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The Ball-Proximal (=*“Broximal’’) Point Method:
a New Algorithm, Convergence Theory, and Applications

Kaja Gruntkowska' HanminLi' Aadi Rane*'2 Peter Richtarik '

Abstract

1. Introduction

The minimization of non-convex functions is a fundamental
hallg across many fields, including machine learning,

N th and global opti

poses significant challenges across various appli-
cations, where standard gradient-based methods
often struggle. We propose the Ball-Proximal
Point Method, Broximal Point Method, or Ball
Point Method (BPM) for short — a novel algorith-
mic framework inspired by the classical Proximal
Point Method (PPM) (Rockafellar, 1976), which,
as we show, sheds new light on several founda-
tional optimizati i and ph

g aid th opti

tion, acceleration, smoothing, adaptive stepsize
selection, and trust-region methods. At the core of
BPM lies the ball-proximal ( “broximal”) operator,
which arises from the classical proximal opera-
tor by replacing the quadratic distance penalty
by a ball constraint. Surprisingly, and in sharp
contrast with the sublinear rate of PPM in the
nonsmooth convex regime, we prove that BPM
converges linearly and in a finite number of steps
in the same regime. Furthermore, by introducing
the concept of ball-convexity, we prove that BPM
retains the same global convergence guarantees
under weaker assumptions, making it a powerful
tool for a broader class of potentially non-convex
optimization problems. Just like PPM plays the
role of a conceptual method inspiring the devel-
opment of practically efficient algorithms and al-
gorithmic elements, e.g., gradient descent, adap-
tive step sizes, acceleration (Ahn & Sra, 2020),
and “W” in AdamW (Zhuang et al., 2022), we be-
lieve that BPM should be understood in the same
manner: as a blueprint and inspiration for further
development.

'King Abdullah University of Science and Technology, Thuwal,
Saudi Arabia 2Univu’sily of California, Berkeley, USA.

*The work of Aadi Rane was conducted during a VSRP internship
at KAUST.

ion, applied ics, signal ing and
operations research. Solving such problems is integral to
most machine learning algorithms arising in both training
and i where jectives or i
are often necessary to capture complex prediction tasks.

1.1. Global nonconvex optimization

In this paper, we propose a new meta-algorithm (see Sec-
tion 1.3) capable of finding global minimizers for a specific
(new) class of non-convex functions. In particular, we in-
troduce an algorithmic framework designed to solve the
i imization problem

® ) op
g f(@), @

where f : R? — RU{+00} is assumed to be proper (which
means that the set domf = {z € R? : f(z) < 400} is
nonempty), closed, and have at least one minimizer. We let
X be the set of all minimizers of f, and f, := min, f(z).

1.2. The ball-proximal operator

A key inspiration for our method stems from the well-known
Proximal Point Method (PPM) (Rockafellar, 1976), which
iteratively adds a quadratic penalty term to the objective
(see Section 3 for more details) and solves a modified sub-
problem at each step. Building on this idea, we introduce
the ball-proximal ( “broximal”) operator:
Definition 1.1 (Ball-Proximal Operator). The ball-proximal
(“broximal”) operator with radius ¢ > 0 associated with a
function f : R — R U {+00} is given by

brox}(z) := arg min f(2), )

2€Bu(x)

where By(z) = {z€R?: ||z —z|| <t} and ||-| is the
standard Euclidean norm.

According to this definition, for a given input point z € R9,
bmx}(z) returns the minimizer(s) of f within the ball of
radius ¢ centered at z.




Ball Proximal (“Broximal”) Operator



From Proximal to Broximal Operator:
From Penalty to Constraint

1
’y :A . _ 2
prox(r) = Arg min {f(y)+—27\|y z| }

penalty
brox () = Arg min {f(y) : |ly — 2| < )
yER4

Notation for the constraint:

B(z,t) :={yeR? | |ly—=z| <t}

constraint



The First Brox Theorem (GLRR 2025)

Al. f:RY - RU{+oo} is proper, closed and convex
A2, x €dom f

brox? () is nonempty

Argmin f N B(x,t) # () |:> broxl}(x) C Argmin f

brox’}(x) is a singleton

Argmin f N B(z,1) =0 I:> [brox(z) — | =t



The Second Brox Theorem (GLRR 2025)

Al. f:RY - RU{+oo} is proper, closed and convex
A2, x €dom f

Let u € broxic(:v)
There exists c¢(x,t) > 0 such that

c(z,t) - (x —w) € Of (u)
f(y) = fu) > c(x,1) - (x —u,y — ) for all y € R?



Broximal Point Method (BPM)



Broximal Point Method (BPM)

Tpi1 = brox?"“ (xr) = argmin{ f(x) : ||x — x| < tr}

¥
/ Zo

contour lines of f

Argmin f



BPM = “Normalized” PPM

f:R* =R
convex & differentiable

sy

Thy1 = bl‘OX?ek (xk) = . — tk- — prOXf.(xk)

brox's () = Arg min {f(y) : |y -l < }
y€ER4




The Ball Envelope
Ball envelope of f: N}i(a;) = min f(2)

|z —z|| <t

Argmin Nt = Argmin f + {z ¢ R? | ||z| < t}

Function f(x) = x? and its Ball Envelope N}°(x)

— fix=x?

—-- N}%(x) (Ball Envelope, t=1.0)

Example: f(z) ==

(x+1)? ifx<—t -
Ni(z) =140 if —t<ax<t




BPM = Normalized GD for Minimizing
the Ball Envelope

f:R? - R is convex and L-smooth

Tht1 ¢ Argmin f Ball envelope of f:
Ni(x) := | miﬁ1<tf(z)

<

VNtk LI
Lhkt+1 — bI‘OX?C (CIZk) — Tk — tk / ( )

VNG ()




Seven (Convergence) Results



Assumptions (Convex Setup)

f is proper, closed & convex
Argmin f # 0

xro € dom f
We have nonconvex theory

in the paper
(not covered in this talk)



Result 1: One Step Convergence

Broximal Point Method (BPM)

Trt1 € Argmin {f(z) : [Jo — x|l < ti} contour lines of f



Result 2: Step to Boundary

Argmin f N B(xg,t.) =0

<

|Trt1 — 2k|| = th

Broximal Point Method (BPM)

Tp+1 € Argmin{f(z) : |lz — =gl < i} contour lines of f



Result 3: Super-Accelerated
Linear Convergence in Distance to Minimizer

Argmin f N B(xg,t.) =0 £, € Argmin f

No need for
strong convexity!

t2
k
Broximal Point Method (BPM) ]- T 2 > ‘
Tpy1 € Argmin {f(z) : ||z — x| <t} Hajk o a’;* H



Result 4: Finite Convergence
(i.e., BPM is a “Direct” Optimization Method)

Ty € Argmin f

K—1
t7 > |lzo — 4| |:> rg € Argmin f

k=0
Corollary:
Constant stepsize regime: ¢, =1t for all £ > 0
o — Ty ||? .
Broximal Point Method (BPM) K > Iz " | rg € Argmin f

Tpy1 € Argmin {f(z) : ||z — x| <t} k




Result 5: Super-Accelerated
Linear Convergence in Function Values

follows from

f(xrg1) < flae) — tkf(gckﬂ) — f(zs)

[Zht1 — 2| Ty € Argmin f

—1
tk
fawe) - f@) < (1+ ) () - f@)
k41 — 2]
No need for
Broximal Point Method (BPM) strong convexity!

Tpy1 € Argmin {f(z) : ||z — x| <t}




Result 6: Gradient Monotonicity

f is differentiable & xg € dom f

<

IV (@rr)ll < IV ()]l

Broximal Point Method (BPM)

Tpy1 € Argmin {f(z) : ||z — x| <t}



Result 7: Gradient Convergence

follows from

f(@r+1) < f(zr) — ]|V f(@r4) |

K-1

k=0 Zs O 5

Broximal Point Method (BPM)

Tpy1 € Argmin {f(z) : ||z — x| <t}

Zyx € Argmin f

f(xo) — f(2x)

IV (@)l < R 1

k=0 %

Corollary:

IVF gl < g 3 I A < 280

\_

Constant stepsize regime: ¢, =1t for all £ > 0

— f(z)
J

k=0




Practical Considerations



BPM: Practical Considerations

1. Some results extend to arbitrary non-Euclidean norms [GR 2025]
(choice of the norm is very important in deep learning, and training of LLMs!)

2. Can be made practical by approximation:

approximate f: apply BPM to a model of f

(gives rise to non-Euclidean trust region methods)

approximate broxﬁc: use an iterative technique, stop early



BPM: Related Works



Prior Related Work: Acceleration

Acceleration with a Ball Optimization Oracle

Yair Carmon*  Arun Jambulapati* Qijia Jiang*  Yujia Jin*  Yin Tat Lee'
Aaron Sidford* Kevin Tian*

Abstract

Consider an oracle which takes a point z and returns the minimizer of a convex function f in
an £ ball of radius r around z. It is straightforward to show that roughly r~! log ! calls to the
oracle suffice to find an e-approximate minimizer of £ in an €; unit ball. Perhaps surprisingly, this
is not optimal: we design an accelerated algorithm which attains an e-approximate minimizer
with roughly 7~2/3 log ! oracle queries, and give a matching lower bound. Further, we implement
ball optimization oracles for functions with locally stable Hessians using a variant of Newton’s
method. The resulting algorithm applies to a number of problems of practical and theoretical
import, improving upon previous results for logistic and £, regression and achieving guarantees
comparable to the state-of-the-art for £, regression.

1 Introduction

‘We study unconstrained minimization of a smooth convex objective f : R¢ — R, which we access
through a ball optimization oracle Oyqn, that when queried at any point z, returns the minimizer!
of f restricted a ball of radius r around z, i.e.,
Opan(z) = argmin  f(2).
o st [lo'—al<r

Such oracles underlie trust region methods [12] and, as we demonstrate via applications, encap-
sulate problems with local stability. Tterating zj.41 ¢ Opan(zx) minimizes f in O(R/r) iterations
(see Appendix A), where R is the initial distance to the minimizer, z*, and O(-) hides polyloga-
rithmic factors in problem parameters, including the desired accuracy.

Given the fundamental geometric nature of the ball optimization abstraction, the central ques-
tion motivating our work is whether it is possible to improve upon this O(R/r) query complexity.
It is natural to conjecture that the answer is negative: we require R/r oracle calls to observe the
entire line from o to the optimum, and therefore finding a solution using less queries would re-
quire jumping into completely unobserved regions. Nevertheless, we prove that the optimal query
complexity scales as (R/r)%%. This result has positive implications for the complexity for several
key regression tasks, for which we can efficiently implement the ball optimization oracles.

2003.08078v1 [math.OC] 18 Mar 2020

arXiv,

1.1 Our contributions

Here we overview the main contributions of our paper: accelerating ball optimization oracles (with
a matching lower bound), implementing them under Hessian stability, and applying the resulting
techniques to regression problems.

“Stanford University, {yairc, jublpati,qji jin,sidford kjti a
{University of Washington, yintat@uy. edu
*In the introduction we discuss exact oracles for simplicity, but our results account for inexactness.




Prior Related Work: Non-Euclidean Balls

1704.02310v2 [cs.DS] 21 Aug 2017

arXiv
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Matrix Scaling and Balancing via Box Constrained Newton’s
Method and Interior Point Methods
Michael B. Cohen*  Aleksander Madry!  Dimitris Tsipras Adrian Vladu*

MIT MIT MIT MIT
it.edu madry@mit.edu tsipr it.edu ladu@mit.edu

Abstract

In this paper, we study matrix scaling and balancing, which are fundamental prob-
lems in scientific computing, with a long line of work on them that dates back to the
1960s. We provide algorithms for both these problems that, ignoring logarithmic fac-
tors involving the dimension of the input matrix and the size of its entries, both run
in time O (m log xlog?(1/¢)) where ¢ is the amount of error we are willing to tolerate.
Here, & represents the ratio between the largest and the smallest entries of the opti-
mal scalings. This implies that our algorithms run in nearly-linear time whenever &
is quasi-polynomial, which includes, in particular, the case of strictly positive matrices.
We complement our results by providing a separate algorithm that uses an interior-point
method and runs in time O(m*2log(1/¢)).

In order to establish these results, we develop a new second-order optimization frame-
work that enables us to treat both problems in a unified and principled manner. This
framework identifies a certain generalization of linear system solving that we can use to
efficiently minimize a broad class of functions, which we call second-order robust. We
then show that in the context of the specific functions capturing matrix scaling and
balancing, we can leverage and generalize the work on Laplacian system solving to make
the algorithms obtained via this framework very efficient.

*This material is based upon work supported by the National Science Foundation under Grant No. 1111109 and
Grant No. 1553428, and by the National Defense Science and Engincering Graduate Fellowship.

"This material is based upon work supported by the National Science Foundation under Grant No. 1553428.

#This material is based upon work supported by the National Science Foundation under Grant No. 1111109 and
Grant No. 1553428

2410.24158v1 [math.OC] 31 Oct 2024
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Convex optimization with p-norm oracles

Deeksha Adil Brian Bullins
Institute for Theoretical Studies Department of Computer Science
ETH Ziirich Purdue University
deeksha.adil@eth-its@ethz.ch bbullins@purdue.edu
Arun Jambulapati Aaron Sidford
Department of Computer Science Department of Computer Science
University of Michigan Stanford University

Jjmblpati@umich.edu sidford@stanford.edu

November 1, 2024

Abstract

In recent years, there have been significant advances in efficiently solving £,-regression using linear
system solvers and fa-regression [Adil-Kyng-Peng-Sachdeva, J. ACM24]. Wonld efficient £,-norm solvers
lead to even faster rates for solving £,-regression when 2 < p < 57 In this paper, we give an affirmative
answer to this question and show how to solve £,-regression using O(n 777 ) iterations of solving smoothed
£, regression problems, where v := 1 — L. To obtain this result, we provide improved accelerated rates
for convex optimization problems when given access to an £3(\)-prozimal oracle, which, for a point ¢,
returns the solution of the regularized problem min, f(z) + Allz — c||j. Additionally, we show that the
rates we establish for the £(X)-proximal oracle are near-optimal

Contents

-

Introduction

N

General Proximal Point Algorithm
2.1 When s < oc: Proximal Point Oracles .
2.2 When s = co: Ball Oracle

w

Line-Search Free Method

N

Applications
41 £, -Regression . ... ... B FE
4.2 High-Order Smooth Optimization in General Norms . . . .. .. .............

@

Lower Bounds
5.1 Proximal Point Oracles: s < oo
5.2 When s = oo: Ball Oracle . . .




Prior Related Work: Parallel Optimization

2406.07373v1 [math.OC] 11 Jun 2024

arXiv

Closing the Computational-Query Depth Gap
in Parallel Stochastic Convex Optimization

Arun Jambulapati Aaron Sidford Kevin Tian
University of Michigan Stanford University University of Texas at Austin
jmblpati@gmail.com sidford@stanford.edu kjtian@cs.utexas.edu

Abstract

We develop a new parallel algorithm for minimizing Lipschitz, convex functions with a
stochastic subgradient oracle. The total number of queries made and the query depth, ie.,
the number of parallel rounds of queries, match the prior state-of-the-art, [CJJ*23], while im-

proving upon the depth by a polynomial factor for ly small accuracy.
When combined with previous state-of-the-art methods our result closes a gap between the
best-known query depth and the best-k ional depth of parallel

Our method starts with a ball acceleration framework of previous parallel methods, ie.,
[CJ3+20, ACT*+21], which reduce the problem to ing a Gaussian i

of the function constrained to Euclidean balls. By developing and leveraging new stability
properties of the Hessian of this induced function, we depart from prior parallel algorithms
and reduce these ball-constrained optimization problems to stochastic unconstrained quadratic
minimization problems. Although we are unable to prove concentration of the asymmetric
matrices that we use to approximate this Hessian, we nevertheless develop an efficient parallel
method for solving these i ingly, our algorithms can be improved using fast
matrix multiplication and use nearly-linear work if the matrix multiplication exponent is 2.

Contents

=

@

IS

Introduction

Technical overview
2.1 k: lutions and
2.2 Hessian stability of the Gaussian convolution
2.3 Hessian optimization without Hessian approximation
24 Parallel maintenance of rank-one updates

Parallel imization of quadratic

3.1 Composite stochastic optimization .
3.2 Parallel maintenance of rank-1 updates .
3.3 High ility error bound jon .
3.4 Putting it all together

Parallel stochastic convex optimization

4.1 Approximate Newton’s method . . . . .o .ot
42 Ball optimization oracles via binary search
4.3 Proof of Theorem 2

2301.00457v2 [math.OC] 27 Oct 2023

arXiv

ReSQueing Parallel and Private Stochastic Convex Optimization

Yair Carmon*  Arun Jambulapati’  Yujia Jint  Yin Tat Lee!®  Daogao Liu®

Aaron Sidford* Kevin Tian®
Abstract
We introduce a new tool for stochastic convex optimization (SCO): a

Query (ReSQue) estimator for the gradient of a function convolved with a (Gaussian) probability
density. Combining ReSQue with recent advances in ball oracle acceleration [CJJ*20, ACT*21],
we develop i achieving state-of-the-art ities for SCO in parallel and private
settings. For a SCO objective constrained to the unit ball in R%, we obtain the following results
(up to polylogarithmic factors).

1. We give a parallel algorithm obtaining optimization error eop with d'/3¢%/* gradient
oracle query depth and d'/3¢%/*
bounded-variance stochastic gradient estimator. For e, € [d71,d~1/4], our algorithm
‘matches the state-of-the-art oracle depth of [BJL*19] while maintaining the optimal total
work of stochastic gradient descent.

2. Given n samples of Lipschitz loss functions, prior works [BFTT19, BFGT20, AFKT21,
KLL21] established that if n > ds;,f, (€ap, )-differential privacy is attained at no asymp-
totic cost to the SCO utility. However, these prior works all required a superlinear number
of gradient queries. We close this gap for sufficiently large n 2 de ., by using ReSQue to
design an algorithm with near-linear gradient query complexity in this regime.

+ €5y gradient queries in total, assuming access to a

“Tel Aviv University, ycarmonOtauex. tau.ac.il.

tUniversity of Washington, {jmblpati, dgliu}Quw.edu.
*Stanford University, {yujiajin, sidford}@stanford.edu.
SMicrosoft Research, {yintatlee, tiankevin}@microsoft.com.




Prior Related Work: Minimize Maximum Loss
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Stochastic Bias-Reduced Gradient Methods

Hilal Asi ~ Yair Carmon  Arun Jambulapati  Yujia Jin  Aaron Sidford
{asi, jmblpati,yujiajin,sidford}@stanford.edu ycarmon@cs.tau.ac.il

Abstract

We develop a new primitive for stochastic optimization: a low-bias, low-cost estimator of
the minimizer z, of any Lipschitz strongly-convex function. In particular, we use a multilevel
Monte-Carlo approach due to Blanchet and Glynn [8] to turn any optimal stochastic gradient
method into an estimator of z, with bias 3, variance O(log(1/4)), and an expected sampling
cost of O(log(1/5)) ic gradient As an we obtain
cheap and nearly unbiased gradient estimators for the Moreau-Yoshida envelope of any Lipschitz
convex function, allowing us to perform dimension-free randomized smoothing.

We demonstrate the potential of our estimator through four applications. First, we develop a
method for minimizing the maximum of N functions, improving on recent results and matching
a lower bound up to ]oganthm)c factors. Second and third, we recover state-of-the-art rates for

using simple algorithms with a
a.na.lysls Finally, we show that an improved version of our estimator would yield a nearly
i . optimal-utility, jally-private th ization method.

1 Introduction

Consider the fundamental problem of minimizing a ji-strongly convex function F : X — R given access
to a stock (sub-)gradient esti VF satisfying EVF(z) € OF (z) and E||VF(z)|? < G? for
every z € X. s it possible to transform the unbiased estimator VF into a (nearly) unbiased estimator
of the minimizer z, = argmin, ., F(z)? In particular, can we improve upon the O(G/(uv/'T)) bias
achieved by T iterations of stochastic gradient descent (SGD)?

In this paper, we answer this question in the affirmative, proposing an optimum estimator .,
which (for any fixed & > 0) has

bias [[E&, — ]| = § and variance E||2, — E2,||? = o(@2 10‘.;(%))1
I% "

and, in eapectation, costs O(log(%)) evaluations of VF.! Setting § = G/(uv'T), we obtain the same
bias bound as T iterations of SGD, but with expected cost of only O(log T) stochastic gradient
evaluations (the worst-case cost is T). Further, the bias can be made arbitrarily small with only
logarithmic increase in the variance and the stochastic gradient of our esti and
therefore—paralleling the term “nearly linear-time” [27]—we call &, nearly unbiased.
Our estimator is an instance of the multilevel Monte Carlo technique for de-bi

sequences [25] and more specifically the method of Blanchet and Glynn [8]. Our key observation is
that this method is readily applicable to strongly-convex variants of SGD, or indeed any stochastic
optimization method with the same (optimal) rate of convergence.

*When X = Br(zo) C RY, F(z) = 2 ¥, F(a;), and VF is the subgradient of a uniformly random F(z; i) we
can also get an estimator with bias 0 and expected cost O(log(nd)). See Appendix A.1 for details.

2105.01778v1 [math.OC] 4 May 2021

arXiv

Thinking Inside the Ball:
Near-Optimal Minimization of the Maximal Loss

Yair Carmon  Arun Jambulapati ~ Yujia Jin  Aaron Sidford
ycarmon@cs.tau.ac.il, {jmblpati,yujiajin,sidford}@stanford.edu

Abstract
We ch ize the ity of minimizing max;e(y) f;(z) for convex, Lipschitz functions
fiy-- -, - For non-smooth functions, existing methods require O(Ne~2) queries to a first-order

oracle to compute an e-suboptimal point and O(Ne~!) queries if the f; are O(1/¢)-smooth. We
develop methods with improved complexity bounds of O(Ne=2/3+¢~%/3) in the non-smooth case
and O(Ne2/34y/Ne~!) in the O(1/¢)-smooth case. Our methods consist of a recently proposed
ball optimization oracle acceleration algorithm (which we refine) and a careful implementation
of said oracle for the softmax function. We also prove an oracle complexity lower bound scaling
as Q(Ne?/3), showing that our dependence on N is optimal up to polylogarithmic factors.

1 Introduction

Consider the problem of i the i of N convex i given
fiy-+., fn such that for every i € [N] the function f; : R? — R is convex, Lipschitz and possibly
smooth, and a target accuracy €,
find a point « such that Finax(z) = inf Finax(zi) <€ where Fax(z) = max fi(z) . (1)
z.,€RE i€[N]

Problems of this form play significant roles in optimization and machine learning. The maximum
of N functions is a canonical example of structured non-smoothness and several works develop
methods for exploiting it [31, 30, 36, 9, 12]. The special case where the f;'s are linear functions
is particularly important for machine learning, since it is equivalent to hard-margin SVM training
(with f; representing the negative margin on the ith exa.mple) [38 13, 21]. Going beyond the

linear case, Shalev-Shwartz and Wexler [36] argue that mini the

loss can have advantageous cffects on training speed a.nd generalization in the presence of rare
informative les. Moreover, mini the bjective is the basic paradigm of
robust optimization [4, 27]. In particular, since Fm(z) = max,ean Yiepy pifi(a) the problem

corresponds to an extreme case of di lly robust opti [5] with an uncertainty set

that encompasses the entire probability simplex AN.

The goal of this paper is to characterize the complexity of this fundamental problem. We are
particularly interested in the regime where the number of data points N and the problem dimension
d are large compared to the desned level of accuracy 1/e, as is common in modern machine learning.
Co we focus on d d dent first-order methods (i.e., methods which only rely
on access to f;(z) and a (sub)gradient V;(z) as opposed to higher-order derivatives), and report
complexity in terms of the number of function/gradient evaluations required to solve the problem.




Part 2
Deep Learning &
Orthogonalizing the Gradient
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1.5

Shampoo (201

Algorithm 1 Shampoo, matrix case.

Initialize W1 = 0, ; Lo = €I, ; Ry = €l,,
fort=1,...,T do:

Receive loss function f; : R™" — R
Compute gradient G, = Vf;(W;)
Update preconditioners:
Ly = Li-1 + G:GT
R =R +G]G,

Update parameters:

/|G, e R™

Wi = W, —nL "G.R"

— Adagrad
—  Adam

—— Shampoo
— Momentum

loss

50

100

Epochs

|
150 200 250 50 100 150 200 250
Epochs

Figure 2: Training loss for a residual network and an inception network on CIFAR-10.

Shampoo: Preconditioned Stochastic Tensor Optimization

Vineet Gupta' Tomer

Abstract

Preconditioned gradient methods are a
most general and powerful tools in op
However, preconditioning requirg
manipulating prohibitively large

Promising, but did
replace Adam
259 citations only)

1Google Brain, Mountain View, CA, USA 2Princeton Uni-
fersity, Princeton, NJ, USA. Correspondence to: Tomer Koren
<tkoren@google.com>.

Proceedings of the 35" International Conference on Machine
Learning, Stockholm, Sweden, PMLR 80, 2018. Copyright 2018
by the author(s).

oren! Yoram Singer?!

Nocedal, 1980) that can be used whenever second-order
information is unavailable or too expensive to compute.
Newer additions to this family are preconditioned online
algorithms, most notably AdaGrad (Duchi et al., 2011), that
use the covariance matrix of the accumulated gradients to
form a preconditioner.
‘While preconditioned method ead to improved con-
g pee fality of typical problems
Out-of-the-box use of full-
itigate this issue, specialized

& in which the full preconditioner
Tonal approximation (Duchi et al.,
014) a sketched version (Gonen

o 7

not

as one typically requires
of the preconditioner that

gervation that in numerous machine
e parameter space entertains a more
monolithic vector in Euclidean
s the parameters form a matrix
e number of features and » is
-al networks, the parameters
form an m X n matrix with n
es and m is the number of
outputs. The space of P of convolutional neural
networks for images is a col of 4 dimensional tensors
of the form input-depth x width X height x output-depth.
As a matter of fact, machine learning software tools such as
Torch and TensorFlow are designed with tensor structure in
mind.

of each fully
being the numbel

Our algorithm, which we call Shampoo,! retains the tensor
structure of the gradient and maintains a separate precondi-
tioner matrix for each of its dimensions. An illustration of
Shampoo is provided in Figure 1. The set of preconditioners

We call it Shampoo because it has to do with pre-conditioning.
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Orthogonalising gradients to speedup neural network optimisation

Mark Tuddenham' Adam Priigel-Bennett' Jonathon Hare '

Abstract

The optimisation of neural networks can be sped
up by orthogonalising the gradients before the
optimisation step, ensuring the diversification
of the learned representations. We orthogo-
nalise the gradients of the layer’s components/-
filters with respect to each other to separate out
the intermediate representations. Our method
of orthogonalisation allows the weights to be
used more flexibly, in contrast to restricting the
weights to an orthogonalised sub-space. We
tested this method on ImageNet and CIFAR-10
resulting in a large decrease in learning time, and

Validation Accuracy (%)

-~ resnet18 with SGD
— resnet18 with Orth SGD

o 20 40 60 80 100
Epoch

Figure 1: An example of the speed-up obtained by orthog-
ising the i on CIFAR-10.

also obtain a speed-up on the semi-supervised
learning BarlowTwins. We obtain similar accu-
racy to SGD without fine-tuning and better accu-
racy for naively chosen hyper-parameters.

1. Introduction

Neural network layers are made up of several identical, but
differently parametrised, components, e.g. filters in a con-
volutional layer, or heads in a multi-headed attention layer.
Layers consist of several components so that they can pro-
vide a diverse set of intermediary representations to the
next layer, however, there is no constraint or bias, other
than the implicit bias from the cost function, to learning
different parametrisations. We introduce this diversifica-
tion bias in the form of orthogonalised gradients and find
a resultant speed-up in learning and sometimes improved
performance, see Figure 1.

Our novel contributions include this new optimisation
method, thorough testing on CIFAR-10 and ImageNet, ad-
ditional testing on a semi-supervised learning method, and
experiments to support our hypothesis.

In Section 2 we detail the method and results to give an
understanding of how this method works and its capabili-

!Department of Electronics and Computer Science, University
of UK. C to: Mark
T ‘mark ac.uk>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

ties. Then, in Section 3, we provide experimental justifi-
cations and supporting experiments for this method along
with finer details of the implementation and limitations.

2. Overview of new method and results
2.1. Related works

Gradient orthogonalisation has been explored in the do-
main of multi-task learning (Yu et al., 2020) to keep the
different tasks separate and relevant. However in this work
we focus on orthogonalisation for improving single task
performance.

‘Weight orth isation has been ively explored
with both empirical (Bansal et al., 2018; Jia et al., 2017)
and theoretical (Jia et al., 2019) justifications. However,
modifying the weights during training is unstable, and, in
addition, it limits the weights to a tiny subspace. Deep
learning is know to work well despite the immense size
of the weight space, and as such we do not view this as an
advantage. Xie et al. (2017) obtain improved performance
over Stochastic Gradient Descent (SGD) via weight orthog-
onalisation and allows them to train very deep networks, we
aim to achieve the same results while being more flexible
with model and optimisation method choice. We do this by
orthogonalising the gradients before they are used by an op-
timisation method rather than modifying the weights them-
selves. This, in effect, biases the training towards learning
orthogonal representations and we show this to be the case;




Orthogonal SGDM (2022)

where d;; is the Kronecker delta function, is the prod-
uct of the left and right singular vector matricies from the
Singular Value Decomposition (SVD) of G; (Trefethen &

2.2. Orthogonalising Gradients

Given a neural netW
ponents, c,

f = ol i No theory G = UV, ©
. . o, =UV;". (5)

3 citations only as o

of components in layg Of tod ayl

st a first-order gradient descent method,
adient Descent with Momentum
Polya.k 1964), to make steps where the compo-

6,; € R giving f; : RSz 1><Nl 1 shed in orthogonal directions,
by 6, € RPxXM
4 vl(t+1) (t) +770(t), 6)
Let
e+l — a(t) _ t+1) !
G = [Veiy, Ve, ..., Ve, 3) AL 2
be the P, x N; matrix of the components’ gradients. where v is the velocity matrix, ¢ € Z°% is the time, 7y
o is the momentum decay term, and 7 is the step size. We
Then the nearest orthonormal matrix, i.e. the orthonormal call this method Orthogonal Stochastic Gradient Descent
matrix, O;, that minimises the Frobenius norm of its differ- with Momentum (Orthogonal-SGDM). This modification
ence from G can clearly be applied to any first-order optimisation algo-
; ; : o ithm by replacing the gradients with O'") before the cal-
0, —@ bjectto Vi, : (O, 0y;) = b5, FHIAIL DY IEPIACHIE, HIE 8 !
nglnH : ill  subjectto ¥i,j < 1Rt > B culation of the next iterate.
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Muon: An optimizer for hidden layers
in neural networks

December 8, 2024 - 16 min

Bl networks. It is used in the current
AR-10 speedrunning.

Muonis an g izer for the hidden la

Optimizer comparison by time (NanoGPT speedrun)

4.1
—— Adam 139ms/step
4.0 —— DistributedShampoo (UpdateFreq=10) 179ms/step
—— DistributedShampoo (UpdateFreq=32) 154ms/step
3.9 1 =—— SOAP* 301ms/step
—— Muon 142ms/step.<
u 33 ers. It is defined
] .
o
§ 3.7
B
©
2 3.6
S
3.5 . iqe
: Initialize By <+ 0
3.4 1 :fort=1,... do
- Compute gradient G < VgL (6—1)
B < puBi—1+ Gy

0 5 10 15 20 25
Wallclock time on 8xH100

O; < NewtonSchulz5(By)

Update parameters 0; < 6;—1 — nO,
end for
return 6;

*SOAP is under active development. Future versions will significantly improve the wallclock overhead.
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Figure 2. Optimizer comparison by wallclock time.




Efficient Orthonormalization in Muon

The Polar Express: Optimal Matrix Sign Methods and Their
Application to the Muon Algorithm

# Pytorch code

newtonschulz5(G, steps=5, eps=le-7): s 200
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Figure 4: Convergence of various degree-5 polynomial methods in the spectral norm. When
tuned properly, Polar Express attains outperforms the other methods at every iteration.
Left panel: synthetic matrix with opax = 1, Omin = 1078, Right panel: gradient of a

certain weight matrix of a randomly-initialized GPT-2 architecture on a batch of language
modeling data, normalized by the Frobenius norm.

By Keller Jordan (blog; 12/2024)




Muon Theory

2502.02900v2 [math.OC] 1 Jun 2025

arXiv

A Note on the Convergence of Muon

Jiaxiang Li * Mingyi Hong !

Abstract

In this note, we inspect the convergence of a new optimizer for pretraining LLMs, namely the
Muon optimizer. Such an optimizer is closely related to a specialized steepest descent method
where the update direction is the minimizer of the quadratic approximation of the objective
function under spectral norm (Bernstein and Newhouse, 2024). We provide the convergence
analysis on both versions of the optimizer and discuss its implications.

1 Introduction

Recently, a new optimizer named Muon' has drawn attentions due to its success in training large
models. Consider the following stochastic optimization problem:

min f(X) = E[F(2,€)] 1y

where the variable X € R™*™ is a matrix. Without loss of generality we assume m > n. Muon
optimizer writes:

Gi < VF (X;,&)

Bt ¢ pBi1+ Gt

01 + argmin{|0 — Byllp: 0TO =T or 00T = I} 12
o

Xe+1 ¢ Xe — 1O
where the O step can be equivalently written as O; = UV T where B; = USV " is the singular value
decomposition.
On the other hand, a closely related formula of (1.2) is the following spectral optimizer:
Gy VF (X, &)
By pBi-1 + G

. 1 13
A, « argmin{tr(B{ A) + 5[ A[3} (1)
A 2n;

Xi & X+ 4y
When || - |2 is the matrix 2-norm (spectral norm), i.e. the largest singular value, the solution of

the third line of (1.3) is Ay = —n¢||B¢|.UV T, where B; = USVT is the singular value decomposition
(see Bernstein and Newhouse (2024, Proposition 5)). In this case (1.3) only differs from (1.2) by the
norm || By|..

“Department of Electrical and Computer Engineering, University of Minnesota. 130037550umn . edu
fDepartment of Electrical and Computer Engineering, University of Minnesota. mhong@unn. edu
‘see https://kellerjordan.github.io/posts/muon/.
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UNDERSTANDING GRADIENT ORTHOGONALIZATION FOR DEEP
LEARNING VIA NON-EUCLIDEAN TRUST-REGION OPTIMIZATION

A PREPRINT

Dmitry Kovalev
Yandex Research
dakovalev1@gmail.com

April 9, 2025

ABSTRACT

Optimization with matrix gradient orthogonalization has recently demonstrated impressive results in
the training of deep neural networks (Jordan et al., 2024; Liu et al., 2025). In this paper, we provide a
theoretical analysis of this approach. In particular, we show that the orthogonalized gradient method
can be seen as a first-order trust-region optimization method, where the trust-region s defined in terms
of the matrix spectral norm. Motivated by this observation, we develop the stochastic non-Euclidean
trust-region gradient method with momentum, which recovers the Muon optimizer (Jordan et al.,
2024) as a special case, along with normalized SGD and signSGD with momentum (Cutkosky and
Mehta, 2020; Sun et al., 2023). In addition, we prove state-of-the-art convergence results for the
proposed algorithm in a range of scenarios, which involve arbitrary non-Euclidean norms, constrained
and composite problems, and non-convex, star-convex, first- and second-order smooth functions.
Finally, our theoretical findings provide an explanation for several practical observations, including
the practical superiority of Muon compared o the Orthogonal-SGDM algorithm of Tuddenham et al.
(2022) and the importance of weight decay in the training of large-scale language models.

1 Introduction

Over the past couple of decades, a substantial amount of optimization research has been dedicated to adaptive gradient
optimization algorithms (Duchi et al., 2011; Tieleman, 2012; Kingma and Ba, 2014; Gupta et al., 2018; Reddi et al.,
2019), with the primary application being the training of deep neural networks (LeCun et al., 2015). One of the most
notable results of this line of research is the development of the AdamW optimizer (Loshchilov and Hutter, 2017;
Zhuang et al., 2022), which has become the standard algorithm of choice for training large language models (LLMs)
(Achiam et al,, 2023; Liu et al., 2024; Grattafiori et al., 2024; Anil et al., 2023). However, recently, Jordan et al. (2024);
Liu et al. (2025) have made significant progress in the ambitious task of surpassing AdamW in training LLMs using the
idea of neural network optimization with orthogonalized gradients (Tuddenharm et al., 2022; Jordan et al., 2024). In our
paper, we aim to establish theoretical foundations for this promising research direction. Formally speaking, we consider
the following composite optimization problem:

min[F(z) = f(z) + R(=)], m

where X is a finite-dimensional vector space endowed with the inner product (-, ): X x X — R, f(-): X — Ris
a bounded from below and differentiable objective function, and R(-): X' — K U {++oo} is a proper. closed, and
convex regularizer. Our goal is to study the convergence properties of gradient methods for solving problem (1) in the
stochastic non-Euclidean smooth setting. We provide a formal description of this setting below and justify our interest
in this setting in the upcoming Sections 1.1 and 1.2.

Stochastic gradient estimator. We assume access to a stochastic estimator g(;€): X — X of the gradient V£(-),
where € ~ D is a random variable sampled from a probability distribution . We assume that the stochastic gradient

*Function R(z) is called proper if there exists @ € X' such that R() is fnite.
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Figure 1. Performance on NanoGPT with between 64M and 1B parameters. The optimal learning rate of

Validation Loss

nnnnnnnnnnnn

4.0

—»— Muon
—— Scion
Unconstraig

3.8 1
3.6
3.4 1
3.2 1

3.01

1:
2:
3

:
281— ; ; ; | | 4:
0 1000 2000 3000 4000 5000

Steps

Improves upon Muon,
exhibits hyperparameter

O € |
for £

Sam! SkN'P

dk

Training Deep Learning Models with Norm-Constrained LMOs

Thomas Pethick! Wanyun Xie' Kimon Ap los! Zhenyu Zhu' Antonio Silveti-Falls >
1

Abstract
grk, we study optimizatig
linear minimi;

We p

ing, with adaptive algorithms, such as Adam (Kingma,
14), dominating the deep learning model training.

e possible way fo fich we fo-

Qerlying norm
Cter space. There
early work by Carl-
the stochastic spectral de-

gepest descent in

Ose
fizer (Gupta

e track at the
Dahl

transfer )

momen-

d step (0,1)

.,n do

oV f(zF, &) + (1 — og)d" !

Pt (1 — y)z® + 4% Imo(d¥)

5: Choose Z" uniformly at random from {z!,...
Return z"

Figure 5. Validation loss curve for NanoGPT 3B.




Distributed Muon-Style Optimizers
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ABSTRACT

Yanru Chen!  Huabin Zheng'
Han Zhu'  Yuzhi Wang®

heng Kang'
Xinyu Zhou! * Zhilin Yang'

Recently, the Muon optimizer (K. Jordan et al. 2024) based on matrix orthogonalization has demon-
strated strong results in training small-scale language models, but the scalability to larger models has
not been proven. We identify two crucial techniques for scaling up Muon: (1) adding weight decay and
(2) carefully adjusting the per-parameter update scale. These techniques allow Muon to work out-of-
the-box on large-scale training without the need of hyper-parameter tuning. Scaling law experiments
indicate that Muon achieves ~ 2x computational efficiency compared to AdamW with compute
optimal training. Based on these improvements, we introduce Moonlight, a 3B/16B-parameter
Mixture-of-Expert (MoE) model trained with 5.7T tokens using Muon. Our model improves the
current Pareto frontier, achieving better performance with much fewer training FLOPs compared
to prior models. We open-source our distributed Muon implementation that is memory optimal
and communication efficient. We also release the pretrained, instruction-tuned, and intermediate

checkpoints to support future research.

Prioprsdavs

(@

®)

Figure 1: Scaling up with Muon. (a) Scaling law experiments comparing Muon and Adam. Muon is ~ 2x more
computational efficient than Adam with compute optimal training. (b) The MMLU performance of our Moonlight
‘model optimized with Muon and other comparable models. Moonlight advances the Pareto frontier of performance vs

training FLOPs.
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Abstract

Recent work has shown that orthonormal matrix updates speed up neural network
optimization, improve training stability, and offer better hyperparameter transfer
across model sizes. Applying these updates efficiently when model weights and
optimizer states are sharded across a large-scale distributed LLM training system
remains a major challenge. We introduce Dion (DIstributed OrthoNormalization), a
scalable and communication-efficient orthonormalizing optimizer. Dion leverages
low-rank approximation and decoupled momentum buffers, eliminating the need
for full gradient synchronization while producing numerically equivalent results. Tt
is compatible with simultaneous DDP, FSDP, and TP parallelism, and it computes
an orthonormalized update without unsharding a full parameter matrix on any
single device. We evaluate Dion on language models from 120M to 3B parameters
and find that its benefits improve with increasing model size and batch size.

1 Introduction

Training state-of-the-art Al models consumes
millions of GPU-hours, so improvements to
the optimizer’s update rule directly reduce cost
and increase iteration speed. In this work, we
propose a new update rule for matrix-valued
parameters—such as the attention and MLP ma-
trices in Transformer models—which constitute
the bulk of modern neural network weights.

‘The Muon optimizer [Jordan et al., 2024b] has
recently shown that orthonormalizing the weight
update matrix can give large speedups for neu-
ral network training. By conditioning weight
updates to induce consistent changes in hidden
states [Bernstein, 20251, orthonormalized up-
dates yield faster convergence, greater training
stability, and more robust hyperparameter trans-
fer across model scales [Bernstein and New-

house, 2024a, Large et al., 2024, Pethick et al.,

30
25
~e— Dion
¥ Muon

— = AdamW baseline

28 27

Relative Speedup (vs Adamw)

1030 29
Target Validation Loss

Figure 1: Speed-up to reach target loss. We report
wall-clock time (relative to AdamW) for training a 3B

parameter model to reach each given validation loss.

Dion consistently outperforms Muon and demonstrates
2-3 training efficiency over AdamW. See Section 5.4
for experiment details.

2025). A large-scale study by Moonshot AI [Liu

etal., 2025a] has shown that Muon achieves nearly twice the computational efficiency of AdamW
[Loshchilov and Hutter, 2019] when training 16B parameter models. Similarly, Essential Al [Shah
etal., 2025] has found improvements with larger batch sizes.

Yet a fundamental obstacle remains. Muon’s orthonormalization procedure relies on Newton-Schulz
iteration [Bernstein and Newhouse, 2024a,b, Jordan et al., 2024b], involving dense matrix-matrix
multiplications that do not respect the ways in which modern LLM training shards parameters across
devices. The Moonshot Al reference implementation of Muon [Liu et al., 2025a] therefore executes

Preprint. Under review.
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MuLoCo: Muon is a practical inner optimizer for DiLoCo

Benjamin Thérien'? Xiaolong Huang? Irina Rish'? Eugene Belilovsky 2

Abstract

DiLoCo is a powerful framework for training
large language models (LLMs) under networking
constraints with advantages for increasing paral-
lelism and accelerator utilization in data center
settings. Despite significantly reducing communi-
cation frequency, however, DILoCo’s communi-
cation steps still involve all-reducing a complete
copy of the model’s parameters. While existing
works have explored ways to reduce communi-
cation in DiLoCo, the role of error feedback ac-
cumulators and the effect of the inner-optimizer
on compressibility remain under-explored. In this
work, we investigate the effectiveness of standard
compression methods—including Top-k sparsifi-
cation and reducing i

cation overhead of DiLoCo when paired with two
local optimizers (AdamW and Muon). Our exper-
iments pre-training decoder-only transformer lan-
‘guage models (LMs) reveal that leveraging Muon
as the inner optimizer for DiLoCo along with an
feedback allows
compress the communicated delta to 2-bits with
next to no performance degradation. Crucially,
MuLoCo (Muon inner optimizer DiLoCo) signifi-

427 x
. DiLaGo | K=5, =30, c=No Comprossion
MuLoCo | K=8,
4.1 |- === DiLoCo | K=8,
MuLoCo | K=8,
— DiLoCo Final Loss
4.0 MuLoco Final Loss
g N\
g
=39
&
e
3.8
37 =
3.6

0.0 0.5 1.0 15
Bits Communicated (M) 166
Figure 1: MuLoCo (Muon inner optimizer) with 2-bit
quantization and error feedback outperforms standard
AdamW-DiLoCo with 8x less communication while hav-
ing identical memory complexity. The figure reports the
test loss (y-axis) measured at cach communication step dur-
ing pre-training. The z-axis reports the total number of bits
it for a 220M parameter transformer LM. We

cantly DiLoCo whil
8x less and having identical memory complexity.

1. Introduction
It is now well established that increasing the model and

dataset size improves performance of foundation models.
Under this paradigm, training state-of-the-art models i in-

use K = 8 workers and H = 30 local steps.

asignificant bottleneck, leading to the development of many
communication-efficient training algorithms.

Common approaches to reduce communication costs gen-
erally fall into three categories: those that reduce the fre-
quency of ication, decrease the size of data com-

feasible on a single accelerator. Distributed

across multiple accelerators i, therefore, required. However,
standard data parallel training incurs communication costs
proportional to the model size at each optimization step. For
large models or slow networks, communication can become

'DIRO, Université de Montréal, Montréal, Canada *Mila —
Quebec Al Institute, Montréal, Canada *Concordia University,
Montréal, Canada. Correspondence to: Benjamin Thérien <ben
jamin therien @umontreal ca>.

Preprint. Copyright 2025 by the author(s).

municated, or combine both approaches. The idea of re-
ducing communication frequency in favor of more local
computation was originally popularized in the context of
federated learning, where it is known as FedAVG (McMa-
han et al., 2017). Local SGD (Stich, 2018) is an equiva-
lent algorithm for non-federated settings. More recently,
DiLoCo (Douillard et al., 2023) (a variant of Local SGD)
has recently gained attention due to its competitive perfor-
mance with data-paralle] pre-training of LLMs and larger
effective batch sizes (Charles et al., 2025). Another direc-
tion for reducing communication is to compress the com-
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Part 3
Gluon: Efficient Training of
Large Language Models



Issues with Existing Theory

1. Global vs layer-wise linear minimization

* Practice: linear minimization over non-Euclidean balls is
performed layer-by layer

* Theory: linear minimization over all parameters

2. Learning rates (stepsizes)
* Practice: trial & error tuning
* Theory: impractically tiny stepsizes
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Abstract

Recent developments in deep learning optimization have brought about radically new al-
gorithms based on the Linear Minimization Oracle (LMO) framework, such as Muon [12] and
Scion [24]. After over a decade of Adam’s dominance, these LMO-based methods are emerging as
viable replacements, offering several practical advantages such as improved memory efficiency,
better hyperparameter transferability, and most importantly, superior empirical performance
on large-scale tasks, including LLM training. However, a significant gap remains between their
practical use and our current theoretical understanding: prior analyses (1) overlook the layer-wise
LMO application of these optimizers in practice, and (2) rely on an unrealistic smoothness
assumption, leading to impractically small stepsizes. To address both, we propose a new LMO-
based method called Gluon, capturing prior theoretically analyzed methods as special cases, and
introduce a new refined generalized smoothness model that captures the layer-wise geometry
of neural networks, matches the 1 ise practical impl ion of Muon and Scion, and
leads to convergence guarantees with strong practical predictive power. Unlike prior results, our
theoretical stepsizes closely match the fine-tuned values reported by Pethick et al. [24]. Our
experiments with NanoGPT and CNN confirm that our assumption holds along the optimization
trajectory, ultimately closing the gap between theory and practice.

1 Introduction

The success of deep learning models across a wide range of challenging domains is inseparable
from the optimization algorithms used to train them. As neural networks have grown deeper and
datasets larger, optimization has quietly become one of the most consequential components of
modern machine learning (ML). Nowhere is this more evident than in the training of large language
models (LLMs), which routinely consume thousands of GPU-hours. Adam [15] (and lately AdamW
[22])—being effective, relatively reliable, and widely adopted—has for over a decade served as the
default choice for this task. While this reliance has powered much of deep learning’s progress, it has
also exposed the shortcomings of adaptive moment estimation as a one-size-fits-all solution-namely,
sensitivity to learning rate schedules, heavy tuning requirements (28], and poor generalization when
not carefully calibrated [31]. However, a shift may now be underway. Recent optimizers, such as
Muon [12] and Scion [24], represent a significant departure from Adam-type methods: they forgo
the adaptive moment estimation in favor of a geometry-aware approach inspired by Frank-Wolfe
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Gluon: The Algorithm min{f(X) = Eeop [fe(X)]}

For all layers 2 =1,2,...,p do: q

X = argming s, {(ME, Xy | X5 — XF|| gy </t




New Smoothness Assumption



New Assumption: {0 i= Benp [fe(X01)
Layer-wise LO-L1 Smoothness

Dual norm for layer ¢

|Gilliy« = sup  (Gi, Xi) )
| X4 (1) <1

[Vif(X) = Vif(Y)
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Two smoothness constants for each layer ¢



Experimental Validation of
Layer-wise LO-L1 Smoothness
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Figure 1: Training NanoGPT on FineWeb validates our layer-wise (L°, L')-smoothness model.
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Gluon: Deterministic Variant pin{/(X) = Eep [fe(X)]}

For all layers 2 =1,2,...,p do: q

X = argming s, {(ME, Xy | X5 — XF|| gy </t




Gluon: Deterministic Variant pin{f(X) = B [fe(X1}

For all layers 2 =1,2,...,p do: q

X = argming s, {(ME, Xy | X5 — XF|| gy </t
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Gluon Theory vs Previous Results

Table 1: Comparison of convergence guarantees for Gluon (Algorithms 1 and 2) to achieve
ming—o,... k-1 g E[|[Vif(X*)||(5)s] < &, where the O(-) notation hides logarithmic factors. Notation:
K = total number of iterations, (L°, L!) = the result holds under layer-wise (L°, L')-smoothness, tf =
radius/stepsize, 1 — ¥ = momentum.

Result Stochastic? (L%, L1) Rate Stepsizes té" 1— Bk
[16, Theorem 1] X X @) ﬁ const o ﬁ(b) —
[16, Theorem 2] v X @ ﬁ const K; 7 (®)  const ﬁ
[18, Theorem 2.1](®) v X @ ﬁ const o< K§/4 (B)  const o ﬁ
[24, Lemma 5.4] v X @) ﬁ const K§/4 (b) x k11/2
NEW: Theorem 1 X v (@) K} 73 Adaptive —
NEW: Theorem 2 v v @ ﬁ o k31/ 7 o k11/2

(a) Applies only to the Muon/Scion update in (14) with p = 1.

() These stepsizes are impractically tiny since they have an inverse dependence on the total number of iterations K.






