KecYMkmyiDMqforxCPEEZYq3IoKwVpcedl0G3WrWW/eNqqt8yKOMjgCx+AUWOACtMANaIMOwOARPIM38K49aS/ah/aVt5a0YuYQ/JH2/QOTQaMo</latexit>

Xk+1 = [Xk+1
1 , · · · , Xk+1

i , · · · , Xk+1
p ]

<latexit sha1_base64="n3B3ff/9YXg2G6QZqjaqGzCtjr0=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaRoFUEouHFZH31AE8NkOm2HTiZhZiKUkC9x46+4caGI4Er/xkmbhbYeGDhzzr3ce48fMSqVZX0bC4tLyyurhbXi+sbm1ra5s9uSYSwwaeKQhaLjI0kY5aSpqGKkEwmCAp+Rtj+6zPz2AxGShvxOjSPiBmjAaZ9ipLTkmSflcsej0KEcJg5GDN6m+nt+AZ0AqaHvJzfpfcKzCkUDImHg0bRc9sySVbEmgPPEzkkJ5Gh45qfTC3EcEK4wQ1J2bStSboKEopiRtOjEkkQIj9CAdDXlSM9yk8l5KTzUSg/2Q6EfV3Ci/u5IUCDlOPB1Zba0nPUy8T+vG6v+mZtQHsWKcDwd1I8ZVCHMsoI9KghWbKwJwoLqXSEeIoGw0okWdQj27MnzpFWt2LVK7bpaqh/ncRTAPjgAR8AGp6AOrkADNAEGj+AZvII348l4Md6Nj2npgpH37IE/ML5+AIpzoOQ=</latexit>

Xi 2 Si := Rni⇥mi

<latexit sha1_base64="F7ng07i3g5+1yN/953HYbgyQNB0=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSRFqsuCG5cV+oI2lMn0th06mYSZiRBCP8KNv+LGhSJuXbjzb5y0WWjrgYHDOedy5x4/4kxpx/m21tY3Nre2CzvF3b39g0P76LitwlhSaNGQh7LrEwWcCWhppjl0Iwkk8Dl0/Olt5nceQCoWiqZOIvACMhZsxCjRRhrYl01JmCAmjiMiSQDahLEPPBRjJsZYh5iTBCQus/LALjkVZw68StyclFCOxsD+6g9DGgcgNOVEqZ7rRNpLidSMcpgV+7GCiNApGUPPUGHWKy+dHzXD50YZ4lEozRMaz9XfEykJlEoC3yQDoidq2cvE/7xerEc3XspEFGsQdLFoFPPs1KwhPGQSqOaJIYRKZv6K6cR0Q7NqiqYEd/nkVdKuVtxapXZfLdWv8joK6BSdoQvkomtUR3eogVqIokf0jF7Rm/VkvVjv1sciumblMyfoD6zPHwuaniA=</latexit>

Trainable parameters belonging to layer i



New Smoothness Assumption



<latexit sha1_base64="cq2PT+1vWTxste4WNlBjrlQaHuo="></latexit>

krif(X)�rif(Y )k(i)⇤
kXi � Yik(i)

 L0
i+L1

i krif(X)k(i)⇤, 8X,Y 2 S, 8i 2 {1, . . . , p}

New Assumption:
Layer-wise L0-L1 Smoothness

<latexit sha1_base64="cSZHz5mUiQ8iDmF2NLcNlNa2hG4="></latexit>

min
X2S

{f(X) := E⇠⇠D [f⇠(X)]}

<latexit sha1_base64="m8dntg9xMN6b6adDUS6QnDuny3k="></latexit>

kGik(i)⇤ := sup
kXik(i)1

hGi, Xii(i)

<latexit sha1_base64="n3vNIP3ptqtz8rLN3NcwXXNrTRQ=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoOJYBV2g0TLgBaWEcwDkiXMTmaTIfNYZmaFsKTxV2wsFLH1M+z8GyebLTTxVIdz7uWee8KYUW0879sprK1vbG4Vt0s7u3v7B+7hUVvLRGHSwpJJ1Q2RJowK0jLUMNKNFUE8ZKQTTm7mfueRKE2leDDTmAQcjQSNKEbGSgP35DZBDAqpOIykggxNiYIVWhm4Za/qZYCrxM9JGeRoDtyv/lDihBNhMENa93wvNkGKlKGYkVmpn2gSIzxBI9KzVCBOdJBmD8zguVWGWYBICgMz9fdGirjWUx7aSY7MWC97c/E/r5eY6DpIqYgTQwReHIoSBo2E8zbgkCqCDZtagrCiNivEY6QQNrazki3BX355lbRrVb9erd/Xyo3LvI4iOAVn4AL44Ao0wB1oghbAYAaewSt4c56cF+fd+ViMFpx85xj8gfP5AxKPlWM=</latexit>

Dual norm for layer i

<latexit sha1_base64="wB7lK9wYfje6q5EtW00YfZMWASs=">AAACFHicbVA9SwNBEN3zM8avqKXNYiIIQrgTUcuAjWUEYwJJCHObObO4t3vszikh5EfY+FdsLBSxtbDz33j5KNT4qsd7M8ybFyZKOvL9L29ufmFxaTm3kl9dW9/YLGxtXzuTWoE1YZSxjRAcKqmxRpIUNhKLEIcK6+Ht+civ36F10ugr6ifYjuFGy0gKoEzqFA6v7g13sTHU0+gcF0Y7Ak2OR8ZyBNHjCvpoeUmWOoWiX/bH4LMkmJIim6LaKXy2ukakMWoSCpxrBn5C7QFYkkLhMN9KHSYgbuEGmxnVEKNrD8ZPDfl+pnTHKSKjiY/VnxsDiJ3rx2E2GQP13F9vJP7nNVOKztoDqZOUUIvJoShVnAwfNcS70qIg1c8ICCuzrFz0wIKgrMd8VkLw9+VZcn1UDk7KJ5dHxcrxtI4c22V77IAF7JRV2AWrshoT7IE9sRf26j16z96b9z4ZnfOmOzvsF7yPbxS2niQ=</latexit>

Two smoothness constants for each layer i



Experimental Validation of
Layer-wise L0-L1 Smoothness



Gluon Convergence Theory



Gluon: Deterministic Variant

<latexit sha1_base64="IMRxo8oV/BsjuDfCxw7WD5Q5kIY="></latexit>

Xk+1
i = argminXi2Si

�
hMk

i , Xii(i) | kXi �Xk
i k(i)  tki

 

<latexit sha1_base64="HY123pQJzP+UtwPopewmBnLpbVI="></latexit>

Mk
i = �kMk�1

i + (1� �k)rif⇠k(X
k)

<latexit sha1_base64="hl+8zShndyImgRGkllNOv5yOMRI=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g4lgEcJuiiiCEBTEMoJ5QLKE2clsMmR2ZpmZFZYlP2Djr9hYKGJrb+ffOEm20MRbHc6De+/xI0aVdpxvK7eyura+kd8sbG3v7O7Z+wctJWKJSRMLJmTHR4owyklTU81IJ5IEhT4jbX98PdXbD0QqKvi9TiLihWjIaUAx0obq26UbISFiDDKUGBss0Uu3XC3D3kBoVYZRCQ7ERd8uOhVnNnAZuBkogmwaffvL5HEcEq4xQ0p1XSfSXoqkppiRSaEXKxIhPEZD0jWQo5AoL519M4EnhhnAwNwVCK7hjP2dSFGoVBL6xhkiPVKL2pT8T+vGOjj3UsqjWBOO54uCmEEt4LQaOKCSYM0SAxCW1NwK8QhJhLVppmBKcBdfXgatasWtVWp31WL9KqsjD47AMTgFLjgDdXALGqAJMHgEz+AVvFlP1ov1bn3MrTkryxyCP2N9/gBaR5k0</latexit>

For all layers i = 1, 2, . . . , p do:

<latexit sha1_base64="cSZHz5mUiQ8iDmF2NLcNlNa2hG4="></latexit>

min
X2S

{f(X) := E⇠⇠D [f⇠(X)]}

<latexit sha1_base64="+hVuSXH1pXNLKIfuWfMh9jyrOwo=">AAACCHicbVDLSgMxFL1TX7W+Rl26MFgEQSgzRarLghuXFe0D2qFk0rQNTSZDkhFK6dKNv+LGhSJu/QR3/o2ZdhbaeiBwOOcebu4JY8608bxvJ7eyura+kd8sbG3v7O65+wcNLRNFaJ1ILlUrxJpyFtG6YYbTVqwoFiGnzXB0nfrNB6o0k9G9Gcc0EHgQsT4j2Fip6x7fGUmGWBtG0EDhHqORQedISGFJIgpdt+iVvBnQMvEzUoQMta771elJkqRxwrHWbd+LTTDBym7gdFroJJrGmIzwgLYtjbCgOpjMDpmiU6v0UF8q++w/ZurvxAQLrccitJMCm6Fe9FLxP6+dmP5VMGFRnBgakfmifsKRkShtBfWYosTwsSWYKJa2YVtRmBjbXVqCv3jyMmmUS36lVLktF6sXWR15OIITOAMfLqEKN1CDOhB4hGd4hTfnyXlx3p2P+WjOyTKH8AfO5w/9vZlG</latexit>

Stochastic gradient + momentum
<latexit sha1_base64="Gqmvs9jtc97N/OjQzi4fUY5gwNg="></latexit>

hXi, Yii := Tr
�
X>

i Yi

�
<latexit sha1_base64="w55NShi8DDesrswwHZ0ZOOwbo9I="></latexit>

Trace inner product on Si := Rmi⇥ni

<latexit sha1_base64="x8tsgaCAeuUvUSAk/9S2ueYNQIM="></latexit>

Non-Euclidean norm on Si := Rmi⇥ni

<latexit sha1_base64="fDyo9RhrXslNukNCpXMED1VmF34=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxlCqpUGFBqsTCWAR9SG1UOa7TWnXsyHaQqqgzC7/CwgBCrHwBG3+Dm2aAwpmOzrlH997jR4wq7ThfVm5peWV1Lb9e2Njc2t6xd/daSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74aua374lUVPA7PYmIF6IhpwHFSBupbx/eRgRriRjkQoYwEBKW6KVb7g2EVuXo1C317aJTcVLAv8TNSBFkaPTtTxPGcUi4xgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUI5CorwkfWUKj40ySM8IBNcwVX8mEhQqNQl9MxkiPVKL3kz8z+vGOrjwEsqjWBOO54uCmEEt4KwXOKDSFMEmhiAsqbkV4hGSCGvTXsGU4C6+/Je0qhW3VqndVIv1s6yOPDgAR+AEuOAc1ME1aIAmwOABPIEX8Go9Ws/Wm/U+H81ZWWYf/IL18Q2tw5js</latexit>

Spectral norm for i = 1, . . . , p� 1

<latexit sha1_base64="/kyIW+l5NcmFL5KgNazlC8OrwvE=">AAACBnicbVC7TsNAEDyHVwgvAyVCOpEgUQU7QoEyEg1lEOQhJVZ0Pq+TU84P3Z2RjJWKhl+hoQAhWr6Bjr/hkriAwFSjmV3t7LgxZ1JZ1pdRWFpeWV0rrpc2Nre2d8zdvbaMEkGhRSMeia5LJHAWQksxxaEbCyCBy6Hjji+nfucOhGRReKvSGJyADEPmM0qUlgbm4Y2CWLJ7OBXEY4nEfiQwJykIXGGVgVm2qtYM+C+xc1JGOZoD87PvRTQJIFSUEyl7thUrJyNCMcphUuonEmJCx2QIPU1DEoB0stkbE3ysFW8WwI9ChWfqz42MBFKmgasnA6JGctGbiv95vUT5F07GwjhRENL5IT/hWEV42gn2mACqeKoJoYLprJiOiCBU6eZKugR78eW/pF2r2vVq/bpWbpzldRTRATpCJ8hG56iBrlATtRBFD+gJvaBX49F4Nt6M9/lowch39tEvGB/fQWKYSw==</latexit>

Stepsize/radius for layer i

<latexit sha1_base64="SVwfcSsuxJ9Cpo/xpyC0dXPG9uM=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+AqCI7RDplehIEXjxPcVthqSdN0C0tfSFJhlH0dL34VLwqKevWLmK096OYfAv/8nuchef5ewqiQpvmplVZW19Y3ypuVre2d3T19/6Ar4pRj0sExi7ntIUEYjUhHUsmInXCCQo+Rnje+ntV7D4QLGkd3cpIQJ0TDiAYUI6mQq7cMw77PxmfWFF7Bvu1a+aUGB9iPpahB26WLSLEkZ45huHrVrJtzwWVjFaYKCrVd/XXgxzgNSSQxQ0L0LTORToa4pJiRaWWQCpIgPEZD0lc2QiERTjbfdApPFPFhEHN1Ignn9PdEhkIhJqGnOkMkR2KxNoP/1fqpDC6djEZJKkmE84eClEEZw1ls0KecYMkmyiDMqforxCPEEZYq3IoKwVpcedl0G3WrWW/eNqqt8yKOMjgCx+AUWOACtMANaIMOwOARPIM38K49aS/ah/aVt5a0YuYQ/JH2/QOTQaMo</latexit>

Xk+1 = [Xk+1
1 , · · · , Xk+1

i , · · · , Xk+1
p ]

<latexit sha1_base64="n3B3ff/9YXg2G6QZqjaqGzCtjr0=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaRoFUEouHFZH31AE8NkOm2HTiZhZiKUkC9x46+4caGI4Er/xkmbhbYeGDhzzr3ce48fMSqVZX0bC4tLyyurhbXi+sbm1ra5s9uSYSwwaeKQhaLjI0kY5aSpqGKkEwmCAp+Rtj+6zPz2AxGShvxOjSPiBmjAaZ9ipLTkmSflcsej0KEcJg5GDN6m+nt+AZ0AqaHvJzfpfcKzCkUDImHg0bRc9sySVbEmgPPEzkkJ5Gh45qfTC3EcEK4wQ1J2bStSboKEopiRtOjEkkQIj9CAdDXlSM9yk8l5KTzUSg/2Q6EfV3Ci/u5IUCDlOPB1Zba0nPUy8T+vG6v+mZtQHsWKcDwd1I8ZVCHMsoI9KghWbKwJwoLqXSEeIoGw0okWdQj27MnzpFWt2LVK7bpaqh/ncRTAPjgAR8AGp6AOrkADNAEGj+AZvII348l4Md6Nj2npgpH37IE/ML5+AIpzoOQ=</latexit>

Xi 2 Si := Rni⇥mi

<latexit sha1_base64="F7ng07i3g5+1yN/953HYbgyQNB0=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSRFqsuCG5cV+oI2lMn0th06mYSZiRBCP8KNv+LGhSJuXbjzb5y0WWjrgYHDOedy5x4/4kxpx/m21tY3Nre2CzvF3b39g0P76LitwlhSaNGQh7LrEwWcCWhppjl0Iwkk8Dl0/Olt5nceQCoWiqZOIvACMhZsxCjRRhrYl01JmCAmjiMiSQDahLEPPBRjJsZYh5iTBCQus/LALjkVZw68StyclFCOxsD+6g9DGgcgNOVEqZ7rRNpLidSMcpgV+7GCiNApGUPPUGHWKy+dHzXD50YZ4lEozRMaz9XfEykJlEoC3yQDoidq2cvE/7xerEc3XspEFGsQdLFoFPPs1KwhPGQSqOaJIYRKZv6K6cR0Q7NqiqYEd/nkVdKuVtxapXZfLdWv8joK6BSdoQvkomtUR3eogVqIokf0jF7Rm/VkvVjv1sciumblMyfoD6zPHwuaniA=</latexit>

Trainable parameters belonging to layer i



Gluon: Deterministic Variant

<latexit sha1_base64="IMRxo8oV/BsjuDfCxw7WD5Q5kIY="></latexit>

Xk+1
i = argminXi2Si

�
hMk

i , Xii(i) | kXi �Xk
i k(i)  tki

 
<latexit sha1_base64="hl+8zShndyImgRGkllNOv5yOMRI=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g4lgEcJuiiiCEBTEMoJ5QLKE2clsMmR2ZpmZFZYlP2Djr9hYKGJrb+ffOEm20MRbHc6De+/xI0aVdpxvK7eyura+kd8sbG3v7O7Z+wctJWKJSRMLJmTHR4owyklTU81IJ5IEhT4jbX98PdXbD0QqKvi9TiLihWjIaUAx0obq26UbISFiDDKUGBss0Uu3XC3D3kBoVYZRCQ7ERd8uOhVnNnAZuBkogmwaffvL5HEcEq4xQ0p1XSfSXoqkppiRSaEXKxIhPEZD0jWQo5AoL519M4EnhhnAwNwVCK7hjP2dSFGoVBL6xhkiPVKL2pT8T+vGOjj3UsqjWBOO54uCmEEt4LQaOKCSYM0SAxCW1NwK8QhJhLVppmBKcBdfXgatasWtVWp31WL9KqsjD47AMTgFLjgDdXALGqAJMHgEz+AVvFlP1ov1bn3MrTkryxyCP2N9/gBaR5k0</latexit>

For all layers i = 1, 2, . . . , p do:

<latexit sha1_base64="cSZHz5mUiQ8iDmF2NLcNlNa2hG4="></latexit>

min
X2S

{f(X) := E⇠⇠D [f⇠(X)]}

<latexit sha1_base64="Gqmvs9jtc97N/OjQzi4fUY5gwNg="></latexit>

hXi, Yii := Tr
�
X>

i Yi

�
<latexit sha1_base64="w55NShi8DDesrswwHZ0ZOOwbo9I="></latexit>

Trace inner product on Si := Rmi⇥ni

<latexit sha1_base64="x8tsgaCAeuUvUSAk/9S2ueYNQIM="></latexit>

Non-Euclidean norm on Si := Rmi⇥ni

<latexit sha1_base64="fDyo9RhrXslNukNCpXMED1VmF34=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxlCqpUGFBqsTCWAR9SG1UOa7TWnXsyHaQqqgzC7/CwgBCrHwBG3+Dm2aAwpmOzrlH997jR4wq7ThfVm5peWV1Lb9e2Njc2t6xd/daSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74aua374lUVPA7PYmIF6IhpwHFSBupbx/eRgRriRjkQoYwEBKW6KVb7g2EVuXo1C317aJTcVLAv8TNSBFkaPTtTxPGcUi4xgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUI5CorwkfWUKj40ySM8IBNcwVX8mEhQqNQl9MxkiPVKL3kz8z+vGOrjwEsqjWBOO54uCmEEt4KwXOKDSFMEmhiAsqbkV4hGSCGvTXsGU4C6+/Je0qhW3VqndVIv1s6yOPDgAR+AEuOAc1ME1aIAmwOABPIEX8Go9Ws/Wm/U+H81ZWWYf/IL18Q2tw5js</latexit>

Spectral norm for i = 1, . . . , p� 1

<latexit sha1_base64="/kyIW+l5NcmFL5KgNazlC8OrwvE=">AAACBnicbVC7TsNAEDyHVwgvAyVCOpEgUQU7QoEyEg1lEOQhJVZ0Pq+TU84P3Z2RjJWKhl+hoQAhWr6Bjr/hkriAwFSjmV3t7LgxZ1JZ1pdRWFpeWV0rrpc2Nre2d8zdvbaMEkGhRSMeia5LJHAWQksxxaEbCyCBy6Hjji+nfucOhGRReKvSGJyADEPmM0qUlgbm4Y2CWLJ7OBXEY4nEfiQwJykIXGGVgVm2qtYM+C+xc1JGOZoD87PvRTQJIFSUEyl7thUrJyNCMcphUuonEmJCx2QIPU1DEoB0stkbE3ysFW8WwI9ChWfqz42MBFKmgasnA6JGctGbiv95vUT5F07GwjhRENL5IT/hWEV42gn2mACqeKoJoYLprJiOiCBU6eZKugR78eW/pF2r2vVq/bpWbpzldRTRATpCJ8hG56iBrlATtRBFD+gJvaBX49F4Nt6M9/lowch39tEvGB/fQWKYSw==</latexit>

Stepsize/radius for layer i

<latexit sha1_base64="SVwfcSsuxJ9Cpo/xpyC0dXPG9uM=">AAACKXicbZBNS8MwGMfT+TbnW9Wjl+AqCI7RDplehIEXjxPcVthqSdN0C0tfSFJhlH0dL34VLwqKevWLmK096OYfAv/8nuchef5ewqiQpvmplVZW19Y3ypuVre2d3T19/6Ar4pRj0sExi7ntIUEYjUhHUsmInXCCQo+Rnje+ntV7D4QLGkd3cpIQJ0TDiAYUI6mQq7cMw77PxmfWFF7Bvu1a+aUGB9iPpahB26WLSLEkZ45huHrVrJtzwWVjFaYKCrVd/XXgxzgNSSQxQ0L0LTORToa4pJiRaWWQCpIgPEZD0lc2QiERTjbfdApPFPFhEHN1Ignn9PdEhkIhJqGnOkMkR2KxNoP/1fqpDC6djEZJKkmE84eClEEZw1ls0KecYMkmyiDMqforxCPEEZYq3IoKwVpcedl0G3WrWW/eNqqt8yKOMjgCx+AUWOACtMANaIMOwOARPIM38K49aS/ah/aVt5a0YuYQ/JH2/QOTQaMo</latexit>

Xk+1 = [Xk+1
1 , · · · , Xk+1

i , · · · , Xk+1
p ]

<latexit sha1_base64="n3B3ff/9YXg2G6QZqjaqGzCtjr0=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaRoFUEouHFZH31AE8NkOm2HTiZhZiKUkC9x46+4caGI4Er/xkmbhbYeGDhzzr3ce48fMSqVZX0bC4tLyyurhbXi+sbm1ra5s9uSYSwwaeKQhaLjI0kY5aSpqGKkEwmCAp+Rtj+6zPz2AxGShvxOjSPiBmjAaZ9ipLTkmSflcsej0KEcJg5GDN6m+nt+AZ0AqaHvJzfpfcKzCkUDImHg0bRc9sySVbEmgPPEzkkJ5Gh45qfTC3EcEK4wQ1J2bStSboKEopiRtOjEkkQIj9CAdDXlSM9yk8l5KTzUSg/2Q6EfV3Ci/u5IUCDlOPB1Zba0nPUy8T+vG6v+mZtQHsWKcDwd1I8ZVCHMsoI9KghWbKwJwoLqXSEeIoGw0okWdQj27MnzpFWt2LVK7bpaqh/ncRTAPjgAR8AGp6AOrkADNAEGj+AZvII348l4Md6Nj2npgpH37IE/ML5+AIpzoOQ=</latexit>

Xi 2 Si := Rni⇥mi

<latexit sha1_base64="F7ng07i3g5+1yN/953HYbgyQNB0=">AAACFHicbVDLSsNAFJ34rPUVdelmsBUEoSRFqsuCG5cV+oI2lMn0th06mYSZiRBCP8KNv+LGhSJuXbjzb5y0WWjrgYHDOedy5x4/4kxpx/m21tY3Nre2CzvF3b39g0P76LitwlhSaNGQh7LrEwWcCWhppjl0Iwkk8Dl0/Olt5nceQCoWiqZOIvACMhZsxCjRRhrYl01JmCAmjiMiSQDahLEPPBRjJsZYh5iTBCQus/LALjkVZw68StyclFCOxsD+6g9DGgcgNOVEqZ7rRNpLidSMcpgV+7GCiNApGUPPUGHWKy+dHzXD50YZ4lEozRMaz9XfEykJlEoC3yQDoidq2cvE/7xerEc3XspEFGsQdLFoFPPs1KwhPGQSqOaJIYRKZv6K6cR0Q7NqiqYEd/nkVdKuVtxapXZfLdWv8joK6BSdoQvkomtUR3eogVqIokf0jF7Rm/VkvVjv1sciumblMyfoD6zPHwuaniA=</latexit>

Trainable parameters belonging to layer i

<latexit sha1_base64="A/4Y3PdPEgDJmtt43IdpOgcx/QY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdVOSItWNUHDjRqhgH9CmYTKdtEMmkzAzEUoobvwVNy4UcetXuPNvnLZZaOuBC4dz7uXee7yYUaks69vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6HJGGUk6aiipFOLAgKPUbaXnA99dsPREga8Xs1jokToiGnPsVIack1j0q3Lu0H8Ar2OPIYgr5Ly51+cFZyzaJVsWaAy8TOSBFkaLjmV28Q4SQkXGGGpOzaVqycFAlFMSOTQi+RJEY4QEPS1ZSjkEgnnb0wgadaGUA/Erq4gjP190SKQinHoac7Q6RGctGbiv953UT5l05KeZwowvF8kZ8wqCI4zQMOqCBYsbEmCAuqb4V4hATCSqdW0CHYiy8vk1a1YtcqtbtqsX6exZEHx+AElIENLkAd3IAGaAIMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/ADiPlV0=</latexit>

Mk
i = rfi(Xk)

<latexit sha1_base64="ntzXx9JiOOCWUEWiLSP19Tc6jUo=">AAAB8HicbVDLSsNAFL3xWeur6tLNYBFclaRIdVlwocsK9iFtKJPJTTt0JgkzE6GUfoUbF4q49XPc+TdO2yy09cCFwzn3cB9BKrg2rvvtrK1vbG5tF3aKu3v7B4elo+OWTjLFsMkSkahOQDUKHmPTcCOwkyqkMhDYDkY3M7/9hErzJH4w4xR9SQcxjzijxkqPt4qGHGND+qWyW3HnIKvEy0kZcjT6pa9emLBM2jATVOuu56bGn1BlOBM4LfYyjSllIzrArqUxlaj9yXzhKTm3SkiiRNmyw+fq78SESq3HMrCdkpqhXvZm4n9eNzPRtT/hcZoZjNliUJQJYhIyu56EXCEzYmwJZYrbXQkbUkWZsT8q2id4yyevkla14tUqtftquX6Zv6MAp3AGF+DBFdThDhrQBAYSnuEV3hzlvDjvzseidc3JMyfwB87nD2aykB0=</latexit>

Gradient



<latexit sha1_base64="j2qJ54UeT2DNyuE3VhbEAanGvIQ="></latexit>

K � 2�0 ·
✓Pp

i=1 L
0
i

"2
+

MAX

"

◆

<latexit sha1_base64="0hBRi9rz37UvljGE7XkWis8skCA="></latexit>

min
k=0,...,K�1

pX

i=1

��rif(X
k)
��
(i)⇤  "

Gluon Theory 1
<latexit sha1_base64="gLgob1Zm/CPHjSXRu9a/aLvFgGQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZCXViSItWNUNCFywr2AU1aJtNJO3QyCTMToYQu3fgrblwo4tZPcOffOG2z0OqBC4dz7uXee/yYUals+8vILS2vrK7l1wsbm1vbO+buXlNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uhq6rfuiZA04ndqHBMvRANOA4qR0lLPPLQs6F4TplDXhpcwKLW79gk8hS7lAQwsq2cW7bI9A/xLnIwUQYZ6z/x0+xFOQsIVZkjKjmPHykuRUBQzMim4iSQxwiM0IB1NOQqJ9NLZIxN4rJU+DCKhiys4U39OpCiUchz6ujNEaigXvan4n9dJVHDhpZTHiSIczxcFCYMqgtNUYJ8KghUba4KwoPpWiIdIIKx0dgUdgrP48l/SrJSdarl6WynWzrI48uAAHIEScMA5qIEbUAcNgMEDeAIv4NV4NJ6NN+N93pozspl98AvGxzfbFJYG</latexit>

�0 = f(X0)� inf f

<latexit sha1_base64="1UWrsDbEi4o/1xvtSFoB++juo2U=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgFe6CRMuAjWWEfEFyhL3NXLJkb/fY3RNCCNj4V2wsFLH1T9j5b9xcrtDEBwOP92aYmRcmnGnjed/O2vrG5tZ2Yae4u7d/cOgeHbe0TBWFJpVcqk5INHAmoGmY4dBJFJA45NAOx7dzv/0ASjMpGmaSQBCToWARo8RYqe+eNqQhHIs0DkFhGWFmQGWe7rslr+xlwKvEz0kJ5aj33a/eQNI0BmEoJ1p3fS8xwZQowyiHWbGXakgIHZMhdC0VJAYdTLMfZvjCKgMcSWVLGJypvyemJNZ6Eoe2MyZmpJe9ufif101NdBNMmUhSA4IuFkUpx0bieSB4wBRQwyeWEKqYvRXTEVGE2iB00YbgL7+8SlqVsl8tV+8rpdpVHkcBnaFzdIl8dI1q6A7VURNR9Iie0St6c56cF+fd+Vi0rjn5zAn6A+fzB+38l64=</latexit>

Total number of iterations

<latexit sha1_base64="UVW4c5Z8vbex3pjiANiwxJJXQIo="></latexit>

tki =
krif(X

k)k(i)⇤
L0

i+L1
i krif(Xk)k(i)⇤

<latexit sha1_base64="A/4Y3PdPEgDJmtt43IdpOgcx/QY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdVOSItWNUHDjRqhgH9CmYTKdtEMmkzAzEUoobvwVNy4UcetXuPNvnLZZaOuBC4dz7uXee7yYUaks69vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6HJGGUk6aiipFOLAgKPUbaXnA99dsPREga8Xs1jokToiGnPsVIack1j0q3Lu0H8Ar2OPIYgr5Ly51+cFZyzaJVsWaAy8TOSBFkaLjmV28Q4SQkXGGGpOzaVqycFAlFMSOTQi+RJEY4QEPS1ZSjkEgnnb0wgadaGUA/Erq4gjP190SKQinHoac7Q6RGctGbiv953UT5l05KeZwowvF8kZ8wqCI4zQMOqCBYsbEmCAuqb4V4hATCSqdW0CHYiy8vk1a1YtcqtbtqsX6exZEHx+AElIENLkAd3IAGaAIMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/ADiPlV0=</latexit>

Mk
i = rfi(Xk)

<latexit sha1_base64="TfZDSEum8E8fTXLoznTs665KyRI="></latexit>

MAX = max{L1
1, . . . , L

1
p}

<latexit sha1_base64="ftEXFB0CxHmjUJmjYaoalL2awM8="></latexit>

(maximum of the smoothness constants {L1
i }

p
i=1)



<latexit sha1_base64="paN4KBPhTVNHOiDitLPdC8uSMUE="></latexit>

K � 2�
0 ·

0

B@

Pp
i=1

⇣
HM

L1
i

⌘2

L0

i

"2
+

HM

"

1

CA

<latexit sha1_base64="gLgob1Zm/CPHjSXRu9a/aLvFgGQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZCXViSItWNUNCFywr2AU1aJtNJO3QyCTMToYQu3fgrblwo4tZPcOffOG2z0OqBC4dz7uXee/yYUals+8vILS2vrK7l1wsbm1vbO+buXlNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uhq6rfuiZA04ndqHBMvRANOA4qR0lLPPLQs6F4TplDXhpcwKLW79gk8hS7lAQwsq2cW7bI9A/xLnIwUQYZ6z/x0+xFOQsIVZkjKjmPHykuRUBQzMim4iSQxwiM0IB1NOQqJ9NLZIxN4rJU+DCKhiys4U39OpCiUchz6ujNEaigXvan4n9dJVHDhpZTHiSIczxcFCYMqgtNUYJ8KghUba4KwoPpWiIdIIKx0dgUdgrP48l/SrJSdarl6WynWzrI48uAAHIEScMA5qIEbUAcNgMEDeAIv4NV4NJ6NN+N93pozspl98AvGxzfbFJYG</latexit>

�0 = f(X0)� inf f

<latexit sha1_base64="gMVN/gcw5QK8bP4HY0RVL06emzg="></latexit>

HM =
1

1
p

pP
i=1

1
L1
i

<latexit sha1_base64="E3sdR1MHcTgEH6IrXi8DO3vXx0U="></latexit>

(harmonic mean of the smoothness constants {L1
i }

p
i=1)

<latexit sha1_base64="CRV3aMLb+Wpaj0KdfkMoF+V0ObE="></latexit>

min
k=0,...,K�1

pX

i=1

HM

L1
i

��rif(X
k
)
��
(i)⇤  "

<latexit sha1_base64="1UWrsDbEi4o/1xvtSFoB++juo2U=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgFe6CRMuAjWWEfEFyhL3NXLJkb/fY3RNCCNj4V2wsFLH1T9j5b9xcrtDEBwOP92aYmRcmnGnjed/O2vrG5tZ2Yae4u7d/cOgeHbe0TBWFJpVcqk5INHAmoGmY4dBJFJA45NAOx7dzv/0ASjMpGmaSQBCToWARo8RYqe+eNqQhHIs0DkFhGWFmQGWe7rslr+xlwKvEz0kJ5aj33a/eQNI0BmEoJ1p3fS8xwZQowyiHWbGXakgIHZMhdC0VJAYdTLMfZvjCKgMcSWVLGJypvyemJNZ6Eoe2MyZmpJe9ufif101NdBNMmUhSA4IuFkUpx0bieSB4wBRQwyeWEKqYvRXTEVGE2iB00YbgL7+8SlqVsl8tV+8rpdpVHkcBnaFzdIl8dI1q6A7VURNR9Iie0St6c56cF+fd+Vi0rjn5zAn6A+fzB+38l64=</latexit>

Total number of iterations

<latexit sha1_base64="UVW4c5Z8vbex3pjiANiwxJJXQIo="></latexit>

tki =
krif(X

k)k(i)⇤
L0

i+L1
i krif(Xk)k(i)⇤

<latexit sha1_base64="A/4Y3PdPEgDJmtt43IdpOgcx/QY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM9gKdVOSItWNUHDjRqhgH9CmYTKdtEMmkzAzEUoobvwVNy4UcetXuPNvnLZZaOuBC4dz7uXee7yYUaks69vIrayurW/kNwtb2zu7e+b+QUtGicCkiSMWiY6HJGGUk6aiipFOLAgKPUbaXnA99dsPREga8Xs1jokToiGnPsVIack1j0q3Lu0H8Ar2OPIYgr5Ly51+cFZyzaJVsWaAy8TOSBFkaLjmV28Q4SQkXGGGpOzaVqycFAlFMSOTQi+RJEY4QEPS1ZSjkEgnnb0wgadaGUA/Erq4gjP190SKQinHoac7Q6RGctGbiv953UT5l05KeZwowvF8kZ8wqCI4zQMOqCBYsbEmCAuqb4V4hATCSqdW0CHYiy8vk1a1YtcqtbtqsX6exZEHx+AElIENLkAd3IAGaAIMHsEzeAVvxpPxYrwbH/PWnJHNHII/MD5/ADiPlV0=</latexit>

Mk
i = rfi(Xk)Gluon Theory 2



<latexit sha1_base64="gLgob1Zm/CPHjSXRu9a/aLvFgGQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDjZCXViSItWNUNCFywr2AU1aJtNJO3QyCTMToYQu3fgrblwo4tZPcOffOG2z0OqBC4dz7uXee/yYUals+8vILS2vrK7l1wsbm1vbO+buXlNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/uhq6rfuiZA04ndqHBMvRANOA4qR0lLPPLQs6F4TplDXhpcwKLW79gk8hS7lAQwsq2cW7bI9A/xLnIwUQYZ6z/x0+xFOQsIVZkjKjmPHykuRUBQzMim4iSQxwiM0IB1NOQqJ9NLZIxN4rJU+DCKhiys4U39OpCiUchz6ujNEaigXvan4n9dJVHDhpZTHiSIczxcFCYMqgtNUYJ8KghUba4KwoPpWiIdIIKx0dgUdgrP48l/SrJSdarl6WynWzrI48uAAHIEScMA5qIEbUAcNgMEDeAIv4NV4NJ6NN+N93pozspl98AvGxzfbFJYG</latexit>

�0 = f(X0)� inf f

<latexit sha1_base64="1UWrsDbEi4o/1xvtSFoB++juo2U=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgFe6CRMuAjWWEfEFyhL3NXLJkb/fY3RNCCNj4V2wsFLH1T9j5b9xcrtDEBwOP92aYmRcmnGnjed/O2vrG5tZ2Yae4u7d/cOgeHbe0TBWFJpVcqk5INHAmoGmY4dBJFJA45NAOx7dzv/0ASjMpGmaSQBCToWARo8RYqe+eNqQhHIs0DkFhGWFmQGWe7rslr+xlwKvEz0kJ5aj33a/eQNI0BmEoJ1p3fS8xwZQowyiHWbGXakgIHZMhdC0VJAYdTLMfZvjCKgMcSWVLGJypvyemJNZ6Eoe2MyZmpJe9ufif101NdBNMmUhSA4IuFkUpx0bieSB4wBRQwyeWEKqYvRXTEVGE2iB00YbgL7+8SlqVsl8tV+8rpdpVHkcBnaFzdIl8dI1q6A7VURNR9Iie0St6c56cF+fd+Vi0rjn5zAn6A+fzB+38l64=</latexit>

Total number of iterations

<latexit sha1_base64="e1k6L2aK0RFGVyIwwGGlDD/GX/8="></latexit>
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<latexit sha1_base64="kIiVQmNaSKtKJQNuTGZyQQ/JRR4="></latexit>
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<latexit sha1_base64="fXn7sPq6Wl44azHU6h0uvwEQYso=">AAACInicbVDLSsNAFJ34rPUVdelmsBFclJIUqYqbghuXFe0DmlAm00k7dDIJMxOhhH6LG3/FjQtFXQl+jJM2grYeGDiccw9z7/FjRqWy7U9jaXlldW29sFHc3Nre2TX39lsySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kdXmd++J0LSiN+pcUy8EA04DShGSks988Ky3CASiDHYcSmHqYsRg7eTMnQv4Y9DM8dNnbLbj5Qsx+4EWlbPLNkVewq4SJyclECORs9813GchIQrzJCUXceOlZcioShmZFJ0E0lihEdoQLqachQS6aXTEyfwWCt9qPfRjys4VX8nUhRKOQ59PRkiNZTzXib+53UTFZx7KeVxogjHs4+ChEEVwawv2KeCYMXGmiAsqN4V4iESCCvdalGX4MyfvEha1YpTq9RuqqX6aV5HARyCI3ACHHAG6uAaNEATYPAAnsALeDUejWfjzfiYjS4ZeeYA/IHx9Q1WaKGo</latexit>

8X 2 S, 8i 2 {1, . . . , p}

Gluon Theory 3



Gluon Theory vs Previous Results



The End


