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Problem Formulation

min f(x
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The Ball-Proximal (=*Broximal’’) Point Method:
a New Algorithm, Convergence Theory, and Applications

Kaja Gruntkowska' HanminLi' Aadi Rane* ' Peter Richtirik !

Abstract

Non-smooth and non-convex global optimization
poses significant challenges across various appli-
cations, where standard gradient-based methods
often struggle. We propose the Ball-Proximal
Point Method, Broximal Point Method, or Ball
Point Method (BPM) for short — a novel algorith-
mic framework inspired by the classical Proximal
Point Method (PPM) (Rockafellar, 1976), which,
as we show, sheds new light on several founda-
tional optimization paradigms and phenomena,
including non-convex and non-smooth optimiza-
tion, acceleration, smoothing, adaptive stepsize
selection, and trust-region methods. At the core of
BPM lies the ball-proximal ( “broximal”) operator,
which arises from the classical proximal opera-
tor by replacing the quadratic distance penalty
by a ball constraint. Surprisingly, and in sharp
contrast with the sublinear rate of PPM in the
nonsmooth convex regime, we prove that BPM
converges linearly and in a finite number of steps
in the same regime. Furthermore, by introducing
the concept of ball-convexity, we prove that BPM
retains the same global convergence guarantees
under weaker assumptions, making it a powerful
tool for a broader class of potentially non-convex
optimization problems. Just like PPM plays the
role of a conceptual method inspiring the devel-
opment of practically efficient algorithms and al-
gorithmic elements, e.g., gradient descent, adap-
tive step sizes, acceleration (Ahn & Sra, 2020),
and “W” in AdamW (Zhuang et al., 2022), we be-
lieve that BPM should be understood in the same
manner: as a blueprint and inspiration for further
development.

!King Abdullah University of Science and Technology, Thuwal,
Saudi Arabia ZUl'niversity of California, Berkeley, USA.

*The work of Aadi Rane was conducted during a VSRP internship
at KAUST.

1. Introduction

The minimization of non-convex functions is a fundamental
challenge across many fields, including machine learning,
optimization, applied mathematics, signal processing and
operations research. Solving such problems is integral to
most machine learning algorithms arising in both training
and inference, where non-convex objectives or constraints
are often necessary to capture complex prediction tasks.

1.1. Global nonconvex optimization

In this paper, we propose a new meta-algorithm (see Sec-
tion 1.3) capable of finding global minimizers for a specific
(new) class of non-convex functions. In particular, we in-
troduce an algorithmic framework designed to solve the
(potentially non-convex) optimization problem

min, f(z), @
where f : R? — RU{+0co} is assumed to be proper (which
means that the set domf := {z € R? : f(z) < +oo} is
nonempty), closed, and have at least one minimizer. We let
X; be the set of all minimizers of f, and f, := min, f(z).

1.2. The ball-proximal operator

A key inspiration for our method stems from the well-known
Proximal Point Method (PPM) (Rockafellar, 1976), which
iteratively adds a quadratic penalty term to the objective
(see Section 3 for more details) and solves a modified sub-
problem at each step. Building on this idea, we introduce
the ball-proximal ( “broximal”) operator:

Definition 1.1 (Ball-Proximal Operator). The bali-proximal
(“broximal”) operator with radius ¢ > 0 associated with a
function f : RY — R U {+o0} is given by
brox}(z) 1= arg min f(z), 2)
z€B(x)
where By(z) == {z€R?: ||z—=z| <t} and ||| is the
standard Euclidean norm.

According to this definition, for a given input point 2 € R%,
brox’(z) returns the minimizer(s) of f within the ball of
radius £ centered at .
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FromProximalto BroximalOperator:
FromPenaltyto Constraint

1
ox)(z) = Arg mi |y — z||?
prox(z) = Arg min {f(y)+ 27Hy x| }

penalty

Notation for the constraint;:

B(z,t) :={y eR* | |ly — | <t}

constraint



The First Brox Theorem (GLRR 2025)

Al.
A2.

broxﬁc () is nonempty

Argmin f N B(x,t) # () |:> brox?:(x) C Argmin f

broxj:(x) is a singleton

Argmin f N B(il?, t) = () E> Hbl”OX?(ZL’) _ xH — f



The Second Brox Theorem (GLRR 2025)

Al.
A2.

Let u € broxﬁc(a;)
There exists c(z,?) > 0 such that

c(x,t) - (x —u) € 0f(u)
F(5) — F@) > el 1) - (z — i,y — ) for all y € R



BroximalPoint Method (BPM)



BroximalPoint Method (BPM)

T = broxtf’“ () = argmin{ f(z) : ||z — x| < i}

7

Argmin f




f:RY =R
convex & differentiable



The Ball Envelope

Argmin Nt = Argmin f + {z € R? | ||z]| <t}

Exampl

Ng(x) =4

e: f(z) =2

((z+1t)? ifx<—t
0 if —t<a<t

(z—t)? ifa>t

Function f(x) = x* and its Ball Envelope N}9(x)
T T

_. flx) = x2




BPM = Normalized GD for Minimizing
the Ball Envelope

f:R% — R is convex and L-smooth
Tr+1 ¢ Argmin f

Ve

VNtk L
Thil = brox?f“ (xr) = ) — T / (1)

[V ()




Seven (Convergence) Results



Assumptions (Convex Setup)

We have nonconvex theory
in the paper
(not covered in this talk)



Result 1: One Step Convergence

Argmin f ﬂ- #
Vv

Tpa1 € Argmin f

Broximal Point Method (BPM)



Result 2: Step to Boundary

| k41 kal — t)

Broximal Point Method (BPM)




Result 3: SupeAccelerated
Linear Convergence in Distance to Minimizer

sy

No need for
strong convexity!

Broximal Point Method (BPM)




Result 4: Finite Convergence
~]X XU WD |-

NTE S K% S

K—1
Z t7 > ||lzo — z4|? |:> rg € Argminf
k=0

Broximal Point Method (BPM)

Corollary:
4 )
K> |20 —2$ I? ¢ T € Argminf
- t
\. J




Result 5: SupeAccelerated
Linear Convergence In Function Values

f@ry1) = ()

241 — 2]

f@rs1) < flar) —tr

f@ry1) — fx) < (1 | >—1 (f(zr) — f(z4))

No need for

Broximal Point Method (BPM) strong convexity!




Result 6: Gradient Monotonicity

f is differentiable & g € dom f

Ve

IV (@r)]] < [IVF(ze)

Broximal Point Method (BPM)



Result 7: Gradient Convergence

f(@ry1) < fow) — e[|V f(@r41) ]

K—-1

Lk f(zo) — f(Tx)
> V@)l < g,
k=0 Z k=0 142
Corollary:
e
Broximal Point Method (BPM) IVf(zis1)| < %KE_: IV f(zrin)]| < f(xoz —kf(a:*)
\ —




Nonconvex Problems



BPM Converges to Global Optimum for Some
Nonconvex Functions with Suboptimal Local
Minima
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Figure 2. Trajectory of BPM with ¢ = 27 starting from zo = 20
applied to f(z) = |z| 4+ 10sin(z) (Example 1).



Brox-Aligned Nonconvex Functions

Broximal Alignment for Global Non-Convex Optimization

Table 1. Comparison of convex and non-convex function classes. Non-Convex = does not require f to be convex; Non-Differentiable
= does not require f to be differentiable; Stationary pts = allows existence of stationary points that are not global minima; Non-unique

min = allows existence of multiple global minima; Disconnected Xs: the set of minimizers need not be connected.

Function class Non-Convex  Non-Differentiable  Stationary pts  Non-unique min  Disconnected X's
Strongly convex X X X X
Convex X v X v X
euocomex. ‘ x ’ "
(o & o 1960 / ’ ’ ’ ’
(Neste?(:‘?;;cff:)?;ai’f 2006) / x * g g
St 3018 / g g ! ’
(LiuAe:l:;in 2g023) v x * g g
e, 965 gz 1569 7 g g ” ’
Presse gt ’ ’ ’ ’ ’
o ‘ ’ ’ ’ .

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.

Broximalalignment for global norconvex optimization
Submitted (soon oarXiy)

Strongly
. Convex
C POlyak—
onvex Lojasiewicz
Pseudoconvex Quasiconvex Quadratic
~ J Growth
Aiming Star-Convex Quasar
Convex

- -
- . -

Broximal

[ Aligned } )
Figure 3. Hierarchy of assumptions. Solid arrows encode one-
way implications, dashed lines denote mutual non-implications,
and red arrows indicate conditions guaranteeing Broximal Align-
ment for any ¢ > 0. For simplicity, we assume f is L-smooth
Ge., |[Vf(z) — Vi) < L|z - y|| Vz,y € R?) with domain
dom f = R®. See the appendix and Karimi et al. (2016); Hinder
et al. (2019); Khanh & Lara (2025) for proofs.




Practical Considerations



BPM: Practical Considerations

1. Some results extend to arbitrary norn-Euclidean norm¢GR 2025]
(choice of the norm is very important in deep learning, and training of LLMs!)

2. Can be made practical by approximation:

approximate f: apply BPM to a model of f

(gives rise to non-Euclidean trust region methods

approximate brox?:: use an iterative technique, stop early



BPM: Prior Closely Related Works



Prior Related Work: Acceleration

Acceleration with a Ball Optimization Oracle

Yair Carmon*  Arun Jambulapati*  Qijia Jiang®  Yujia Jin®  Yin Tat Lee'
Aaron Sidford* Kevin Tian*

Abstract

Consider an oracle which takes a point z and returns the minimizer of a convex function f in
an £, ball of radius r around z. It is straightforward to show that roughly r~'log % calls to the
oracle suffice to find an e-approximate minimizer of f in an £, unit ball. Perhaps surprisingly, this
is not optimal: we design an accelerated algorithm which attains an e-approximate minimizer
with roughly r~2/*log ! oracle queries, and give a matching lower bound. Further, we implement

ball ion oracles for fi i with locally stable Hessians using a variant of Newton’s
method. The resulting algorithm applies to a number of prot of ical and th ical
import, improving upon previous results for logistic and £, ion and achieving

ble to the state-of-the-art for £, i

1 Introduction

We study unconstrained minimization of a smooth convex objective f : R? — R, which we access
through a ball optimization oracle Oy, that when queried at any point z, returns the minimizer!
of f restricted a ball of radius 7 around z, i.e.,
Opan(z) =  argmin _ f(z').
2 st. [z'—z||<r

Such oracles underlie trust region methods [12] and, as we demonstrate via applications, encap-
sulate problems with local stability. Iterating zx+1 < Opan(zx) minimizes f in O(R/r) iterations
(see Appendix A), where R is the initial distance to the minimizer, z*, and O(-) hides polyloga-
rithmic factors in problem parameters, including the desired accuracy.

Given the fundamental geometric nature of the ball optimization abstraction, the central ques-
tion motivating our work is whether it is possible to improve upon this O(R/r) query complexity.
It is natural to conjecture that the answer is negative: we require R/r oracle calls to observe the
entire line from g to the optimum, and therefore finding a solution using less queries would re-
quire jumping into completely unobserved regions. Nevertheless, we prove that the optimal query
complexity scales as (R/r)?/3. This result has positive implications for the lexity for several
key regression tasks, for which we can efficiently impl the ball optimization oracles.

2003.08078v1 [math.OC] 18 Mar 2020

arXiv

1.1  Our contributions

Here we overview the main contributions of our paper: accelerating ball optimization oracles (with
a matching lower bound), implementing them under Hessian stability, and applying the resulting
hni to regressi bl ;i

“Stanford University, {yairc, jmblpati,qjiang2,yujiajin,sidford,kjtian}@stanford.edu.
! University of Washington, yintatCuw.edu.
'In the introduction we discuss exact oracles for simplicity, but our results account for inexactness.




Prior Related Work: Nottuclidean Balls

1704.02310v2 [cs.DS] 21 Aug 2017

arXiv
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Matrix Scaling and Balancing via Box Constrained Newton’s
Method and Interior Point Methods

Michael B, Cohen*® Aleksander Madry! Dimitris Tsipras' Adrian Vladu!
MIT MIT MIT MIT
micohen@mit.edu madry@mit.edu tsipras@mit.edu avladu@mit.edu

Abstract

In this paper, we study matrix scaling and balancing, which are fundamental prob-
lems in scientific computing, with a long line of work on them that dates back to the
1960s. We provide algorithms for both these problems that, ignoring logarithmic fac-
tors involving the dimension of the input matrix and the size of its entries, both run
in time O (m log #log®(1/¢)) where ¢ is the amount of error we are willing to tolerate.
Here, x represents the ratio between the largest and the smallest entries of the opti-
mal scalings. This implies that our algorithms run in nearly-linear time whenever &
is quasi-polynomial, which includes, in particular, the case of strictly positive matrices.
We complement our results by providing a separate algorithm that uses an interior-point
method and runs in time 5(m3/210g(1/5)).

In order to establish these results, we develop a new second-order optimization frame-
work that enables us to treat both problems in a unified and principled manner. This
framework identifies a certain generalization of linear system solving that we can use to
efficiently minimize a broad class of functions, which we call second-order robust. We
then show that in the context of the specific functions capturing matrix scaling and
balancing, we can leverage and generalize the work on Laplacian system solving to make
the algorithms obtained via this framework very efficient.

“This material is based upon work supported by the National Science Foundation under Grant No. 1111109 and
Grant No. 1553428, and by the National Defense Science and Engineering Graduate Fellowship
"This material is based upon work supported by the National Science Foundation under Grant No. 1553428,
#This material is based upon work supported by the National Science Foundation under Grant No. 1111109 and
Grant No. 1553428

arXiv:2410.24158v1 [math.OC] 31 Oct 2024

{, balls

Convex optimization with p-norm oracles

Deeksha Adil Brian Bullins
Institute for Theoretical Studies Department of Computer Science
ETH Zirich Purdue University
deeksha.adil@eth-its@ethz.ch bbullins@purdue.edu
Arun Jambulapati Aaron Sidford
Department of Computer Science Department of Computer Science
University of Michigan Stanford University
jmblpati@umich.edu sidford@stanford.edu

November 1, 2024

Abstract

In recent years, there have been significant advances in efficiently solving £.-regression using linear
system solvers and fo-regression [Adil-Kyng-Peng-Sachd; J. ACM24]. Would efficient £,-norm solvers
lead to even faster rates for solving £,-regression when 2 < p < s7 In this paper, we give an affirmative
answer to this question and show how to solve £,-regression using O(n 7+ ) iterations of solving smoothed
£, regression problems, where v == 1 — 1. To obtain this result, we provide improved accelerated rates
for convex optimization problems when given access to an £3(A)-prozimal oracle, which, for a point ¢,
returns the solution of the regularized problem min, f(z) + A|lz — ¢|;. Additionally, we show that the

rates we establish for the £(A)-proximal oracle are near-optimal.

Contents

1

2

Introduction

General Proximal Point Algorithm

2.1 When s < 0o: Proximal Point Oracles e e
22 Whens=o0: Ball Oracle . . . . ... ... ... ... .. .. ... .0t .
Line-Search Free Method

Applications

4.1 é-Regression . . . ... ... ... e e e
4.2 High-Order Smooth Optimization in General Norms . . . . . .. .. ... ... ... .....
Lower Bounds

5.1 Proximal Point Oracles: s <00 . .. .. ..
5.2 When s = oo: Ball Oracle . . .
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Prior Related Work: Parallel Optimization

arXiv:2406.07373v1 [math.OC] 11 Jun 2024

Closing the Computational-Query Depth Gap
in Parallel Stochastic Convex Optimization

Arun Jambulapati Aaron Sidford Kevin Tian
University of Michigan Stanford University University of Texas at Austin
jmblpati@gmail.com sidford@stanford.edu kjtian@cs.utexas.edu

Abstract

We develop a new parallel algorithm for minimizing Lipschitz, convex functions with a
stochastic subgradient oracle. The total number of queries made and the query depth, ie.,
the number of parallel rounds of queries, match the prior state-of-the-art, [CJJ*23], while im-
proving upon the computational depth by a polynomial factor for sufficiently small accuracy.
When combined with previous state-of-the-art methods our result closes a gap between the
best-known query depth and the best-known computational depth of parallel algorithms.

QOur method starts with a ball acceleration framework of previous parallel methods, i.e.,
[CJI+20, ACI*21], which reduce the problem to minimizing a regularized Gaussian convolution
of the function constrained to Euclid balls. By developing and leveraging new stability
properties of the Hessian of this induced function, we depart from prior parallel algorithms
and reduce these ball-constrained optimization | to ‘hasti ined quadratic
minimization problems. Although we are unable to prove ion of the ic
matrices that we use to approximate this Hessian, we nevertheless develop an efficient parallel
method for solving these quadratics. Interestingly, our algorithms can be improved using fast
matrix multiplication and use nearly-linear work if the matrix multiplication exponent is 2.

Contents
1 Introduction

2 Technical overview
2.1 Framework: convolutions and acceleration . . . . .. .. .. ... ... .. ... ...
2.2 Hessian stability of the Gaussian convolution . ... .. ... .............
2.3 Hessian optimization without Hessian approximation . . . . . . ... ... ... ...
2.4 Parallel maintenance of rank-one updates . . . .. ... ... ...

3 Parallel optimization of quadratic subproblems
3.1 Composite stochastic optimization . . . .. ... .. ... .. .. .. ... ...,
3.2 Parallel maintenance of rank-lupdates . . . . . ... .. ... .. ... ...
3.3 High-probability error bound reduction . . . . . .. ... ... ... .. L
3.4 Putting it all together . . . . . . ... e

4 Parallel stochastic convex opti
4.1 Approximate Newton’s method . . . . ... ... ... .. o oL
4.2 Ball optimization oracles via binary search . . . . ... ... ... ... .00
43 Proofof Theorem 2. . . . . ... ... .. ..
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ReSQueing Parallel and Private Stochastic Convex Optimization
Yair Carmon®  Arun Jambulapati'  Yujia Jin'  Yin Tat Lee®  Daogao Liuf

Aaron Sidford* Kevin Tian¥

Abstract

We introduce a new tool for stochastic convex optimization (SCO): a Reweighted Stochastic
Query (ReSQue) estimator for the gradient of a function convolved with a (Gaussian) probability
density. Combining ReSQue with recent advances in ball oracle acceleration [CJJ*20, ACI*21],
we develop algorithms achieving state-of-the-art complexities for SCO in parallel and private
settings. For a SCO objective constrained to the unit ball in RY, we obtain the following results
(up to polylogarithmic factors).

1. We give a parallel algorithm obtaining optimization error g, with dlf;‘e;:./ 4 gradient

oracle query depth and a'lfgc;:f 4 c;:, gradient queries in total, assuming access to a
bounded-variance stochastic gradient estimator. For e,y € [d~',d~"/1], our algorithm
matches the state-of-the-art oracle depth of [BJL*19] while maintaining the optimal total
work of stochastic gradient descent.

2. Given n les of Lipschitz loss functions, prior works [BFTT19, BFGT20, AFKT21,
KLL21| established that if n 2 de(;:J (€dp; 8)-differential privacy is attained at no asymp-
totic eost to the SCO utility. However, these prior works all required a superlinear number
of gradient queries. We close this gap for sufficiently large n 2 d”¢; ", by using ReSQue to
design an algorithm with near-linear gradient query complexity in this regime,

“Tel Aviv University, ycarmon@tauex. tau.ac.il.

University of Washington, {jmblpati, dgliu}@uw.edu.
*Stanford University, {yujiajin, sidford}@stanford.edu.
$Microsoft Research, {yintatlee, tiankevin}@microsoft.com.




Prior Related Work: Minimize Maximum Loss
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Stochastic Bias-Reduced Gradient Methods

Hilal Asi ~ Yair Carmon  Arun Jambulapati  Yujia Jin  Aaron Sidford
{asi, jmblpati,yujiajin,sidford}@stanford.edu ycarmon@cs.tau.ac.il

Abstract

We develop a new primitive for stochastic optimization: a low-bias, low-cost estimator of
the minimizer z, of any Lipschitz strongly-convex function. In particular, we use a multilevel
Monte-Carlo approach due to Blanchet and Glynn [8] to turn any optimal stochastic gradient
method into an estimator of z, with bias d, variance O(log(l /8)), and an expected sampling
cost of O(log(1/6)) hastic gradient evaluati As an diate we obtain
cheap and nearly unbiased gradient estimators for the Moreau-Yoshida envelope of any Lipschitz
convex function, allowing us to perform dimension-free randomized smoothing.

We demonstrate the potential of our estimator through four applications. First, we develop a
method for minimizing the maximum of N functions, improving on recent results and matching
a lower bound up to logamhmm factors. Seoond and third, we recover state-of-the-art rates for
projecti fficient and grad flicient ion using simple algorithms with a transparent
analysis. Finally, we show that an 1mproved version of our estimator would vield a nearly

linear-time, optimal-utility, diffe ially-private no: th hastic optimization method.

1 Introduction

Consider the fund | problem of minimizing a y-strongly convex function F': X — R given access
to a stochastic (sub—)gradlent estimator VF satisfying EVF(z ) € OF () and E|[VF(z)|? < G? for
every x € X. Is it possible to transform the unbiased estimator VF into a (nearly) unbiased estimator
of the minimizer z, := argmin, .y F(z)? In particular, can we improve upon the O(G/(uv/T)) bias
achieved by T iterations of stochastic gradient descent (SGD)?

In this paper, we answer this question in the affirmative, proposing an optimum estimator &,
which (for any fixed § > 0) has

bias |[EZ, — z,|| = & and variance E||z, — E¢,|? = O(%: 103(%)),

and, in expectation, costs O( log )) evaluations of VF.! Setting 6 = G/( u\/i_“ we obtain the same
bias bound as 7 iterations of déD but with expected cost of only O(logT)) stochastic gradient
evaluations (the worst-case cost is T'). Further, the bias can be made arbitrarily small with only
logarithmic increase in the variance and the stochastic gradient evaluations of our estimator, and
therefore—paralleling the term “nearly linear-time” [27]—we call &, nearly unbiased.

Our estimator is an instance of the multilevel Monte Carlo technique for de-biasing estimator
sequences [25] and more specifically the method of Blanchet and Glynn [8]. Our key observation is
that this method is readily applicable to strongly-convex variants of SGD, or indeed any stochastic
optimization method with the same (optimal) rate of convergence.

'When X = Bg(zo) C RY, F(z) = L ¥, F(33i), and VF is the subgradient of a uniformly random F(z;i) we
can also get an estimator with bias 0 and expected cost O(log(nd)). See Appendix A.1 for details.

arXiv:2105.01778v1 [math.OC] 4 May 2021

Thinking Inside the Ball:
Near-Optimal Minimization of the Maximal Loss

Yair Carmon  Arun Jambulapati  Yujia Jin  Aaron Sidford
ycarmonQcs.tau.ac.il, {jmblpati,yujiajin,sidford}@stanford.edu

Abstract

We characterize the complexity of minimizing max;e () fi(z) for convex, Lipschitz functions
f1,..., fn. For non-smooth functions, existing 1 methods require O(Ne~2) queries to a first-order
oracle to compute an e-suboptimal point and O(N 1) ~querxes if the f; are O(1/¢)-smooth. We
develop methods with improved complexity bounds of O(Ne~?/3+¢~%/3) in the non-smooth case
and O(Ne=2/34+/Ne1) in the O(1/€)-smooth case. Our methods consist of a recently proposed
ball optimization oracle acceleration algorithm (which we refine) and a careful implementation
of said oracle for the softmax function. We also prove an oracle complexity lower bound scaling
as Q(Ne 2/3), showing that our dependence on N is optimal up to polylogarithmic factors.

1 Introduction

Consider the problem of approximately minimizing the maximum of N convex functions: given
fi,--, fn such that for every i € [N] the function f; : R? — R is convex, Lipschitz and possibly
smooth, and a target accuracy e,

find a point z such that Fpax(z) — inf Fpax(z.) <€ where Fpax(z) = max fi(z) . (1)
z,€R4 i€[N]

Problems of this form play significant roles in optimization and machine learning. The maximum
of N functions is a canonical example of structured non-smoothness and several works develop
methods for exploiting it [31, 30, 36, 9, 12]. The special case where the f;’s are linear functions
is particularly important for machine learning, since it is equivalent to hard-margin SVM training
(with f; representing the negative margin on the ith example) [38, 13, 21]. Going beyond the
linear case, Shalev-Shwartz and Wexler [36] argue that minimizing the maximum classification
loss can have advantageous effects on training speed and generalization in the presence of rare
informative examples. Moreover, minimizing the worst-case objective is the basic paradigm of
robust optimization [4, 27]. In particular, since Fnax(z) = max,can Y ey Pifi(2) the problem
corresponds to an extreme case of distributionally robust optimization [5] with an uncertainty set
that encompasses the entire probability simplex AN

The goal of this paper is to characterize the complexity of this fundamental problem. We are
particularly interested in the regime where the number of data points N and the problem dimension
d are large compared to the desired level of accuracy 1/e, as is common in modern machine learning.
Consequently, we focus on dimension-independent first-order methods (i.e., methods which only rely
on access to f;(z) and a (sub)gradient V f;(z) as opposed to higher-order derivatives), and report
complexity in terms of the number of function/gradient evaluations required to solve the problem.
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Shampoo (2018)

Algorithm 1 Shampoo, matrix case.

Initialize W, = 0, ; Lo = €l,,, ; Ry = €l
forr=1,...,T do:
Receive loss function f; : R™" —» R
Compute gradient G, = Vf,(W;)

Shampoo: Preconditioned Stochastic Tensor Optimization

Vineet Gupta'! Tomer Koren! Yoram Singer !

Abstract
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TWe call it Shampoo because it has to do with pre-conditioning.

Figure 2: Training loss for a residual network and an inception network on CIFAR-10.







