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Abstract

1. Introduction

‘The minimization of non-convex functions is a fundamental
hall across many fields, including machine learning,

N th and global opti

poses significant challenges across various appli-
cations, where standard gradient-based methods
often struggle. We propose the Ball-Proximal
Point Method, Broximal Point Method, or Ball
Point Method (BPM) for short — a novel algorith-
mic framework inspired by the classical Proximal
Point Method (PPM) (Rockafellar, 1976), which,
as we show, sheds new light on several founda-
tional optimizati i and ph

g aid th opti

tion, acceleration, smoothing, adaptive stepsize
selection, and trust-region methods. At the core of
BPM lies the ball-proximal ( “broximal”) operator,
which arises from the classical proximal opera-
tor by replacing the quadratic distance penalty
by a ball constraint. Surprisingly, and in sharp
contrast with the sublinear rate of PPM in the
nonsmooth convex regime, we prove that BPM
converges linearly and in a finite number of steps
in the same regime. Furthermore, by introducing
the concept of ball-convexity, we prove that BPM
retains the same global convergence guarantees
under weaker assumptions, making it a powerful
tool for a broader class of potentially non-convex
optimization problems. Just like PPM plays the
role of a conceptual method inspiring the devel-
opment of practically efficient algorithms and al-
gorithmic elements, e.g., gradient descent, adap-
tive step sizes, acceleration (Ahn & Sra, 2020),
and “W” in AdamW (Zhuang et al., 2022), we be-
lieve that BPM should be understood in the same
manner: as a blueprint and inspiration for further
development.

'King Abdullah University of Science and Technology, Thuwal,
Saudi Arabia 2Univm’sily of California, Berkeley, USA.

*The work of Aadi Rane was conducted during a VSRP internship
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ion, applied ics, signal ing and
operations research. Solving such problems is integral to
most machine learning algorithms arising in both training
and i where jectives or i
are often necessary to capture complex prediction tasks.

1.1. Global nonconvex optimization

In this paper, we propose a new meta-algorithm (see Sec-
tion 1.3) capable of finding global minimizers for a specific
(new) class of non-convex functions. In particular, we in-
troduce an algorithmic framework designed to solve the
it imization problem

g f(@), @

where f : R? — RU{+00} is assumed to be proper (which
means that the set domf = {z € R? : f(z) < 400} is
nonempty), closed, and have at least one minimizer. We let
X be the set of all minimizers of f, and f, := min, f(z).

1.2. The ball-proximal operator

A key inspiration for our method stems from the well-known
Proximal Point Method (PPM) (Rockafellar, 1976), which
iteratively adds a quadratic penalty term to the objective
(see Section 3 for more details) and solves a modified sub-
problem at each step. Building on this idea, we introduce
the ball-proximal ( “broximal”) operator:
Definition 1.1 (Ball-Proximal Operator). The ball-proximal
(“broximal”) operator with radius ¢ > 0 associated with a
function f : R — R U {+00} is given by

brox}(z) := arg min f(2), )

2€Bu(x)

where By(z) = {z€R?: ||z —z|| <t} and ||-| is the
standard Euclidean norm.

According to this definition, for a given input point z € R9,
bmx}(z) returns the minimizer(s) of f within the ball of
radius ¢ centered at z.
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1
fy :A . _ 2
prox(r) = Arg min {f(y)Jr—%Hy z| }

penalty

brox; (x) = Arg mirFled {f(y) : ly" x'# t}
y!

Notation for the constraint:

B(z,t) :={yeR? | |ly—=z| <t}

constraint
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CHEf cRYT RM™ {+#} is proper, closed and conve
O0HX! dom f

broxic () is nonempty

Argmin f N B(x,t) # () |:> brox?:(x) C Argmin f

brox’}(x) is a singleton

Argmin f N B(x,1) =0 I:> Hbrox’}(m) — x| =t
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HEE cRYT RM™ {+# } is proper, closed and conve
00X dom f

Let u € brox?(a:)
There exists c¢(x,t) > 0 such that

c(z,t) - (x —m) € Of (w)
f(y) — f(u) > o(x,t) - (x —m,y — ) for all y € R?
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Tpi1 = brox?"“ (xr) = argmin{ f(x) : ||x — x| < tx}

7

contour lines of f

Argmin f

- N
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f:R* =R
convex & differentiable
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Ball envelope off: Nf(x):= min f(z)
lz" xX# t

Argmin Nt = Argmin f 4+ {z ¢ R? | ||z| <t}

Function f(x) = x? and its Ball Envelope N}°(x)

— fix)=x?

-~ N}Y(x) (Ball Envelope, t=1.0)

6@"PA:3=f(z) = 2

(x+1)? ifx<—t -
Ni(z) =<0 if —t<az<t
(x —t

)2 ifar >t
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f:R? - R is convex and L-smooth
Th+1 §§ Argmin f Ball envelope off :

N/ (x) := ' miq# tf (2)

VNtk L L
Tyl = broxj!“ (k) = o — T / ()

VN ()|
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f Is proper, closed & conve
Argmin f £ "

Xo ! domf
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Argmin f ﬂ- # ()
\g

Tr11 € Argmin f
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i, 3 ATEII (T RS) 3 MEH 0T G contour lines of f
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Argmin f ! -
\4

|Trt1 — 2k|| = th
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Xk+1 ' Argmin {f (x) : "x# x"$ ty} contour lines of f
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Argmin fl B(Xk,tk) =" x; | Argmin f

Y
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I"HS6068H" (#
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t2
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Xk+1 | Argmin {f (X) @ "X # x"$ tx}




Xks1 | Argmin {f (X) : "X# x"$ t
k+1 gmin {f (x) K K} \ )
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x; ! Argmin f

K—1
t2 > ||lzo — @k |:> rg € Argmin f
k=0
2"("334(05
| . v )
Constant stepsize regime:ty ! tforall k" O
. . " [0 — @|? xg € Argminf
>+ - &'$7+-34$@#4"+5$/>?@2 K > " = &
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f(@rs1) < flar) — tkf(xk“) — flay)

[Tk41 — | X I Argmin f

Uk

|Zrg1 — ]

FlEnan) — f(@) < (1 " ) (f(e) - F@D)

I"H#$%Y0&H" (#

>*+ - &'$?2+-34$@#4"+5%$/>?@2 *("$+#,"$-%./*01
Xk+1 | Argmin {f (X) @ "X # x"$ tx}
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f is differentiable & xg € dom f

<

IV (@rr)ll < IV ()]l
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Xk+1 | Argmin {f (X) @ "X # x"$ t}
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follows from

f(xr+1) < flzg) — ||V (@p41)|

K-—1 t
IIVf(:v )| <
;;) s kot 1
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Xk+1 | Argmin {f (X) @ "X # x"$ t}

2"("334(05

xi ! Argmin f

f(zo) — f(2x)

K—1
k=0 %

~N

Constant stepsize regime:ty ! tforall k" O

IVf(zr)] <

\_

K—-1
= > 19 ()l < 1

— f(z)

k=0

J
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(choice of the norm is very important in deep learning, and training of LLMs!)
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approximate f: apply BPM to a model of f
@A6-$&1-6F)HH AR -5#&3EA B=AGH8-+3% /B 5=

approximate brox’: use an iterative technique, stop early
f
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