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Optimization
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min f(x)

x = weights of a neural network X E IR
GPT-3: d ~ 1.75-10"
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f:RY - RU{+oo}
number of
trainable f 1S proper
parameters

f is closed (= lower semi-continuous)
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Abstract
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Introduction

tudy unconstrained minimization of a smooth convex objective f : RY — R, which w
mmug\. bl ptimiation oracle O, hat when quericd o any pet , etuns ho mnimiser
of f restricted a ball of radius r around , i.c.

Ovan(=)

argmin_f().

o) e

St orcls undenls it g mthds (1] s, s we dmonarste i apglstions, s
with local +) minimizes J in O(R/r) iterations

izer, 2°, and O() hides polyloga-

rithmic factors in problem parameters, including the desired accuracy.

Given the fundamental geometric nature of the ball optimization abstraction, the central ques-
tion motivating our work s whether it is possible to improve upon this O(R/r) query complexity.
It is natural to conjecture that the answer s nogative: we require R/r oracle calls to observe
entire line from o to the optimum, and therefore finding a solution using less queri
e Fnuaing o eomplota uncbirve osiont: NevetSlon o preveShat Syopiio quaey
complexity scales as (R/r)?/*. This result has positive implications for the complexity for several

ey regression tasks, for which we can ficiently implement the ball optimization oracles.

11 Our contributions

Here we overview the main contributions of our paper: accelerating ball optimization oracles (with
o matchinglover bound) implementin the under Hossin stabilt, nd appying the renling
techniques to regression problems.

anford U
m...mw of \h.hm:lvm yintaceuu.oda.
e introduction we discuss exact oracies fo simplicty, but our rsults account forinexactres,
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The Ball-Proximal

“Broximal”) Point Method:

aNew Algorithm, Convergence Theory, and Applications

Kaja Gruntkowska' Hanmin Li' Aadi Rane®'? Peter Richtarik'

Abstract

1. Introduction

he minimisionof on <o fnctios s  odamenl
fields

i

cations,
We propose the Ball-Proxial
Point Method, Broximal Point Method, or Ball

Seving e e s g 10
most machinelamin o aisin n both Caining
nce, where non-convex objectives or constaints

i fameucrknpired by e clsia Pzl

e meta-algorithm (see Sec-

Poin 576, which,
v sets e it on tionds.

onal optimization paradigms and phenomera, tion | m.p.m of finding global minimizers for a specific
-ulnm\sm convex and non-smooth optimiza- (new) class of non-convex functions. In particular, we in-
ton,accleaion, smoothing, AdpIVe SEPSIE  ypduce an agorithmic ramework designed 0 sl the

e el yrosmet (-l epeor,
which arises from the classical proximal opera-

nonsmooth convex regime, we prove that BPM

min f(2), 0]
] el vl el b bemueidd
‘means that the set dom,

i the same regime. Furthermore, by introducing

oo cone e et .
inimizers of £,and.

retans thesame global convrgence guirantces
under weaker

12,

optimization problems. Just m PP plays the
| o ey e i

Prosimal . 1976), whi
iteratively adds a quadratic penalty term 10 the objective:
(s Section 3 for more detail) and solves a modified sub-

st we introduce.

i A
tive step sizes, acceleration (Ahn & Sra, 2020),
and “W" in Adam (Zhuang et L, 2022), we be
lieve that 5P should be understood i the same.
manner: as  blueprint and inspiration for further
developmen.

‘broximal”)operator:
Defiition 1.1 (Ball-Proximal Operator). The ball-proximal

(“broximal”) operator with radius t > 0 associated with a
function /B¢ > R U {2} is given by
brox (z) = argmin 2) @

where By (z)

{z €RY: [z -] <0} and || s the

Technology, Thuwal,
‘Saudi Arabia “Universy of Caiforna,Berkely, USA.

“The workof Aadi Rane ws conducted during  VSRP itemship
AUKAUST.

Accordin o his defniton, foragiven nput poin z € R,
brox) () retums th minimizer(s) of / within the ball of
radis  cntered t 2.
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ABSTRACT

ly Broximal i
optimizstion framevork bisd on iertively minimiing he ojeciive funton over norm alls

and in it number of seps o proer.closed and comex funcons. Howeer, s heoreical
analysis has so far been confined to e same time, emer s
xemphited by e [ordan et al., 2024] and

e i e i b SR s e N oy f b saiand o
landscapes. In this note, we ask whether the convergence theory of BPM can be extended to this
i e

gon
long the way, we clarify

o

effectveness.

1 Introduction

from

deep neural v
demar

h
‘methods-ones

andscapes that chracterize contemporary decp learing.

Loshehilov and Hutter, 2017],

deep leaming optimization has long relied on Adam and related algorithms (Kingma and B, 2014,

Iheoretical beh i
Recently, h i i
dominance. 024), 20251
Instead,
i Cruciall
1). Operating at
il with
i eral., 2025,
Fethick et 2025, S et 2055, etal, 2025, Tveit et al., 2025].

examples line of work,

i beyon
vt P b i et o

*King Abdullah Universiy of Scence and Technology.
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Broximal Alignment for Global Non-Convex Optimization

Kaja Gruntkowska' Hanmin Li"

Abstract

P e il B v
ot dynamics, leaving global con-

st ey The dominant
I

Xun Qian’ Peter Richtarik

dtin cape cun beigly e, with ey ok
local minima and saddle points that can ta
gt (Pseans 31 201 Vidl e, 017 St
& Shamir, 2018; Jin et al. 2021).

S0 gt s vt wm:h it
 proxy for actual opiimiz

be efficienty found (Nemirovski & Yudin, 1983; Ne-
mirovski & Nesterov, 1985; Nesterov, 2003), we lack a

Indeed, many

e i e gl s i work, we

& Kabad, 1987), and a number of them are NP-hard even

inizaion e avovds grnhen s ressons
ing algete, W i the Bll Prosinal
Point Method (BPM), a Igo-

008; Jain & Kar, 2017). As
resul, rather than aming for (approximate) global solutons,
‘most theoreticalresuls for non-convex optimization, espe-

i sy D B
and propose a novel sructural condition ~ Broxi-

of staionarity: convesgence to points where the gradient
norm is small. Although mathematically convenient, such

verges 10 2 global minimizer. Our conditon re-
quires 1o convexity, smoothness,or Lipschitz as-
sumptions, and it permits multiple and discon-
nected global minima as wel as non-optimal lo-
cal minima. We show that this class generalizes
standard non-convex. A'nmcwurkx such s quasi

behavior.
L1 Limitations of Stationarity-Based Non-convex
oy eory

“To fix notation, we consider solving the general (potentially

convexity, star convexity . and
e simio conltion, O esals rovide  new
conceptual foundation for global non-convex op-
timization beyond sationarty.

1. Introduction

Noncomesapiizaion s he st of moder ms-

chine leaming (ML). Matrix factorization (Koren

2009, phs il (Faron, 1954 Cands o, 215,

epresentation eaming. and most prominenly decp newral
ol h ~2016)al

i (@), 0}

where f : RY 1 RU {00} is proper (that s, the set
dom f = {z € RY : /(z) < oo} is nonempty), closed,
and has at least one minimizer. We denote the set of all
‘minimizers by X7 and min, /(s

‘The dominant theoretical paradigm for such tasks is built
ind stationarity. Convergence guarantees are typically

stated in terms of the norm of the gradient, asert
it eches s ot whre [9/16)] s mal. This

lead 1o abjective functions with highly non-convex land-
scapes. Although such functions provide the expressive
i

tic gradient methods

"Centerof Encelene for Genertive Al King Ablsh Univer-
iy ofSine and Tchnology Thuval, S A
o Kaja Grntkowska <Jajo rumbowska@kaustcdusa>.

Preprin. Apri 16,2026

learning. A stationary point can be a global minimizer, a
poor local . or a saddle point; first-order infor-
‘mation alone does not distinguish among these possibili-
ties. Therefore, a small gradient provides litle guidance
on whether an algorithm meaningfully solves the under-

arXiv:2609.35147v1 [math.OC] 28 Sep 2026

A Sharper Theory of Ball-Proximal Optimization:
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Abstract

Wo study tho ezt Eulden balprosimal polt method o prper, s, omes
functions, where each jcs the objective over a ball centered at the current
et Rtaing e ojeciv g llmd‘u(-mMmu sared distanee yiel inds.
on objective val

constant radivs ¢ > 0 and
K iterations is at most its

and th i
tal distance Do > 0 to the solution set, the objective gap ater
itial value multplied by exp(~2K3€/D3)

f thei sun diverges,

the method reach; jmizer in fintely
the objective values converge to the nfi

s ticn s oy bownid we. u

e
v o ety enth for bounded et and  conantrdi
041+ Dy/) whose implis contat depnds only on e dimension /\pnlyhulml e

e s o0 ‘ubgradicots or bjective gap, plgraph reforulation, and reaxed update,
the method

Together
et sl smonthas o ong Sonmen

Keywords: ball-prosimal imization; inite ters

stion;
ences; radius selection; oracle complexity.
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1 Introduction
We study the convex optimization problem

min f(2),

where f + R — RU (oo} i proper, closed, and convex. Unless stated otherwise, we assu
eithe that. the il 1 st nor ot i3 smooih. Wo focuson the exact balloracle

red by Carmon et al. (2020, Appendix A) and subsequently developed as

the ball proximal (breximal) poin framenork by Grantk,
balkproximal point method (BPM) mi
at the current point;

2+ € broxih(a4) i= argmi
weBieba)

imizes  over a Euclidean ball centered

in f(u), >0, (BPM)
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Part 1
Broximal Point Method:
Convex Regime

Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, convergence theory, and applications
arXiv:2502.02002, 2025

Kaja Gruntkowska, P.R.
Non-Euclidean broximal point method: a blueprint for geometry-aware optimization
arXiv:2510.00823, 2025



BPM with ¢, Balls

X1 € Argmin {f(y) : ||y — xxl[2 <t}

Example: f(x) = 3(|(a,x)| — Z)i +8(b, x)?, a = (cos20°,sin20°), b = (—sin20°, cos20°)
BPMrun [ dy, fr and gi }

4 = disty(x;, Argmin f) all decrease at every step

fe = fxe) = fx

8k = IVf(x)ll2

dyp = 5.06 fo=35.78 go = 28.40
tho = 1.0 d] = 4.50 fl = 14.97 g1 = 13.61
th =13 dy =332 fr= 562 ¢ = 3.89
th=16 d3=172 f3= 148 g3 = 172
t3 =18 dy =0.00 fg= 0.00 g4 = 0.00

SH0
Argmin f = [—2a, 2a] level sets of f
Li=minf = 0 through the iterates

(darker = lower f)



Proximal Point vs. Broximal Point

PPM: Proximal Point Method (Martinet, 1970) BPM: Broximal (= ball-proximal) Point Method

. 1 .
Yt = argmin  £(y) + 51y — %3} X1 € Argmin { £(y) © [y —xill2 < t]
Yy Y
[xk11 = xkll2 = Y IV f (xk)ll2 = 0 [x¢+1 — x[l2 =t until the ball meets Argmin f
f differentiable: x; ¢ Argmin f for every k exact after [d5 /%] steps; no condition number

e PPM, 7 =0.155 eBPM, t= 14
same Xx(, same first step
after 4 steps: dy =0 vs. dy = 2.67

dy = disty (xy, Argmin f)

( .
Penalty — constraint: the steps

no longer shrink, so BPM reaches

Argmin f in finitely many steps.




BPM with ¢1 Balls

X1 € Argmin {f(y) : ||y — xxll1 <t}

Example: f(x) = 3(|(a,x)| — Z)i +8(b, x)?, a = (cos20°,sin20°), b = (—sin20°, cos20°)

BPM run

dy = disty (xy, Argmin f)

fi = flxx) — fu

gk = |IVf(x)|lo (dual norm)

dy =5.08 fo=35.78 go=24.69

th=1.0 dy =604 T f1 =1822 ¢ =10.44
=13 dy =474 fr = 856 g = 5.64
th=1.6 d3 =314 fz= 296 g3= 1.89
I3=18 dy=134 f4= 054 g4 = 081
ty =20 d5=0.00 fs= 0.00 g5 = 0.00

Argmin f = [—2a, 2a]
fei=minf = 0

|

fr and gy decrease }

level sets of f
through the iterates
(darker = lower f)



BPM with £, Balls

X1 € Argmin {f(y) : ||y — xkljeo < 11}

Example: f(x) = 3(|(a,x)| — Z)i +8(b, x)?, a = (cos20°,sin20°), b = (—sin20°, cos20°)

dy = disteo(xy, Argmin f)

fio = f(xk) — fo
gk = [IVf(xx)[l1 (dual norm)

dy =357 fo=4953 go= 43.60
tho = 1.0 d] =422 7T fl = 19.25 g1 = 16.96
h=13 dy=292 f,= 535 ¢ = 591
=16 d3 =132 fy= 098 g3 = 149
=18 dy =000 fi= 000 gs= 0.0

il Dot fr and g, decrease
at every step, butd; > dp! | e

Argmin f = [—2a, 2a evel sets of f
=1 | through the iterates

x:=minf = 0 (darker = lower f)



Linear Programming via BPM with £, Balls

ki1 € Argmin{(c,y) : y € P, [ly — xifleo <t}
= Argmin {(c,y) : (a,y) <b; Vi€ T, |y —xleo <t}
Example: f(x) = (c,x)+0p(x), P={xeR*: (a,x)<b,i=1,....m}, m=12, c=(1,2), t=14
BPM run
di = disteo (X, Argmin f)
fe = (e x) — f+
I ={i: bi—(ap, xg) < t|all1}
dy=5.05 fo=1145 T, =Q
d1 =365 fi= 725 I, =@

dy =225 fo= 3.05 7, = {1}
d3; =0.85 f3= 0.69 I3 ={1, 12}

dy =000 fs= 000 x4=2xsx level sets of f
@ PR. (darker = lower f)
Rethinking Gradient Descent for Linear LP —» 4 small LPs, one per BPM step;
Program'mmg: A Screened Broximal Approach each uses only |Z;| < 2 of the m = 12 constraints
Manuscript, 2026




Part 2
Broximal Point Method:
Convergence Theory

Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm, convergence theory, and applications
arXiv:2502.02002, 2025

PR., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026



Problem Formulation & Assumptions

min f(x)

‘The Ball-Proximal (=“Broximal”) Point Method:
aNew Algorithm, Convergence Theory, and Applications

K Grothamska! Hasmin L5 AndiRanc 1+ Peter Richtiek ‘
- . Introduction
& P e —
g e o e Savng h e gl o
£ ohensimegie. We oo ke cain e g i b o
i o} e

f:RY — RU {400} is proper, closed & convex
X, € Argmin f # ©, fi :=min f
f(x0) # +o0



The Condition Number

-

You can’t just leave me out.
I've been in every convergence bound
for titty years.

~

-

J

We’ve decided to go
in a different direction.

~N

J




Fixed-Radius Theory: Distance

)

d7 < max {d% — ktz,O}

Kaja Gruntkowska, Hanmin Li, Aadi Rane, P.R.
The ball-proximal (="broximal") point method: a new algorithm,

convergence theory, and applications
arXiv:2502.02002, 2025

di = disty (xy, Argminf)
fr = f(xk) — f«
8k = dist2(0,9f (xx))

No dependence
on a condition
number!



Fixed-Radius Theory: Function = 4 — dgist,(x, Argmin f)

fe = f(xx) — f«
Sk = dist, (0, af(xk))

o < fore 20

No dependence
on a condition
number!

PR., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius
selection
arXiv:2609.35147, 2026



Fixed-Radius Theory: Gradient = 4 — dist;(x, Argmin )

< fi = f(xx) — f«
k+1 > 8k g = distz(0,9f (x))

fO 2(k—1)t>/d3

9k <

No dependence
on a condition

PR., Hanmin Li number!
A sharper theory of ball-proximal optimization: convergence and radius

selection

arXiv:2609.35147, 2026



Arbitrary-Radius Theory: Convergence

Theorem. f proper, closed, convex, xy € dom f, any radii f; > 0. Exactly one case applies:

() Y b < oo (ii) Y ;= oo, Argmin f # @: (iii) Yyt = 0o, Argmin f = @:
xy — %, f(xg)  f(X) xg € Argmin f for some K < oo f(xg) Linf £, ||xkll2 — o0
X need not be a minimizer finite termination also when inf f = —o0
. _— _— inf f = 0 “Xo
I*J _{n{lﬁ'/ X0 Xq4 = x*/-/ X0 Ik‘—_}' _ /'/
\(\)/, . . \,J/O : : —_eseneie-o=® :
fx) = x|, xo=2 f(x) =|x[, xo=2 flx)=¢", xo=1
=062 = x—08 =17 = x4 =0 =g = X — —00

In particular, Yty = o0 = f(x;) | inf f; radii may shrink, e.g. ty =1/(k+1).
Conversely, ) ; txy = oo is necessary for this, for every proper closed convex f and xg (see (1)).

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026 (Theorem 4.1)



Part 3
Broximal Point Method:
Nonconvex Regime

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.
Broximal alignment for global non-convex optimization
arXiv:2604.13483, 2026



2D Example 1: GD Gets Stuck

f(x) = [[x]2+10sing; +10sin&y,  x = (¢1,62) € R?
2D version of the 1D example |x| + 10sinx (Gruntkowska et al., 2026)

@ ‘ ‘ /%\ GD gets stuck

f(x) 0 43

non-optimal
local minima

Argmin f
ationary, but
far from

level sets of f (darker = lower f)



2D Example 1: BPM Jumps Over Local Minima
Xy € brox;(xg) = Argmin {f(y) : [y —mll2<t}, t=2r

BPM function values

flxo) = 2490
fx;) = —8.09

fxp) = —13.39
f(x3) = —15.08

flxy) = —17.83 = f,

- :
Argmin f S =~ CGlobal

- »
® - in 4 steps!

level sets of f (darker = lower f)




2D Example 2: GD Gets Stuck
f(x) = @(llx|l2) + yripple(x),  @(r) =r+20w(r)sin*(r/2)

radial analogue of the 1D example |x| + 10sinx; w(r) =1— e/ (< ripple < 1, ripple(0) =0; #n=5

60 non-optimal GD gets stuck
local minima V£(x) =0
£(%) = 2630

level sets of f

(darker = lower f)

Argmin f

Stationary, but

far from optimal!



2D Example 2: BPM Jumps Over Local Minima
X1 € broxp(xy) = Argmin {f(y) : ly —xll2 <t},  t=257

BPM function values

f(xo) = 41.64

f(x1) =19.89

f(xp) =13.32

f(x3) = 6.41 level sets of f

f(x4) = 0.00 = f, ' (darker = lower f)
Argmin f @

"~ Global minimum
in 4 steps!

( BA

feF2(t) = Theorem 4.1 applies
Brox-aligned: each step lands in the ball
with diameter [xy, x,| (dashed: k = 0) )

.




Brox-Aligned Nonconvex Functions

Broximal Alignment for Global Non-Convex Optimization

Table 1. Comparison of convex and non-convex function classes. Non-Convex = does not require f to be convex; Non-Differentiable
= does not require f to be differentiable; Stationary pts = allows existence of stationary points that are not global minima; Non-unique

min = allows existence of multiple global minima; Disconnected X: the set of minimizers need not be connected.

Function class Non-Convex  Non-Differentiable  Stationary pts  Non-unique min  Disconnected X';
Strongly convex X v X X X
Convex X v X v X
St 199 4 x x v x
(Aron & Enhoven 1961 v v / s *
e & Pty 2006 v x x s *
Sadret s 2018 v x x / *
(LiuAe:I;;in 2g023) v X X / X
oty 1965 Lopsonien 569 ¥ x X * *
o & oo 199 v / / / /
]?:f r(s';) v v v v v

Kaja Gruntkowska, Hanmin Li, Xun Qian, P.R.

Broximal alignment for global non-convex optimization
arXiv:2604.13483, 2026

Strongly
Convex

Polyak—
Lojasiewicz
Quadratic
Growth

1
~ 1

[ Pseudoconvex

‘ Quasar ’
Convex

Broximal
Aligned

Figure 3. Hierarchy of assumptions. Solid arrows encode one-
way implications, dashed lines denote mutual non-implications,
and red arrows indicate conditions guaranteeing Broximal Align-
ment for any £ > 0. For simplicity, we assume f is L-smooth
(e, ||Vf(z) = VI < L|z—y| Vz,y € R?) with domain
dom f = R®. See the appendix and Karimi et al. (2016); Hinder
et al. (2019); Khanh & Lara (2025) for proofs.



Part 4
Broximal Point Method:
Practical Approximations



GD = Linearized BPM

Y41 = argmin { f) +(Vf(xe)y—x) o lly—xell2 < fk} = 5 —yVflw) if b= Vf(xe)l?2

"

linearization of f at x;

Example: f(x) = (a,x)*+2(b,x)>,  a=(c0s20°5sin20°), b= (—sin20°,cos20°)

Linearize the objective inside the ball

linearize at x: f(y) ~ f(xx) + (Vf(xx),y — x)

argmin {(Vf(xx),y) = ly — xell2 < B} = x — 1 ||'§ J{(ik))nz

bk =YIVi(x)lle = xkp1 =x—7Vf(x) (GD)

level sets of the linearization
level sets of f (gray)

GD = BPM on the linearization of f,
with radius f; = 7||V f(x)||2




SGD = Stochastically Linearized BPM

Xjes1 = ﬂfginiﬂ{ffk(xk) + (Vi () y —x) = ly = xill2 < fk} = 0=y Vfi(x) if i =7V fi (xp)]2
stochastic linealjlrzaﬁnn of f at x;.

Example: = }Y4, fi, fi(x) = }(a,x — )2 +2(b,x ;)2 (a,bas on the GD slide)

Linearize a random summand inside the ball

be(y) == fir () + (Vi (%), y — %)
E; [(x(v)] = f(xx) + (VF(xk),y — x) (unbiased)

e =7V fi,(x)ll2 = %1 =0 — vV i, (xx) (SGD)

orange: stochastic linearization
¢ ¢c; = argmin f;, ¢ x, = argmin f
o possible x;, 1 (one per i), ¢ GD step

The radius does not vanish at x.: SGD hovers around x..

[ SGD = BPM on a random, unbiased linearization of f. }




SGD with Spectral-Norm Balls

Xi+1 € Argmin{ fi(Xp) + (G, Y = Xi) ¢ |[Y — Xill2s2 < f;c} > X — b UV

stochastic linearization of f at Xj,
Setting: X € R"*", (A,B) =tr(A'B), Gy :=Vf, (X;) = ULV, (reduced SVD)

Linearize, then minimize over a spectral ball da |\ green: ||D|2—2 < t
dashed: || D||r < f;

IDllr = I7(D) ]2, 1Dllas2 = (D) e
|ID]|« = |le(D)|l; (nuclear norm) —ty G, 0(Gy) = (3,06)
Frobenius ball: D = —t;, G,./||Gk||[r (SGD)
spectral ball: D = —#; UkaT (@l o;(D) = ty)
e = YGkllx = Xpp1 = Xx — VG« UV

Same recipe as SGD, only the ball changes:
the step is the orthogonalized gradient —t¢ kUkaT.

Kaja Gruntkowska, P.R.
Non-Euclidean broximal point method: a blueprint for geometry-aware optimization
arXiv:2510.00823, 2025



Muon: Adding Momentum and Newton-Schulz

M = ﬁM;;_] + (1 - ﬁ) Gk, Xk—l—l — Xk - ?}'NSE,(M;;) ~ Xk — 1 UkVIJ (]ordan etal., 2024)

My = UyZ V! (reduced SVD) : Xp — UV, € Argmin {(My, Y — Xi) ¢ ||Y — Xilao2 < 11}
a" \

green: |[Dlla—2 <7
dashed: ||[D|f <7
| orange: (M, -)

k purple: —q’k’j
U'(Mk) = (3, 06)

Spectral SGD (previous slide) + three changes
1. momentum: linearize with My, not Gy

2. fixed radius: f; = 1 (fixed-radius theory)

3. inexact ball step: UV, ~ NSs(M;) -

NSs: 5 Newton-Schulz steps, Yy — Y5 ~ UV,

4 N
Muon =~ BPM: momentum linearization,

spectral ball of fixed radius 7,

ball step computed inexactly.
L P P Y y

Keller Jordan, Yuchen Jin, Vlado Boza, Jiacheng You, Franz Cesista, Laker Newhouse, Jeremy Bernstein
Muon: An optimizer for hidden layers in neural networks
kellerjordan.github.io/posts /muon, 2024




BroxGD: Linearized BPM with Constraints

Xes1 € Argmin { f(x) + (VA@)y—x) : yeX , |ly—xla <t}
N ~ - | S—
linearization of f at x; kept exactly
Problem: miE f(x), X closed, convex <= I‘[Lil‘l f(x)+1x(x): BPM with only f linearized
x€ '

orange: linearization .
Between projected GD and Frank—Wolfe © ¢ Argmn ot
e e = fe/ IV £ ()l R

local LMO on X N B(xy, f}): no projection
ProjGD: soft ball, needs Proj ,
Frank-Wolfe: global LMO over X

(Vf(xr), X — x4)
L N TEAT

(Polyak radius)

2 2 2
:)dk+1£dk_tk EAT

(g]{; MOy
X

L "
Ll T

]
.............
"ay

BroxGD = BPM on f + 1y with only f linearized.
Smooth convex, t; = R/VK: f(%x) — f« < LR?*/(2K).

@ P.R., Kaja Gruntkowska, Hanmin Li
Broximal gradient descent: a projection-free sister of @ PR., Ammar Mahran

projected gradient descent Local LMO is Secretly a Projection Method!
arXiv:2605.08850, 2026 arXiv:2609.33383, 2026



Part 5
Broximal Point Method:
Four Formulations

P.R., Hanmin Li
A sharper theory of ball-proximal optimization: convergence and radius selection
arXiv:2609.35147, 2026



BPM = Projection onto Sublevel Sets

Xeg1 € broxp(x) = xpp1 = Proje (%), Coe={y: f(y) < f(xg1)}

Sublevel projection

min  f(y) = a,

|y —xi|[2<t

<= min — Xrl|l2 =t
ﬂwi%ny kll

Co2C 2+ 2 Argmin f
— &g <B-P

a3 =0=fi: x4 = PI‘UjArgmjnf(xg)

sublevel set C; (orange)

Argmjn f V level sets of f (gray)
(darker = lower f)



BPM = Implicit Normalized GD

V(1)
Tt € DrOxy(e) = F1 = % - |Vf<xk:1)|z
Implicit (BPM) vs explicit
s Vf(x) -
k1 = X — ||Vf(1'k)||2 (explicit)

t
Xj+1 = prﬂx,},kf(xk)r Yk = ||Vf(xk_|_])||2

BPM: f(x4) = f«
normalized GD: f(%£19) = 5.48

explicit normalized GD (orange)

Argr_nin f ' level set through x;1 (purple)
(darker = lower f)



BPM = Normalized GD on the Ball Envelope

VN (xx)
IVNE(xi) 2

. °
/ O
level sets of f (gray)

Argmin N)f, = Argmin f + B(0, ) level sets of N} (dashed)
(darker = lower f)

X1 € brox}(xk) = Xpy] = X — 1

Ball envelope

Ni(x):= min_f(y)

ly—x[2<t

{N; <c}={f <c}+B(0,)

Ni(x) = f(xk1), VNp(x) = Vf(xe41)

Ni(x3) =0 = x4 € Argmin f



BPM = Implicit Regularized Newton

. -1
averaged Hessian ~
: Xki1 = X — (B + Al ) Vf(x)
- 1 _o ~
Hy = [} Vof (x4 T (X1 — xi)) dT regularization

Example: f(x) = (|(a,x)|> +8|(b,x)|), t=0.6
Why? (convex, twice-differentiable objective)
optimality: Vf(xr1) +Aksk =0, A = [V f(xps1)l2/1
mean value: Vf(xk—l—l) — Vf(]fk) = Hk Sks Sk ‘= Xj41 — Xk
— (Hk 1 /}ka) S = —V’f(xk) (1mp11::1t Hkr Ak dEPE‘I‘ld on xk-l-l)

Computable: replace H, — V- f(x;) and Ay — /|| V£ (x) |2
= regularized Newton (Mishchenko, 2023): orange, o = 8

PR.

@ The Design and Analysis of Newton-Type Algorithms as
Approximate Broximal Point Methods
Manuscript, 2026

model mk center = Xy q
level sets of f (gray)



Conclusions



BPM

Yk+1 € Argmin f(y)
Yy

s.t. ||y — xx|| <t

The BPM Family Tree

linearize f

linearize a random summand f;

linearize, spectral-norm ball, momentum

linearize f, keep X exactly

>

Vf(xe1) = V()

Ay = V£ (), A — \/UIIVf(Ik)Hz

ball — penalty ||y — x.3/(27)

Gradient descent

SGD

Spectral SGD, Muon

BroxGD

Normalized GD

Regularized Newton

Proximal point method



Conclusions

BPM: xiq € Argmin {f(y) : |y — xx|| < i}

Convex Regime

Convergence Theory

Nonconvex Regime

Practical Approximations

Four Formulations

any norm ball (¢, /1, {~): exact solution in a few steps
LP — a few small LPs, each using only a few constraints

d;‘; 11 < d% — t%: exact solution after [d3/1*] steps; no condition number
any radii: Yt =00 = f(x;) ) inff

BPM jumps over non-optimal local minima where GD gets stuck
brox-aligned f: Theorem 4.1 still applies = global minimum

linearize f inside the ball: GD, SGD, spectral SGD, Muon, BroxGD
the ball sets the geometry: spectral — Muon, ball N X — BroxGD

BPM = projection onto sublevel sets = implicit normalized GD
= normalized GD on the ball envelope = implicit regularized Newton

How to think about optimization: minimize f over a ball, step after step.

Practical methods approximate this step: a ball + an approximation of f + a radius rule.
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