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Outline

BPM = Broximal Point Method



Part 1
Broximal Point Method: 

Convex Regime
Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, convergence theory, and applications
arXiv:2502.02002, 2025
Kaja Gruntkowska, P.R.
Non-Euclidean broximal point method: a blueprint for geometry-aware optimization
arXiv:2510.00823, 2025



BPM with Balls

BPM run



Proximal Point vs. Broximal Point
PPM: Proximal Point Method (Martinet, 1970) BPM: Broximal (= ball-proximal) Point Method



BPM with Balls

BPM run



BPM with Balls

BPM run



Linear Programming via BPM with Balls

BPM run

P.R.
Rethinking Gradient Descent for Linear 
Programming: A Screened Broximal Approach
Manuscript, 2026



Part 2
Broximal Point Method: 

Convergence Theory
Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, convergence theory, and applications
arXiv:2502.02002, 2025
P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026



Problem Formulation & Assumptions



The Condition Number
You can’t just leave me out.

I’ve been in every convergence bound
for fifty years.

We’ve decided to go
in a different direction.



Fixed-Radius Theory: Distance

No dependence 
on a condition 

number!

Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, 
convergence theory, and applications
arXiv:2502.02002, 2025



Fixed-Radius Theory: Function

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius 
selection
arXiv:2609.35147, 2026

No dependence 
on a condition 

number!



Fixed-Radius Theory: Gradient

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius 
selection
arXiv:2609.35147, 2026

No dependence 
on a condition 

number!



Arbitrary-Radius Theory: Convergence

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026 (Theorem 4.1)



Part 3
Broximal Point Method: 

Nonconvex Regime

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.
Broximal alignment for global non-convex optimization
arXiv:2604.13483, 2026



2D Example 1: GD Gets Stuck

GD gets stuck

Stationary, but
far from 
optimal!



2D Example 1: BPM Jumps Over Local Minima

GD
BPM function values

Global 
minimum
in 4 steps!



2D Example 2: GD Gets Stuck

GD gets stuck

Stationary, but
far from optimal!



2D Example 2: BPM Jumps Over Local Minima

GD

BPM function values

Global minimum
in 4 steps!



Brox-Aligned Nonconvex Functions

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.
Broximal alignment for global non-convex optimization
arXiv:2604.13483, 2026



Part 4
Broximal Point Method: 
Practical Approximations



GD = Linearized BPM

Linearize the objective inside the ball



SGD = Stochastically Linearized BPM

Linearize a random summand inside the ball



SGD with Spectral-Norm Balls

Linearize, then minimize over a spectral ball

Kaja Gruntkowska, P.R.
Non-Euclidean broximal point method: a blueprint for geometry-aware optimization
arXiv:2510.00823, 2025



Muon: Adding Momentum and Newton–Schulz

Spectral SGD (previous slide) + three changes

Keller Jordan, Yuchen Jin, Vlado Boza, Jiacheng You, Franz Cesista, Laker Newhouse, Jeremy Bernstein
Muon: An optimizer for hidden layers in neural networks
kellerjordan.github.io/posts/muon, 2024



BroxGD: Linearized BPM with Constraints

Between projected GD and Frank–Wolfe

P.R., Kaja Gruntkowska, Hanmin Li
Broximal gradient descent: a projection-free sister of 
projected gradient descent
arXiv:2605.08850, 2026

P.R., Ammar Mahran
Local LMO is Secretly a Projection Method!
arXiv:2609.33383, 2026



Part 5
Broximal Point Method: 

Four Formulations

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026



BPM = Projection onto Sublevel Sets

Sublevel projection



BPM = Implicit Normalized GD

Implicit (BPM) vs explicit



BPM = Normalized GD on the Ball Envelope

Ball envelope



BPM = Implicit Regularized Newton

Why? (convex, twice-differentiable objective)

P.R.
The Design and Analysis of Newton-Type Algorithms as 
Approximate Broximal Point Methods
Manuscript, 2026



Conclusions



The BPM Family Tree
Gradient descent

SGD

Spectral SGD, Muon

BroxGD

Normalized GD

Regularized Newton

Proximal point method



Conclusions
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The End
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