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Part 1
Broximal Point Method
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Problem Formulation



Ball Proximal (“Broximal”) Operator



From Proximal to Broximal Operator:
From Penalty to Constraint

penalty

constraint
Notation for the constraint:



The First Brox Theorem (GLRR 2025)

A1.  

A2.  



The Second Brox Theorem (GLRR 2025)

A1.  

A2.  



Broximal Point Method (BPM)



Broximal Point Method (BPM)



BPM = “Normalized” PPM



The Ball Envelope

Example:



BPM = Normalized GD for Minimizing 
the Ball Envelope



Seven (Convergence) Results



Assumptions (Convex Setup)

We have nonconvex theory 
in the paper 

(not covered in this talk)



Result 1: One Step Convergence

Broximal Point Method (BPM)



Result 2: Step to Boundary

Broximal Point Method (BPM)



Result 3: Super-Accelerated 
Linear Convergence in Distance to Minimizer

Broximal Point Method (BPM)

No need for 
strong convexity!



Result 4: Finite Convergence
(i.e., BPM is a “Direct” Optimization Method)

Broximal Point Method (BPM)

Corollary:



Result 5: Super-Accelerated 
Linear Convergence in Function Values

Broximal Point Method (BPM)

No need for 
strong convexity!



Result 6: Gradient Monotonicity

Broximal Point Method (BPM)



Result 7: Gradient Convergence

Corollary:

Broximal Point Method (BPM)



Nonconvex Problems



BPM Converges to Global Optimum for Some 
Nonconvex Functions with Suboptimal Local 

Minima



Brox-Aligned Nonconvex Functions

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.

Broximal alignment for global non-convex optimization
Submitted (soon on arXiv)



Practical Considerations



1. Some results extend to arbitrary non-Euclidean norms [GR 2025]
(choice of the norm is very important in deep learning, and training of LLMs!)

2. Can be made practical by approximation:

(gives rise to non-Euclidean trust region methods)

BPM: Practical Considerations



BPM: Prior Closely Related Works



Prior Related Work: Acceleration



Prior Related Work: Non-Euclidean Balls



Prior Related Work: Parallel Optimization



Prior Related Work: Minimize Maximum Loss



Part 2
From Adam to Muon: 

Orthogonalizing the Gradient



Shampoo (2018)

Promising, but did not 
replace Adam

(441 citations “only”)



Orthogonal SGDM (2022)



Orthogonal SGDM (2022)

No theory
16 citations only as 

of today!



Muon (12/2024)

Consistently beats 
Adam!



Newton-Schulz 5

By Keller Jordan (blog; 12/2024)

Efficient Orthonormalization in Muon
Optimal method (6/2025)



February 2025 March 2025

Muon Theory



Scion (2/2025)

Improves upon Muon, 
exhibits hyperparameter 

transfer



Distributed Muon-Style Optimizers

February 2025 May 2025 May 2025
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1. Global vs layer-wise linear minimization
• Practice: linear minimization over non-Euclidean balls is 

performed layer-by layer

• Theory: linear minimization over all parameters

2. Learning rates (stepsizes)
• Practice: trial & error tuning 

• Theory: impractically tiny stepsizes

Issues with Prior Theory



Gluon: The Setup



Gluon: The Algorithm



New Smoothness Assumption



New Assumption:
Layer-wise L0-L1 Smoothness



Experimental Validation of
Layer-wise L0-L1 Smoothness



Gluon Convergence Theory



Gluon: Deterministic Variant



Gluon: Deterministic Variant



Gluon Theory 1



Gluon Theory 2



Gluon Theory 3



Gluon Theory vs Previous Results



Part 4
Muon: Compression & Error Feedback
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NanoGPT-124M on FineWeb10B. Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of 
bytes sent to the server from each worker normalized by model size

Up to 7x Communication Savings on NanoGPT



















Assumptions



A1

A2

Assumptions



A1

A2

A3(a)

A3(b)

Assumptions



A1

A2

A3(a)

A3(b)

A4

Assumptions



Let A1, A3(a) and A4 hold. Let       be the iterates of EF21-Muon initialized with                                              and run with

                                                  ,                                         , where                             and

                                                                                                                 .   Then

Convergence Theory
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Let A1, A3(a) and A4 hold. Let       be the iterates of EF21-Muon initialized with                                              and run with

                                                  ,                                         , where                             and

                                                                                                                 .   Then

Convergence Theory



Let A1, A2, A3(b) and A4 hold. Let              be the iterates of EF21-Muon initialized with                                   and

run with                                           ,                                 , where 

and                                   .   Then

Convergence Theory



Let A1, A2, A3(b) and A4 hold. Let              be the iterates of EF21-Muon initialized with                                   and

run with                                           ,                                 , where 

and                                   .   Then

Convergence Theory



Let A1, A2, A3(b) and A4 hold. Let              be the iterates of EF21-Muon initialized with                                   and

run with                                           ,                                 , where 

and                                   .   Then

Convergence Theory



The End
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