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Convex Feasibility



Convex Feasibility Problem

Nonempty closed convex set

Find x 2 C ✓ Rn
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Find $x\in {\cal C} \subseteq \mathbb{R}^n$



Applications

• communications, optics, neural networks, image processing (Stark-Yang ‘98)

• color imaging (Sharma ‘00)

• magnetic resonance imaging (Samsonov-Kholmovski-Parker-Johnson ‘04)

• wavelet-based denoising (Choi-Baraniuk ‘04)

• antenna design (Gu-Stark-Yang ‘04)

• data compression (Liew-Yan-Law ‘05)

• sensor networks problems (Blatt-Hero ‘06)

• intensity modulated radiation therapy (Herman-Chen ‘08)

• computerized tomography (Herman ‘09)

• demosaicking (Lu-Karzand-Vetterli ‘10)



Algorithms

• linear equations (Kaczmarz ‘37)

• linear inequalities (Motzkin-Shoenberg ’54, Censor et al ‘11)

• convex feasibility (Polyak-Gubin-Raik ‘67), (Bauschke-Borwein ‘96), 
(Combettes ‘96)

• random methods (Nedic ’10, ‘11)

• monotone operators viewpoint (Bauschke-Combettes ‘11)

• conic feasibility (Henrion ‘11)

• review book (Escalante-Raydan ‘11)



Motivation 1

Extrapolated (alternating/parallel) projection methods are much better in 
practice than non-extrapolated variants, but there is no theory that supports 
this empirical observation. (Censor-Chen-Combettes-Davidi-Herman ‘11)



Motivation 2

Randomized variants of deterministic methods are easier to analyze, and 
often lead to better complexity and practical behavior. Develop and analyze 
randomized parallel projection methods.

IAG -> SAG by (LeRoux-Schmidt-Bach ‘12)



Plan
• We design and analyze randomized versions of 

projection methods
• Our rates explain why extrapolation helps
• Existing extrapolation rules are interpretable by our 

theory as online numerical approximations of a certain 
long-stepsize rule

• Our approach will involve new ideas, such as:
– Stochastic approximation of convex sets
– Stochastic reformulations of convex feasibility
– Our algorithm: SGD / stochastic fixed point method / 

stochastic projection method (+ minibatching)
– Sublinear (always) and linear rates (sometimes)



Our Goal

\[{\rm dist}^2_{\cal C}(x) \leq \epsilon\]

x

$\mathbb{E}\left[{\rm dist}^2_{\cal X}(x)\right] \leq \epsilon$

Random vector output 
by the algorithm

Deterministic vector 
output by the algorithm

Expectation with respect to the 
randomness of the algorithm

Deterministic Algorithm Randomized Algorithm

C
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(x)

<latexit sha1_base64="y5RfZQ5bgvrywLIT1KV4hl6vS4I=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFKkuVdIGxogtjkehDaqLIcZ3Wqu1EtoOoorLwKywMIMTKX7DxN7htBmg5kqWjc+7V9TlhwqjSjvNtFdbWNza3itulnd29/QP78Kij4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbjhuzvzuPZGKxuJOTxLiczQUNKIYaSMF9kkl8ySHA3NpGmQeRgw2p9WHi0pgl52aMwdcJW5OyiBHK7C/vEGMU06Exgwp1XedRPsZkppiRqYlL1UkQXiMhqRvqECcKD+bJ5jCc6MMYBRL84SGc/X3Roa4UhMemkmO9EgtezPxP6+f6ujKz6hIUk0EXhyKUgZ1DGd1mOCSYM0mhiAsqfkrxCMkEdamtJIpwV2OvEo69Zrr1NzberlxnddRBKfgDFSBCy5BA9yAFmgDDB7BM3gFb9aT9WK9Wx+L0YKV7xyDP7A+fwAQDZX3</latexit><latexit sha1_base64="y5RfZQ5bgvrywLIT1KV4hl6vS4I=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFKkuVdIGxogtjkehDaqLIcZ3Wqu1EtoOoorLwKywMIMTKX7DxN7htBmg5kqWjc+7V9TlhwqjSjvNtFdbWNza3itulnd29/QP78Kij4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbjhuzvzuPZGKxuJOTxLiczQUNKIYaSMF9kkl8ySHA3NpGmQeRgw2p9WHi0pgl52aMwdcJW5OyiBHK7C/vEGMU06Exgwp1XedRPsZkppiRqYlL1UkQXiMhqRvqECcKD+bJ5jCc6MMYBRL84SGc/X3Roa4UhMemkmO9EgtezPxP6+f6ujKz6hIUk0EXhyKUgZ1DGd1mOCSYM0mhiAsqfkrxCMkEdamtJIpwV2OvEo69Zrr1NzberlxnddRBKfgDFSBCy5BA9yAFmgDDB7BM3gFb9aT9WK9Wx+L0YKV7xyDP7A+fwAQDZX3</latexit><latexit sha1_base64="y5RfZQ5bgvrywLIT1KV4hl6vS4I=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFKkuVdIGxogtjkehDaqLIcZ3Wqu1EtoOoorLwKywMIMTKX7DxN7htBmg5kqWjc+7V9TlhwqjSjvNtFdbWNza3itulnd29/QP78Kij4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbjhuzvzuPZGKxuJOTxLiczQUNKIYaSMF9kkl8ySHA3NpGmQeRgw2p9WHi0pgl52aMwdcJW5OyiBHK7C/vEGMU06Exgwp1XedRPsZkppiRqYlL1UkQXiMhqRvqECcKD+bJ5jCc6MMYBRL84SGc/X3Roa4UhMemkmO9EgtezPxP6+f6ujKz6hIUk0EXhyKUgZ1DGd1mOCSYM0mhiAsqfkrxCMkEdamtJIpwV2OvEo69Zrr1NzberlxnddRBKfgDFSBCy5BA9yAFmgDDB7BM3gFb9aT9WK9Wx+L0YKV7xyDP7A+fwAQDZX3</latexit><latexit sha1_base64="y5RfZQ5bgvrywLIT1KV4hl6vS4I=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJFKkuVdIGxogtjkehDaqLIcZ3Wqu1EtoOoorLwKywMIMTKX7DxN7htBmg5kqWjc+7V9TlhwqjSjvNtFdbWNza3itulnd29/QP78Kij4lRi0sYxi2UvRIowKkhbU81IL5EE8ZCRbjhuzvzuPZGKxuJOTxLiczQUNKIYaSMF9kkl8ySHA3NpGmQeRgw2p9WHi0pgl52aMwdcJW5OyiBHK7C/vEGMU06Exgwp1XedRPsZkppiRqYlL1UkQXiMhqRvqECcKD+bJ5jCc6MMYBRL84SGc/X3Roa4UhMemkmO9EgtezPxP6+f6ujKz6hIUk0EXhyKUgZ1DGd1mOCSYM0mhiAsqfkrxCMkEdamtJIpwV2OvEo69Zrr1NzberlxnddRBKfgDFSBCy5BA9yAFmgDDB7BM3gFb9aT9WK9Wx+L0YKV7xyDP7A+fwAQDZX3</latexit>

${\rm dist}_{\cal C}(x)$
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E
⇥
dist2C(x)

⇤
 ✏
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x3
<latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit>

x2
<latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit>

x1
<latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit>

x0
<latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit>

x4
<latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit>

xk+1 = (1� ↵)xk + ↵
1

⌧

⌧X

i=1

⇧Ski(xk)
<latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit>

\noindent Minibatch size: $\tau=1$\\
Stepsize:\quad \; \; \; $\alpha = 1$

Minibatch size: ⌧ = 1
Stepsize: ↵ = 1
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Stochastic
Approximation of Sets



Stochastic Approximation of Sets

Definition

\noindent Let ${\cal C} \subseteq \mathbb{R}^n$ be a closed and convex set. Let $(\Omega, \Sigma, P)$ be a probability \\ space and consider a mapping ${\cal S}: \Omega \to 2^{\mathbb{R}^n}$.
\bigskip

\noindent If
\begin{enumerate}
\item ${\cal S}(\omega)$ is closed and convex for all $\omega\in \Omega$,
\item ${\cal C} \subseteq {\cal S}(\omega)$ for all $\omega \in \Omega$,
\item $\omega \mapsto {\rm dist}^2_{{\cal S}(\omega)}(x)$ is measurable for all $x\in \mathbb{R}^n$,
\end{enumerate}
then we say that $(\Omega,\Sigma, P, {\cal S})$ is a {\color{red}stochastic approximation} of ${\cal C}$.

\bigskip
\noindent If, moreover, \[{\rm E}_{{\cal S}\sim P}[{\rm dist}^2_{\cal S}(x)] = 0 \quad \Leftrightarrow \quad x\in {\cal C},\]
then we say that the approximation is {\color{red}exact.}

Let C ✓ Rn be a closed and convex set. Let (⌦,⌃, P ) be a probability
space and consider a mapping S : ⌦ ! 2R

n

.

If

1. S(!) is closed and convex for all ! 2 ⌦,

2. C ✓ S(!) for all ! 2 ⌦,

3. ! 7! dist2S(!)(x) is measurable for all x 2 Rn,

then we say that (⌦,⌃, P,S) is a stochastic approximation of C.

If, moreover,
ES⇠P [dist

2
S(x)] = 0 , x 2 C,

then we say that the approximation is exact.
<latexit sha1_base64="djeNhBrqTjPKOhJvWlLLzPpsdSk="></latexit><latexit sha1_base64="djeNhBrqTjPKOhJvWlLLzPpsdSk="></latexit><latexit sha1_base64="djeNhBrqTjPKOhJvWlLLzPpsdSk="></latexit><latexit sha1_base64="djeNhBrqTjPKOhJvWlLLzPpsdSk="></latexit>

x 2 C ) x 2 S ) ES⇠P [dist
2
S(x)] = 0

<latexit sha1_base64="xaPIwxwgPskyB1uwnBqBjvJ8HGI="></latexit><latexit sha1_base64="xaPIwxwgPskyB1uwnBqBjvJ8HGI="></latexit><latexit sha1_base64="xaPIwxwgPskyB1uwnBqBjvJ8HGI="></latexit><latexit sha1_base64="xaPIwxwgPskyB1uwnBqBjvJ8HGI="></latexit>

\[x\in {\cal C} \quad \Rightarrow \quad x\in {\cal S} \quad \Rightarrow \quad {\rm E}_{{\cal S}\sim P}[{\rm dist}^2_{\cal S}(x)] = 0\]



Stochastic Approximation of Sets: 
Intersection

${\cal S} = {\cal C}_i$ with probability $p_i\geq 0$

C =
m\

i=1

Ci
<latexit sha1_base64="k4HcrDrQdwXRRXcw4fUADwv3erc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFModOOygn1AEsNkOmmHzkzCzEQood/gxl9x40IRt67c+TdO2wjaeuDC4Zx7ufeeKGVUacf5slZW19Y3Nktb5e2d3b19++Cwo5JMYtLGCUtkL0KKMCpIW1PNSC+VBPGIkW40ak797j2RiibiVo9TEnA0EDSmGGkjhfa57+U+Rgw2J7AO/YgOMErDnNbdyR2HP1ZI/SC0K07VmQEuE7cgFVCgFdqffj/BGSdCY4aU8lwn1UGOpKaYkUnZzxRJER6hAfEMFYgTFeSzlybw1Ch9GCfSlNBwpv6eyBFXaswj08mRHqpFbyr+53mZjq+CnIo000Tg+aI4Y1AncJoP7FNJsGZjQxCW1NwK8RBJhLVJsWxCcBdfXiadWtV1qu5NrdK4KOIogWNwAs6ACy5BA1yDFmgDDB7AE3gBr9aj9Wy9We/z1hWrmDkCf2B9fANUjZyT</latexit><latexit sha1_base64="k4HcrDrQdwXRRXcw4fUADwv3erc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFModOOygn1AEsNkOmmHzkzCzEQood/gxl9x40IRt67c+TdO2wjaeuDC4Zx7ufeeKGVUacf5slZW19Y3Nktb5e2d3b19++Cwo5JMYtLGCUtkL0KKMCpIW1PNSC+VBPGIkW40ak797j2RiibiVo9TEnA0EDSmGGkjhfa57+U+Rgw2J7AO/YgOMErDnNbdyR2HP1ZI/SC0K07VmQEuE7cgFVCgFdqffj/BGSdCY4aU8lwn1UGOpKaYkUnZzxRJER6hAfEMFYgTFeSzlybw1Ch9GCfSlNBwpv6eyBFXaswj08mRHqpFbyr+53mZjq+CnIo000Tg+aI4Y1AncJoP7FNJsGZjQxCW1NwK8RBJhLVJsWxCcBdfXiadWtV1qu5NrdK4KOIogWNwAs6ACy5BA1yDFmgDDB7AE3gBr9aj9Wy9We/z1hWrmDkCf2B9fANUjZyT</latexit><latexit sha1_base64="k4HcrDrQdwXRRXcw4fUADwv3erc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFModOOygn1AEsNkOmmHzkzCzEQood/gxl9x40IRt67c+TdO2wjaeuDC4Zx7ufeeKGVUacf5slZW19Y3Nktb5e2d3b19++Cwo5JMYtLGCUtkL0KKMCpIW1PNSC+VBPGIkW40ak797j2RiibiVo9TEnA0EDSmGGkjhfa57+U+Rgw2J7AO/YgOMErDnNbdyR2HP1ZI/SC0K07VmQEuE7cgFVCgFdqffj/BGSdCY4aU8lwn1UGOpKaYkUnZzxRJER6hAfEMFYgTFeSzlybw1Ch9GCfSlNBwpv6eyBFXaswj08mRHqpFbyr+53mZjq+CnIo000Tg+aI4Y1AncJoP7FNJsGZjQxCW1NwK8RBJhLVJsWxCcBdfXiadWtV1qu5NrdK4KOIogWNwAs6ACy5BA1yDFmgDDB7AE3gBr9aj9Wy9We/z1hWrmDkCf2B9fANUjZyT</latexit><latexit sha1_base64="k4HcrDrQdwXRRXcw4fUADwv3erc=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KUkRdFModOOygn1AEsNkOmmHzkzCzEQood/gxl9x40IRt67c+TdO2wjaeuDC4Zx7ufeeKGVUacf5slZW19Y3Nktb5e2d3b19++Cwo5JMYtLGCUtkL0KKMCpIW1PNSC+VBPGIkW40ak797j2RiibiVo9TEnA0EDSmGGkjhfa57+U+Rgw2J7AO/YgOMErDnNbdyR2HP1ZI/SC0K07VmQEuE7cgFVCgFdqffj/BGSdCY4aU8lwn1UGOpKaYkUnZzxRJER6hAfEMFYgTFeSzlybw1Ch9GCfSlNBwpv6eyBFXaswj08mRHqpFbyr+53mZjq+CnIo000Tg+aI4Y1AncJoP7FNJsGZjQxCW1NwK8RBJhLVJsWxCcBdfXiadWtV1qu5NrdK4KOIogWNwAs6ACy5BA1yDFmgDDB7AE3gBr9aj9Wy9We/z1hWrmDkCf2B9fANUjZyT</latexit>

\[{\cal C} = \bigcap_{i=1}^m {\cal C}_i\]

${\cal S} = {\cal C}$ with probability 1

$\displaystyle {\cal S} = \bigcap_{i\in S} {\cal C}_i$ with probability $p_S\geq 0$

1 Trivial

2 Natural

3 Composite

S = C with probability 1
<latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit>

S =
\

i2S

Ci with probability pS � 0
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S = Ci with probability pi � 0
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Exact



Stochastic Approximation of Sets: 
Linear Systems

${\cal S} = {\cal C}_i$ with probability $p_i\geq 0$

\[{\cal C} = \{x\in \mathbb{R}^n \;:\; {\bf A}x = b\} = \bigcap_{i=1}^m {\cal C}_i\]

${\cal S} = {\cal C}$ with probability 1

$\displaystyle {\cal S} = \bigcap_{i\in S} {\cal C}_i$ with probability $p_S\geq 0$

C = {x 2 Rn : Ax = b} =
m\

i=1

Ci
<latexit sha1_base64="7FE2scTBCbmz4uODZQb3HZLsdJY="></latexit><latexit sha1_base64="7FE2scTBCbmz4uODZQb3HZLsdJY="></latexit><latexit sha1_base64="7FE2scTBCbmz4uODZQb3HZLsdJY="></latexit><latexit sha1_base64="7FE2scTBCbmz4uODZQb3HZLsdJY="></latexit>

Ci = {x 2 Rn : Ai:x = bi}
<latexit sha1_base64="bJke/iWdIvNFHwAsD8h0pd/Wc3U="></latexit><latexit sha1_base64="bJke/iWdIvNFHwAsD8h0pd/Wc3U="></latexit><latexit sha1_base64="bJke/iWdIvNFHwAsD8h0pd/Wc3U="></latexit><latexit sha1_base64="bJke/iWdIvNFHwAsD8h0pd/Wc3U="></latexit>

1 Trivial

2 Natural

3 Composite

S = C with probability 1
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S =
\

i2S

Ci with probability pS � 0
<latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit>

S = Ci with probability pi � 0
<latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit>

4 Sketch S = {x 2 Rn : S>Ax = S>b}
<latexit sha1_base64="rCE1X67O0uV0BG1TN2538y7sUkc="></latexit><latexit sha1_base64="rCE1X67O0uV0BG1TN2538y7sUkc="></latexit><latexit sha1_base64="rCE1X67O0uV0BG1TN2538y7sUkc="></latexit><latexit sha1_base64="rCE1X67O0uV0BG1TN2538y7sUkc="></latexit>

\[{\cal S} = \{x\in \mathbb{R}^n \;:\; {\bf S}^\top {\bf A}x = {\bf S}^\top b\}\]
Random matrix

\[{\cal C}_i = \{x\in \mathbb{R}^n\;:\; {\bf A}_{i:}x \leq b_i\}\]



Stochastic Approximation of Sets: 
System of Linear Inequalities

${\cal S} = {\cal C}_i$ with probability $p_i\geq 0$

\[{\cal C} = \{x\in \mathbb{R}^n \;:\; {\bf A}x \leq b\} = \bigcap_{i=1}^m {\cal C}_i \]

${\cal S} = {\cal C}$ with probability 1

$\displaystyle {\cal S} = \bigcap_{i\in S} {\cal C}_i$ with probability $p_S\geq 0$

1 Trivial

2 Natural

3 Composite

S = C with probability 1
<latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit><latexit sha1_base64="GPz3LmicDULXGS58zF/HA1M9h9E=">AAACE3icbZDLSsNAFIYn9VbjLerSzWAriIuSFEE3QqEblxXtBdpQJtNJO3RyYeZECSHv4MZXceNCEbdu3Pk2Jm0W2vrDwMd/zuHM+Z1QcAWm+a2VVlbX1jfKm/rW9s7unrF/0FFBJClr00AEsucQxQT3WRs4CNYLJSOeI1jXmTbzeveeScUD/w7ikNkeGfvc5ZRAZg2Ns2oyoETg2xRf4Tk20yp+4DDBoQwc4nDBIcaWrg+NilkzZ8LLYBVQQYVaQ+NrMApo5DEfqCBK9S0zBDshEjgVLNUHkWIhoVMyZv0MfeIxZSezm1J8kjkj7AYyez7gmft7IiGeUrHnZJ0egYlarOXmf7V+BO6lnXA/jID5dL7IjQSGAOcB4RGXjIKIMyBU8uyvmE6IJBSyGPMQrMWTl6FTr1lmzbqpVxrnRRxldISO0Smy0AVqoGvUQm1E0SN6Rq/oTXvSXrR37WPeWtKKmUP0R9rnD2E8m+Q=</latexit>

S =
\

i2S

Ci with probability pS � 0
<latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit><latexit sha1_base64="YgAam+GEmT+mOWsasL3SHJE90yU="></latexit>

S = Ci with probability pi � 0
<latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit><latexit sha1_base64="ADcyX83kT/cMQR2rQCshvx3Sf8A=">AAACIHicbZDLSsNAFIYnXmu8RV26GWwFVyUpQt0IhW5cVrQXaEOYTCft0MnFmRMlhD6KG1/FjQtFdKdPY9Jmoa0/DHz85xzOnN+NBFdgml/ayura+sZmaUvf3tnd2zcODjsqjCVlbRqKUPZcopjgAWsDB8F6kWTEdwXrupNmXu/eM6l4GNxCEjHbJ6OAe5wSyCzHqFfSASUC30zxJZ5jc+rwCn7gMMaRDF3icsEhwZXI4YMRu8NmRdd1xyibVXMmvAxWAWVUqOUYn4NhSGOfBUAFUapvmRHYKZHAqWBTfRArFhE6ISPWzzAgPlN2Ojtwik8zZ4i9UGYvADxzf0+kxFcq8d2s0ycwVou13Pyv1o/Bu7BTHkQxsIDOF3mxwBDiPC085JJREEkGhEqe/RXTMZGEQpZpHoK1ePIydGpVy6xa17Vy47yIo4SO0Qk6Qxaqowa6Qi3URhQ9omf0it60J+1Fe9c+5q0rWjFzhP5I+/4BPbugcA==</latexit>

4 Sketch
\[{\cal S} = \{x\in \mathbb{R}^n \;:\; {\bf S}^\top {\bf A}x = {\bf S}^\top b\}\]

Random vector with nonnegative entries

C = {x 2 Rn : Ax  b} =
m\

i=1

Ci
<latexit sha1_base64="/qZkbha7RzdO3+90G0zx6pkXc8w="></latexit><latexit sha1_base64="/qZkbha7RzdO3+90G0zx6pkXc8w="></latexit><latexit sha1_base64="/qZkbha7RzdO3+90G0zx6pkXc8w="></latexit><latexit sha1_base64="/qZkbha7RzdO3+90G0zx6pkXc8w="></latexit>

Ci = {x 2 Rn : Ai:x  bi}
<latexit sha1_base64="e2zRmopGlVF/wI18wEOQhVD8/Zg="></latexit><latexit sha1_base64="e2zRmopGlVF/wI18wEOQhVD8/Zg="></latexit><latexit sha1_base64="e2zRmopGlVF/wI18wEOQhVD8/Zg="></latexit><latexit sha1_base64="e2zRmopGlVF/wI18wEOQhVD8/Zg="></latexit>

S = {x 2 Rn : S>Ax  S>b}
<latexit sha1_base64="BNR0RtdVT+jC6Hn78n8gen2aL9A="></latexit><latexit sha1_base64="BNR0RtdVT+jC6Hn78n8gen2aL9A="></latexit><latexit sha1_base64="BNR0RtdVT+jC6Hn78n8gen2aL9A="></latexit><latexit sha1_base64="BNR0RtdVT+jC6Hn78n8gen2aL9A="></latexit>



Stochastic
Reformulations

of Convex Feasibility



Stochastic Reformulations 

of Convex Feasibility

Minimize $f(x) \overset{\text{def}}{=} {\rm E}_{{\cal S} \sim P}[f_{\cal S}(x)]$

$f_{\cal S}(x) \overset{\text{def}}{=} \frac{1}{2} {\rm dist}_{\cal S}^2(x)= \frac{1}{2}\|x-\Pi_{{\cal S}}(x)\|^2 $

Minimize f(x)
def
= ES⇠P [fS(x)]

<latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit>

fS(x)
def
= 1

2dist
2
S(x) =

1
2kx�⇧S(x)k2

<latexit sha1_base64="Y7F4cuM4o0ZirhhpDJd+B/aja0w="></latexit><latexit sha1_base64="Y7F4cuM4o0ZirhhpDJd+B/aja0w="></latexit><latexit sha1_base64="Y7F4cuM4o0ZirhhpDJd+B/aja0w="></latexit><latexit sha1_base64="Y7F4cuM4o0ZirhhpDJd+B/aja0w="></latexit>

Stochastic Optimization Problem (SOP)

Solve x = ES⇠P [⇧S(x)]
<latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit>

Stochastic Fixed Point Problem (SFPP)

Stochastic Feasibility Problem (SFP)

Find x 2 Rn such that P(x 2 S) = 1
<latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit>

In the case of linear feasibility, these reformulations were studied in (R-Takáč ’17)



Equivalence & Exactness
Theorem (Equivalence)
The three stochastic reformulations of the convex feasibility problem have 
the same solution sets:

minimizers of SOP = fixed points of SFPP = solutions of SFP

Theorem (Exactness)

µ · kx�⇧C(x)k2  ES⇠P

h
kx�⇧S(x)k2

i

<latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit>

9µ > 0 such that for all x 2 Rn:
<latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit>

C = C0
<latexit sha1_base64="Wm/RkJ49btu02Yq90vt6DT5giWw=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiRTBVSRdYkCq6MBaJXqQ2qhzXba06TmQ7SFWUhVdhYQAhVh6DjbfBaTNAyy9Z+vSfc3R8fj/iTGnH+bYKa+sbm1vF7dLO7t7+gX141FZhLAltkZCHsutjRTkTtKWZ5rQbSYoDn9OOP21k9c4jlYqF4kHPIuoFeCzYiBGsjTWwTypJn2COGim6QTlepJXSwC47VWcutApuDmXI1RzYX/1hSOKACk04VqrnOpH2Eiw1I5ympX6saITJFI9pz6DAAVVeMj8gRefGGaJRKM0TGs3d3xMJDpSaBb7pDLCeqOVaZv5X68V6dO0lTESxpoIsFo1ijnSIsjTQkElKNJ8ZwEQy81dEJlhiok1mWQju8smr0K5VXafq3tfK9ds8jiKcwhlcggtXUIc7aEILCKTwDK/wZj1ZL9a79bFoLVj5zDH8kfX5A2eTlFM=</latexit><latexit sha1_base64="Wm/RkJ49btu02Yq90vt6DT5giWw=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiRTBVSRdYkCq6MBaJXqQ2qhzXba06TmQ7SFWUhVdhYQAhVh6DjbfBaTNAyy9Z+vSfc3R8fj/iTGnH+bYKa+sbm1vF7dLO7t7+gX141FZhLAltkZCHsutjRTkTtKWZ5rQbSYoDn9OOP21k9c4jlYqF4kHPIuoFeCzYiBGsjTWwTypJn2COGim6QTlepJXSwC47VWcutApuDmXI1RzYX/1hSOKACk04VqrnOpH2Eiw1I5ympX6saITJFI9pz6DAAVVeMj8gRefGGaJRKM0TGs3d3xMJDpSaBb7pDLCeqOVaZv5X68V6dO0lTESxpoIsFo1ijnSIsjTQkElKNJ8ZwEQy81dEJlhiok1mWQju8smr0K5VXafq3tfK9ds8jiKcwhlcggtXUIc7aEILCKTwDK/wZj1ZL9a79bFoLVj5zDH8kfX5A2eTlFM=</latexit><latexit sha1_base64="Wm/RkJ49btu02Yq90vt6DT5giWw=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiRTBVSRdYkCq6MBaJXqQ2qhzXba06TmQ7SFWUhVdhYQAhVh6DjbfBaTNAyy9Z+vSfc3R8fj/iTGnH+bYKa+sbm1vF7dLO7t7+gX141FZhLAltkZCHsutjRTkTtKWZ5rQbSYoDn9OOP21k9c4jlYqF4kHPIuoFeCzYiBGsjTWwTypJn2COGim6QTlepJXSwC47VWcutApuDmXI1RzYX/1hSOKACk04VqrnOpH2Eiw1I5ympX6saITJFI9pz6DAAVVeMj8gRefGGaJRKM0TGs3d3xMJDpSaBb7pDLCeqOVaZv5X68V6dO0lTESxpoIsFo1ijnSIsjTQkElKNJ8ZwEQy81dEJlhiok1mWQju8smr0K5VXafq3tfK9ds8jiKcwhlcggtXUIc7aEILCKTwDK/wZj1ZL9a79bFoLVj5zDH8kfX5A2eTlFM=</latexit><latexit sha1_base64="Wm/RkJ49btu02Yq90vt6DT5giWw=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiRTBVSRdYkCq6MBaJXqQ2qhzXba06TmQ7SFWUhVdhYQAhVh6DjbfBaTNAyy9Z+vSfc3R8fj/iTGnH+bYKa+sbm1vF7dLO7t7+gX141FZhLAltkZCHsutjRTkTtKWZ5rQbSYoDn9OOP21k9c4jlYqF4kHPIuoFeCzYiBGsjTWwTypJn2COGim6QTlepJXSwC47VWcutApuDmXI1RzYX/1hSOKACk04VqrnOpH2Eiw1I5ympX6saITJFI9pz6DAAVVeMj8gRefGGaJRKM0TGs3d3xMJDpSaBb7pDLCeqOVaZv5X68V6dO0lTESxpoIsFo1ijnSIsjTQkElKNJ8ZwEQy81dEJlhiok1mWQju8smr0K5VXafq3tfK9ds8jiKcwhlcggtXUIc7aEILCKTwDK/wZj1ZL9a79bFoLVj5zDH8kfX5A2eTlFM=</latexit>

${\cal C'} \overset{\text{def}}{=}$

C ✓ C0 def
=

<latexit sha1_base64="B6Q0kQheFx7Ztm2peontEXHjaOc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVdlaQbXSgU3bhUsLbQlDKZ3rRDJw9nbsQS8jNu/BU3LhQRXPkrJm0W2npg4HDOPdy5x42k0GhZX8bC4tLyympprby+sbm1be7s3ukwVhyaPJShartMgxQBNFGghHakgPmuhJY7usz91gMoLcLgFscRdH02CIQnOMNM6pln1cThTNLL1NGxqwHhnhbKUUqdMM8CJg7CIyZ98NI0OU+r5Sl6ZsWqWRPQeWIXpEIKXPfMd6cf8tiHALlkWndsK8JuwhQKLiEtO7GGiPERG0AnowHzQXeTyZUpPcyUPvVClb0A6UT9nUiYr/XYd7NJn+FQz3q5+J/XidE77SYiiGKEgE8XebGkGNK8MtoXCjjKcUYYVyL7K+VDphjHrJy8BHv25HlyV6/ZVs2+qVcaF0UdJbJPDsgxsckJaZArck2ahJMn8kLeyLvxbLwaH8bndHTBKDJ75A+M7x+uSKNl</latexit><latexit sha1_base64="B6Q0kQheFx7Ztm2peontEXHjaOc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVdlaQbXSgU3bhUsLbQlDKZ3rRDJw9nbsQS8jNu/BU3LhQRXPkrJm0W2npg4HDOPdy5x42k0GhZX8bC4tLyympprby+sbm1be7s3ukwVhyaPJShartMgxQBNFGghHakgPmuhJY7usz91gMoLcLgFscRdH02CIQnOMNM6pln1cThTNLL1NGxqwHhnhbKUUqdMM8CJg7CIyZ98NI0OU+r5Sl6ZsWqWRPQeWIXpEIKXPfMd6cf8tiHALlkWndsK8JuwhQKLiEtO7GGiPERG0AnowHzQXeTyZUpPcyUPvVClb0A6UT9nUiYr/XYd7NJn+FQz3q5+J/XidE77SYiiGKEgE8XebGkGNK8MtoXCjjKcUYYVyL7K+VDphjHrJy8BHv25HlyV6/ZVs2+qVcaF0UdJbJPDsgxsckJaZArck2ahJMn8kLeyLvxbLwaH8bndHTBKDJ75A+M7x+uSKNl</latexit><latexit sha1_base64="B6Q0kQheFx7Ztm2peontEXHjaOc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVdlaQbXSgU3bhUsLbQlDKZ3rRDJw9nbsQS8jNu/BU3LhQRXPkrJm0W2npg4HDOPdy5x42k0GhZX8bC4tLyympprby+sbm1be7s3ukwVhyaPJShartMgxQBNFGghHakgPmuhJY7usz91gMoLcLgFscRdH02CIQnOMNM6pln1cThTNLL1NGxqwHhnhbKUUqdMM8CJg7CIyZ98NI0OU+r5Sl6ZsWqWRPQeWIXpEIKXPfMd6cf8tiHALlkWndsK8JuwhQKLiEtO7GGiPERG0AnowHzQXeTyZUpPcyUPvVClb0A6UT9nUiYr/XYd7NJn+FQz3q5+J/XidE77SYiiGKEgE8XebGkGNK8MtoXCjjKcUYYVyL7K+VDphjHrJy8BHv25HlyV6/ZVs2+qVcaF0UdJbJPDsgxsckJaZArck2ahJMn8kLeyLvxbLwaH8bndHTBKDJ75A+M7x+uSKNl</latexit><latexit sha1_base64="B6Q0kQheFx7Ztm2peontEXHjaOc=">AAACJXicbVDLSsNAFJ34rPUVdelmsBVdlaQbXSgU3bhUsLbQlDKZ3rRDJw9nbsQS8jNu/BU3LhQRXPkrJm0W2npg4HDOPdy5x42k0GhZX8bC4tLyympprby+sbm1be7s3ukwVhyaPJShartMgxQBNFGghHakgPmuhJY7usz91gMoLcLgFscRdH02CIQnOMNM6pln1cThTNLL1NGxqwHhnhbKUUqdMM8CJg7CIyZ98NI0OU+r5Sl6ZsWqWRPQeWIXpEIKXPfMd6cf8tiHALlkWndsK8JuwhQKLiEtO7GGiPERG0AnowHzQXeTyZUpPcyUPvVClb0A6UT9nUiYr/XYd7NJn+FQz3q5+J/XidE77SYiiGKEgE8XebGkGNK8MtoXCjjKcUYYVyL7K+VDphjHrJy8BHv25HlyV6/ZVs2+qVcaF0UdJbJPDsgxsckJaZArck2ahJMn8kLeyLvxbLwaH8bndHTBKDJ75A+M7x+uSKNl</latexit>



Assumption

\[\displaystyle {\color{blue}\mu} \cdot \|x-\Pi_{\cal C}(x)\|^2 \leq {\rm E}_{\color{red}{\cal S} \sim P}\left[ \left\|x-\Pi_{\cal \color{red} S}(x) \right\|^2\right]\]

\[\left\| {\rm E}_{\color{red}{\cal S} \sim P} \left[x-\Pi_{\cal \color{red} S}(x) \right] \right\|^2 \leq {\color{blue} L} \cdot
{\rm E}_{\color{red}{\cal S} \sim P} \left[ \left\| x-\Pi_{\cal \color{red} S}(x) \right\|^2\right]
\]kES⇠P [x�⇧S(x)]k2  L · ES⇠P

h
kx�⇧S(x)k2

i

<latexit sha1_base64="jWsiRG3lrSnpuxci/oPv+2ZA4G4="></latexit><latexit sha1_base64="jWsiRG3lrSnpuxci/oPv+2ZA4G4="></latexit><latexit sha1_base64="jWsiRG3lrSnpuxci/oPv+2ZA4G4="></latexit><latexit sha1_base64="jWsiRG3lrSnpuxci/oPv+2ZA4G4="></latexit>

Assumption (stochastic linear regularity)

µ · kx�⇧C(x)k2  ES⇠P

h
kx�⇧S(x)k2

i

<latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit><latexit sha1_base64="e2b/yIAS/QxjBLp7t1yNX6NG+bQ="></latexit>

Jensen inequality: L  1
<latexit sha1_base64="KM0xVyt4IzVZmkJ7MU4laMw8AyE=">AAACH3icbVDLTgIxFO3gC/GFunTTCCauyAwLNa6IboxxgYk8EoaQTrlAQ6cztB0TMuFP3PgrblxojHHH31iGWSB4kiYn59zT3h4v5Exp255ambX1jc2t7HZuZ3dv/yB/eFRXQSQp1GjAA9n0iALOBNQ00xyaoQTiexwa3vB25jeeQSoWiCc9DqHtk75gPUaJNlInf3EPQoHAJj6KCGd6fI2LsZtcHHs8gsnDxOUwwk4xt4BOvmCX7AR4lTgpKaAU1U7+x+0GNPJBaMqJUi3HDnU7JlIzymGScyMFIaFD0oeWoYL4oNpxssYEnxmli3uBNEdonKiLiZj4So19z0z6RA/UsjcT//Nake5dtWMmwkiDoPOHehHHOsCzsnCXSaCajw0hVDKzK6YDIgnVptJZCc7yl1dJvVxy7JLzWC5UbtI6sugEnaJz5KBLVEF3qIpqiKIX9IY+0Kf1ar1bX9b3fDRjpZlj9AfW9Bftv571</latexit><latexit sha1_base64="KM0xVyt4IzVZmkJ7MU4laMw8AyE=">AAACH3icbVDLTgIxFO3gC/GFunTTCCauyAwLNa6IboxxgYk8EoaQTrlAQ6cztB0TMuFP3PgrblxojHHH31iGWSB4kiYn59zT3h4v5Exp255ambX1jc2t7HZuZ3dv/yB/eFRXQSQp1GjAA9n0iALOBNQ00xyaoQTiexwa3vB25jeeQSoWiCc9DqHtk75gPUaJNlInf3EPQoHAJj6KCGd6fI2LsZtcHHs8gsnDxOUwwk4xt4BOvmCX7AR4lTgpKaAU1U7+x+0GNPJBaMqJUi3HDnU7JlIzymGScyMFIaFD0oeWoYL4oNpxssYEnxmli3uBNEdonKiLiZj4So19z0z6RA/UsjcT//Nake5dtWMmwkiDoPOHehHHOsCzsnCXSaCajw0hVDKzK6YDIgnVptJZCc7yl1dJvVxy7JLzWC5UbtI6sugEnaJz5KBLVEF3qIpqiKIX9IY+0Kf1ar1bX9b3fDRjpZlj9AfW9Bftv571</latexit><latexit sha1_base64="KM0xVyt4IzVZmkJ7MU4laMw8AyE=">AAACH3icbVDLTgIxFO3gC/GFunTTCCauyAwLNa6IboxxgYk8EoaQTrlAQ6cztB0TMuFP3PgrblxojHHH31iGWSB4kiYn59zT3h4v5Exp255ambX1jc2t7HZuZ3dv/yB/eFRXQSQp1GjAA9n0iALOBNQ00xyaoQTiexwa3vB25jeeQSoWiCc9DqHtk75gPUaJNlInf3EPQoHAJj6KCGd6fI2LsZtcHHs8gsnDxOUwwk4xt4BOvmCX7AR4lTgpKaAU1U7+x+0GNPJBaMqJUi3HDnU7JlIzymGScyMFIaFD0oeWoYL4oNpxssYEnxmli3uBNEdonKiLiZj4So19z0z6RA/UsjcT//Nake5dtWMmwkiDoPOHehHHOsCzsnCXSaCajw0hVDKzK6YDIgnVptJZCc7yl1dJvVxy7JLzWC5UbtI6sugEnaJz5KBLVEF3qIpqiKIX9IY+0Kf1ar1bX9b3fDRjpZlj9AfW9Bftv571</latexit><latexit sha1_base64="KM0xVyt4IzVZmkJ7MU4laMw8AyE=">AAACH3icbVDLTgIxFO3gC/GFunTTCCauyAwLNa6IboxxgYk8EoaQTrlAQ6cztB0TMuFP3PgrblxojHHH31iGWSB4kiYn59zT3h4v5Exp255ambX1jc2t7HZuZ3dv/yB/eFRXQSQp1GjAA9n0iALOBNQ00xyaoQTiexwa3vB25jeeQSoWiCc9DqHtk75gPUaJNlInf3EPQoHAJj6KCGd6fI2LsZtcHHs8gsnDxOUwwk4xt4BOvmCX7AR4lTgpKaAU1U7+x+0GNPJBaMqJUi3HDnU7JlIzymGScyMFIaFD0oeWoYL4oNpxssYEnxmli3uBNEdonKiLiZj4So19z0z6RA/UsjcT//Nake5dtWMmwkiDoPOHehHHOsCzsnCXSaCajw0hVDKzK6YDIgnVptJZCc7yl1dJvVxy7JLzWC5UbtI6sugEnaJz5KBLVEF3qIpqiKIX9IY+0Kf1ar1bX9b3fDRjpZlj9AfW9Bftv571</latexit>Also define:

µ  L  1
<latexit sha1_base64="+M0YoVeNxeS+zKtwM28xs1d86zk=">AAACJHicbVC5TgMxFPSGK4QrQEljkSBRRbtpQKKJoKGgCBI5pGwUeZ23iRXvgQ+kaJWPoeFXaCg4REHDt+DdpMjBSLZGM+89P48XcyaVbf9YubX1jc2t/HZhZ3dv/6B4eNSUkRYUGjTikWh7RAJnITQUUxzasQASeBxa3ugm9VtPICSLwgc1jqEbkEHIfEaJMlKveFVO3GxK4nENE+wG2lwcHvGCfjfJNKdcmEOvWLIrdga8SpwZKaEZ6r3ip9uPqA4gVJQTKTuOHatuQoRilMOk4GoJMaEjMoCOoSEJQHaTbI0JPjNKH/uRMCdUOFPnOxISSDkOPFMZEDWUy14q/ud1tPIvuwkLY60gpNOHfM2xinCaGO4zAVTxsSGECmZ2xXRIBKHK5JqG4Cx/eZU0qxXHrjj31VLtehZHHp2gU3SOHHSBaugW1VEDUfSMXtE7+rBerDfry/qeluasWc8xWoD1+wdq/qFU</latexit><latexit sha1_base64="+M0YoVeNxeS+zKtwM28xs1d86zk=">AAACJHicbVC5TgMxFPSGK4QrQEljkSBRRbtpQKKJoKGgCBI5pGwUeZ23iRXvgQ+kaJWPoeFXaCg4REHDt+DdpMjBSLZGM+89P48XcyaVbf9YubX1jc2t/HZhZ3dv/6B4eNSUkRYUGjTikWh7RAJnITQUUxzasQASeBxa3ugm9VtPICSLwgc1jqEbkEHIfEaJMlKveFVO3GxK4nENE+wG2lwcHvGCfjfJNKdcmEOvWLIrdga8SpwZKaEZ6r3ip9uPqA4gVJQTKTuOHatuQoRilMOk4GoJMaEjMoCOoSEJQHaTbI0JPjNKH/uRMCdUOFPnOxISSDkOPFMZEDWUy14q/ud1tPIvuwkLY60gpNOHfM2xinCaGO4zAVTxsSGECmZ2xXRIBKHK5JqG4Cx/eZU0qxXHrjj31VLtehZHHp2gU3SOHHSBaugW1VEDUfSMXtE7+rBerDfry/qeluasWc8xWoD1+wdq/qFU</latexit><latexit sha1_base64="+M0YoVeNxeS+zKtwM28xs1d86zk=">AAACJHicbVC5TgMxFPSGK4QrQEljkSBRRbtpQKKJoKGgCBI5pGwUeZ23iRXvgQ+kaJWPoeFXaCg4REHDt+DdpMjBSLZGM+89P48XcyaVbf9YubX1jc2t/HZhZ3dv/6B4eNSUkRYUGjTikWh7RAJnITQUUxzasQASeBxa3ugm9VtPICSLwgc1jqEbkEHIfEaJMlKveFVO3GxK4nENE+wG2lwcHvGCfjfJNKdcmEOvWLIrdga8SpwZKaEZ6r3ip9uPqA4gVJQTKTuOHatuQoRilMOk4GoJMaEjMoCOoSEJQHaTbI0JPjNKH/uRMCdUOFPnOxISSDkOPFMZEDWUy14q/ud1tPIvuwkLY60gpNOHfM2xinCaGO4zAVTxsSGECmZ2xXRIBKHK5JqG4Cx/eZU0qxXHrjj31VLtehZHHp2gU3SOHHSBaugW1VEDUfSMXtE7+rBerDfry/qeluasWc8xWoD1+wdq/qFU</latexit><latexit sha1_base64="+M0YoVeNxeS+zKtwM28xs1d86zk=">AAACJHicbVC5TgMxFPSGK4QrQEljkSBRRbtpQKKJoKGgCBI5pGwUeZ23iRXvgQ+kaJWPoeFXaCg4REHDt+DdpMjBSLZGM+89P48XcyaVbf9YubX1jc2t/HZhZ3dv/6B4eNSUkRYUGjTikWh7RAJnITQUUxzasQASeBxa3ugm9VtPICSLwgc1jqEbkEHIfEaJMlKveFVO3GxK4nENE+wG2lwcHvGCfjfJNKdcmEOvWLIrdga8SpwZKaEZ6r3ip9uPqA4gVJQTKTuOHatuQoRilMOk4GoJMaEjMoCOoSEJQHaTbI0JPjNKH/uRMCdUOFPnOxISSDkOPFMZEDWUy14q/ud1tPIvuwkLY60gpNOHfM2xinCaGO4zAVTxsSGECmZ2xXRIBKHK5JqG4Cx/eZU0qxXHrjj31VLtehZHHp2gU3SOHHSBaugW1VEDUfSMXtE7+rBerDfry/qeluasWc8xWoD1+wdq/qFU</latexit>

${\color{blue} \mu} \leq {\color{blue}L}\leq 1$

9µ > 0 such that for all x 2 Rn:
<latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit><latexit sha1_base64="hK+5rMAfM9FuNqrKXhA4t4gSa8g="></latexit>

$\exists {\color{blue}\mu}>0$ such that for all $x\in \mathbb{R}^n$:



Stochastic Algorithms



“Basic” Method
Minimize f(x)

def
= ES⇠P [fS(x)]

<latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit><latexit sha1_base64="w0EOnye//ipDJZL62PXvnQF+yn0="></latexit>

Solve x = ES⇠P [⇧S(x)]
<latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit><latexit sha1_base64="YsSvUlc509hceazFxhCnHSUklqI="></latexit>

Find x 2 Rn such that P(x 2 S) = 1
<latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit><latexit sha1_base64="LzDB34YysfGrVrTI5040gyDyuRQ="></latexit>

xk+1 = xk � ↵rfSk(xk)
<latexit sha1_base64="OZKu176/o/V6Ipy1Jw/AoQpbu2A="></latexit><latexit sha1_base64="OZKu176/o/V6Ipy1Jw/AoQpbu2A="></latexit><latexit sha1_base64="OZKu176/o/V6Ipy1Jw/AoQpbu2A="></latexit><latexit sha1_base64="OZKu176/o/V6Ipy1Jw/AoQpbu2A="></latexit>

\[x_{k+1} = x_k - \alpha \nabla f_{{\cal S}_k}(x_k)\]

xk+1 = (1� ↵)xk + ↵⇧Sk(xk)
<latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit>

xk+1 = (1� ↵)xk + ↵⇧Sk(xk)
<latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit><latexit sha1_base64="jlGe4VoNvdN7gRIZP86ysZRnKEA="></latexit>

Stochastic Gradient Descent

Stochastic Fixed Point Method

Stochastic Projection Method

\[x_{k+1} = (1-\alpha) x_k + \alpha \Pi_{{\cal S}_k}(x_k)\]



“Parallel” Method

\[x_{k+1} = x_k - \alpha \frac{1}{\tau}\sum_{i=1}^\tau \nabla f_{{\cal S}_{ki}}(x_k)\]

Stochastic Gradient Descent

Stochastic Fixed Point Method
Stochastic Projection Method

xk+1 = xk � ↵
1

⌧

⌧X

i=1

rfSki(xk)
<latexit sha1_base64="197QbdsUmWxje4ijF0VPx5/jP1o="></latexit><latexit sha1_base64="197QbdsUmWxje4ijF0VPx5/jP1o="></latexit><latexit sha1_base64="197QbdsUmWxje4ijF0VPx5/jP1o="></latexit><latexit sha1_base64="197QbdsUmWxje4ijF0VPx5/jP1o="></latexit>

xk+1 = (1� ↵)xk + ↵
1

⌧

⌧X

i=1

⇧Ski(xk)
<latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit>

\[x_{k+1} = (1-\alpha)x_k + \alpha \frac{1}{\tau}\sum_{i=1}^\tau \Pi_{{\cal S}_{ki}}(x_k)\]

Minibatch size

Minibatch size



x3
<latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit>

x2
<latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit>

x1
<latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit>

x0
<latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit>

x4
<latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit><latexit sha1_base64="hPXASCX0Uw/jH0LWvP/m9yHWXtA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY8FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzkV5/6V9V+ueLW3AXIOvFyUoEczX75qzdIWBajNExQrbuem5pgSpXhTOCs1Ms0ppSN6RC7lkoaow6mi2Nn5MIqAxIlypY0ZKH+npjSWOtJHNrOmJqRXvXm4n9eNzPRTTDlMs0MSrZcFGWCmITMPycDrpAZMbGEMsXtrYSNqKLM2HxKNgRv9eV10qrXPLfm3dcrDTePowhncA6X4ME1NOAOmuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHwr+N6w==</latexit>

xk+1 = (1� ↵)xk + ↵
1

⌧

⌧X

i=1

⇧Ski(xk)
<latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit>

\noindent Minibatch size: $\tau=1$\\
Stepsize:\quad \; \; \; $\alpha = 1$

Minibatch size: ⌧ = 1
Stepsize: ↵ = 1

<latexit sha1_base64="8qOGsoI/xwfSlsdoWMrN82krWPE="></latexit><latexit sha1_base64="8qOGsoI/xwfSlsdoWMrN82krWPE="></latexit><latexit sha1_base64="8qOGsoI/xwfSlsdoWMrN82krWPE="></latexit><latexit sha1_base64="8qOGsoI/xwfSlsdoWMrN82krWPE="></latexit>



\[\tau=2, \omega = 1\]
x3

<latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit><latexit sha1_base64="1vIlOWYZ77riLjmyJBOxh+z1s2g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCSxscTEAxK4kL1lDjbs7V1294yE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O4WNza3tneJuaW//4PCofHzS0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfvtR1SaJ/LBTFIMYjqUPOKMGiv51af+VbVfrrg1dwGyTrycVCBHs1/+6g0SlsUoDRNU667npiaYUmU4Ezgr9TKNKWVjOsSupZLGqIPp4tgZubDKgESJsiUNWai/J6Y01noSh7YzpmakV725+J/XzUx0E0y5TDODki0XRZkgJiHzz8mAK2RGTCyhTHF7K2EjqigzNp+SDcFbfXmdtOo1z6159/VKw83jKMIZnMMleHANDbiDJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBwTqN6g==</latexit>

x2
<latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit>

x1
<latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit>

x0
<latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit>

xk+1 = (1� ↵)xk + ↵
1

⌧

⌧X

i=1

⇧Ski(xk)
<latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit>

Minibatch size: ⌧ = 2
Stepsize: ↵ = 1

<latexit sha1_base64="v08u8CR1uP9JLaRAnDx+rQOgBz4="></latexit><latexit sha1_base64="v08u8CR1uP9JLaRAnDx+rQOgBz4="></latexit><latexit sha1_base64="v08u8CR1uP9JLaRAnDx+rQOgBz4="></latexit><latexit sha1_base64="v08u8CR1uP9JLaRAnDx+rQOgBz4="></latexit>



\[\tau=2, \omega = 1\]
x2

<latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit><latexit sha1_base64="Et8kpilK7R1ZZKBkb9TWl26TT5g=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7WnQqA0qVbfuLkDWiVeQKhRoDSpf/WHCshilYYJq3fPc1AQ5VYYzgbNyP9OYUjahI+xZKmmMOsgXx87IpVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPmUbgrf68jppN+qeW/fuG9WmW8RRgnO4gCvw4BqacAct8IEBh2d4hTdHOi/Ou/OxbN1wipkz+APn8we/tY3p</latexit>

x1
<latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit><latexit sha1_base64="7WxRCp7YFhtozKTcx2R403QiQ9I=">AAAB7HicbVBNT8JAEJ36ifiFevSyEUw8kZaLHkm8eMTEAgk0ZLtMYcN22+xujaThN3jxoDFe/UHe/Dcu0IOCL5nk5b2ZzMwLU8G1cd1vZ2Nza3tnt7RX3j84PDqunJy2dZIphj5LRKK6IdUouETfcCOwmyqkcSiwE05u537nEZXmiXww0xSDmI4kjzijxkp+7Wng1QaVqlt3FyDrxCtIFQq0BpWv/jBhWYzSMEG17nluaoKcKsOZwFm5n2lMKZvQEfYslTRGHeSLY2fk0ipDEiXKljRkof6eyGms9TQObWdMzVivenPxP6+XmegmyLlMM4OSLRdFmSAmIfPPyZArZEZMLaFMcXsrYWOqKDM2n7INwVt9eZ20G3XPrXv3jWrTLeIowTlcwBV4cA1NuIMW+MCAwzO8wpsjnRfn3flYtm44xcwZ/IHz+QO+MI3o</latexit>

x0
<latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit><latexit sha1_base64="fWGT00mivqazVLv4YW/XKMKf2Q0=">AAAB7HicbVBNTwIxEJ36ifiFevTSCCaeSJeLHkm8eMTEBRLYkG7pQkO3u2m7RrLhN3jxoDFe/UHe/DcW2IOCL5nk5b2ZzMwLUymMJeQbbWxube/slvbK+weHR8eVk9O2STLNuM8SmehuSA2XQnHfCit5N9WcxqHknXByO/c7j1wbkagHO015ENOREpFg1DrJrz0NSG1QqZI6WQCvE68gVSjQGlS++sOEZTFXlklqTM8jqQ1yqq1gks/K/czwlLIJHfGeo4rG3AT54tgZvnTKEEeJdqUsXqi/J3IaGzONQ9cZUzs2q95c/M/rZTa6CXKh0sxyxZaLokxim+D553goNGdWTh2hTAt3K2ZjqimzLp+yC8FbfXmdtBt1j9S9+0a1SYo4SnAOF3AFHlxDE+6gBT4wEPAMr/CGFHpB7+hj2bqBipkz+AP0+QO8q43n</latexit>

xk+1 = (1� ↵)xk + ↵
1

⌧

⌧X

i=1

⇧Ski(xk)
<latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit><latexit sha1_base64="qFVx9FAlyoZM3LRIebx/ez7eS1k="></latexit>

Minibatch size: ⌧ = 2
Stepsize: ↵ = 2

<latexit sha1_base64="TdfsF08ddYC4ih6gKc9S5KHn+7U="></latexit><latexit sha1_base64="TdfsF08ddYC4ih6gKc9S5KHn+7U="></latexit><latexit sha1_base64="TdfsF08ddYC4ih6gKc9S5KHn+7U="></latexit><latexit sha1_base64="TdfsF08ddYC4ih6gKc9S5KHn+7U="></latexit>



Convergence Results



Sublinear Convergence

Theorem

E [f(x̂k)] =
1

2
E
⇥
dist2S(x̂k)

⇤
 L⌧dist

2
C(x0)

2k
<latexit sha1_base64="09o+UTGT5y6c9VlPaqHd/3UElsg="></latexit><latexit sha1_base64="09o+UTGT5y6c9VlPaqHd/3UElsg="></latexit><latexit sha1_base64="09o+UTGT5y6c9VlPaqHd/3UElsg="></latexit><latexit sha1_base64="09o+UTGT5y6c9VlPaqHd/3UElsg="></latexit>

\[{\rm E}\left[f(\hat{x}_k)\right] =\frac{1}{2} {\rm E}\left[{\rm dist}^2_{\cal S}(\hat{x}_k)\right] \leq \frac{L_\tau {\rm dist}_{\cal C}^2(x_0)}{2k} \]

L⌧ = 1
⌧ + (1� 1

⌧ )L
<latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit>

$L_\tau = \frac{1}{\tau}+ (1-\frac{1}{\tau})L$

x̂k = 1
k

Pk�1
t=0 xt

<latexit sha1_base64="ezPvr81XnKICbB0+R+PW9PIa7yE=">AAACFXicbVA9SwNBEN2LXzF+nVraLCaChYa7NNoIQRtLBaNC7jz2NnvJcnsf7M6JYbk/YeNfsbFQxFaw89+4iSk0+mDg8d4MM/PCXHAFjvNpVWZm5+YXqou1peWV1TV7feNSZYWkrEMzkcnrkCgmeMo6wEGw61wykoSCXYXxyci/umVS8Sy9gGHO/IT0Ux5xSsBIgb3X8AYE9F0ZxPgIe5EkVLuljktPFUmg4cgpb3S875Z3ATQCu+40nTHwX+JOSB1NcBbYH14vo0XCUqCCKNV1nRx8TSRwKlhZ8wrFckJj0mddQ1OSMOXr8Vcl3jFKD0eZNJUCHqs/JzRJlBomoelMCAzUtDcS//O6BUSHvuZpXgBL6feiqBAYMjyKCPe4ZBTE0BBCJTe3YjogJhkwQdZMCO70y3/JZavpOk33vFVvH0/iqKIttI12kYsOUBudojPUQRTdo0f0jF6sB+vJerXevlsr1mRmE/2C9f4FL0Ge0A==</latexit><latexit sha1_base64="ezPvr81XnKICbB0+R+PW9PIa7yE=">AAACFXicbVA9SwNBEN2LXzF+nVraLCaChYa7NNoIQRtLBaNC7jz2NnvJcnsf7M6JYbk/YeNfsbFQxFaw89+4iSk0+mDg8d4MM/PCXHAFjvNpVWZm5+YXqou1peWV1TV7feNSZYWkrEMzkcnrkCgmeMo6wEGw61wykoSCXYXxyci/umVS8Sy9gGHO/IT0Ux5xSsBIgb3X8AYE9F0ZxPgIe5EkVLuljktPFUmg4cgpb3S875Z3ATQCu+40nTHwX+JOSB1NcBbYH14vo0XCUqCCKNV1nRx8TSRwKlhZ8wrFckJj0mddQ1OSMOXr8Vcl3jFKD0eZNJUCHqs/JzRJlBomoelMCAzUtDcS//O6BUSHvuZpXgBL6feiqBAYMjyKCPe4ZBTE0BBCJTe3YjogJhkwQdZMCO70y3/JZavpOk33vFVvH0/iqKIttI12kYsOUBudojPUQRTdo0f0jF6sB+vJerXevlsr1mRmE/2C9f4FL0Ge0A==</latexit><latexit sha1_base64="ezPvr81XnKICbB0+R+PW9PIa7yE=">AAACFXicbVA9SwNBEN2LXzF+nVraLCaChYa7NNoIQRtLBaNC7jz2NnvJcnsf7M6JYbk/YeNfsbFQxFaw89+4iSk0+mDg8d4MM/PCXHAFjvNpVWZm5+YXqou1peWV1TV7feNSZYWkrEMzkcnrkCgmeMo6wEGw61wykoSCXYXxyci/umVS8Sy9gGHO/IT0Ux5xSsBIgb3X8AYE9F0ZxPgIe5EkVLuljktPFUmg4cgpb3S875Z3ATQCu+40nTHwX+JOSB1NcBbYH14vo0XCUqCCKNV1nRx8TSRwKlhZ8wrFckJj0mddQ1OSMOXr8Vcl3jFKD0eZNJUCHqs/JzRJlBomoelMCAzUtDcS//O6BUSHvuZpXgBL6feiqBAYMjyKCPe4ZBTE0BBCJTe3YjogJhkwQdZMCO70y3/JZavpOk33vFVvH0/iqKIttI12kYsOUBudojPUQRTdo0f0jF6sB+vJerXevlsr1mRmE/2C9f4FL0Ge0A==</latexit><latexit sha1_base64="ezPvr81XnKICbB0+R+PW9PIa7yE=">AAACFXicbVA9SwNBEN2LXzF+nVraLCaChYa7NNoIQRtLBaNC7jz2NnvJcnsf7M6JYbk/YeNfsbFQxFaw89+4iSk0+mDg8d4MM/PCXHAFjvNpVWZm5+YXqou1peWV1TV7feNSZYWkrEMzkcnrkCgmeMo6wEGw61wykoSCXYXxyci/umVS8Sy9gGHO/IT0Ux5xSsBIgb3X8AYE9F0ZxPgIe5EkVLuljktPFUmg4cgpb3S875Z3ATQCu+40nTHwX+JOSB1NcBbYH14vo0XCUqCCKNV1nRx8TSRwKlhZ8wrFckJj0mddQ1OSMOXr8Vcl3jFKD0eZNJUCHqs/JzRJlBomoelMCAzUtDcS//O6BUSHvuZpXgBL6feiqBAYMjyKCPe4ZBTE0BBCJTe3YjogJhkwQdZMCO70y3/JZavpOk33vFVvH0/iqKIttI12kYsOUBudojPUQRTdo0f0jF6sB+vJerXevlsr1mRmE/2C9f4FL0Ge0A==</latexit>

$\hat{x}_k = \frac{1}{k}\sum_{t=0}^{k-1}x_t$

With stepsize , we get:↵ = 1/L⌧
<latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit>

(no need to assume linear regularity)

Let (⌦,⌃, P,S) is a stochastic approximation of C
<latexit sha1_base64="ywCvtcRVsS6FQQaccHbBYgyE2x4="></latexit><latexit sha1_base64="ywCvtcRVsS6FQQaccHbBYgyE2x4="></latexit><latexit sha1_base64="ywCvtcRVsS6FQQaccHbBYgyE2x4="></latexit><latexit sha1_base64="ywCvtcRVsS6FQQaccHbBYgyE2x4="></latexit>



Linear Convergence

Theorem

\[{\rm E}\left[f(\hat{x}_k)\right] =\frac{1}{2} {\rm E}\left[{\rm dist}^2_{\cal S}(\hat{x}_k)\right] \leq \frac{L_\tau {\rm dist}_{\cal C}^2(x_0)}{2k} \]

L⌧ = 1
⌧ + (1� 1

⌧ )L
<latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit><latexit sha1_base64="VmuujnHZ3Y1jKLC2YS4A5SJ51B4=">AAACF3icbVDLSsNAFJ3UV62vqEs3g61QEUPSjW6EohsXXVSwD2hCmEwn7eDkwcxEKCF/4cZfceNCEbe682+ctFnY1gMXzpxzL3Pv8WJGhTTNH620srq2vlHerGxt7+zu6fsHXRElHJMOjljE+x4ShNGQdCSVjPRjTlDgMdLzHm5yv/dIuKBReC8nMXECNAqpTzGSSnJ1o9ZybYkSeAVtnyOcWlmav7MzWLfO56XTVs3Vq6ZhTgGXiVWQKijQdvVvexjhJCChxAwJMbDMWDop4pJiRrKKnQgSI/yARmSgaIgCIpx0elcGT5QyhH7EVYUSTtW/EykKhJgEnuoMkByLRS8X//MGifQvnZSGcSJJiGcf+QmDMoJ5SHBIOcGSTRRBmFO1K8RjpLKQKsqKCsFaPHmZdBuGZRrWXaPavC7iKIMjcAzqwAIXoAluQRt0AAZP4AW8gXftWXvVPrTPWWtJK2YOwRy0r1+XV55P</latexit>

$L_\tau = \frac{1}{\tau}+ (1-\frac{1}{\tau})L$

$\hat{x}_k = \frac{1}{k}\sum_{t=0}^{k-1}x_t$

With stepsize , we get:↵ = 1/L⌧
<latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit><latexit sha1_base64="gOXHLNNEOOa1aHMIiV9c0qTm1GE=">AAAB/HicbVDLSsNAFJ3UV62vaJduBlvBVU260Y1QdOPCRQX7gCaEm+mkHTp5MDMRQqi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpbX1jc2t8nZlZ3dv/8A8POrKOBWEdkjMY9H3QVLOItpRTHHaTwSF0Oe0509uZn7vkQrJ4uhBZQl1QxhFLGAElJY8s1p3gCdjwFfYPr/zHAVp3TNrVsOaA68SuyA1VKDtmV/OMCZpSCNFOEg5sK1EuTkIxQin04qTSpoAmcCIDjSNIKTSzefHT/GpVoY4iIWuSOG5+nsih1DKLPR1ZwhqLJe9mfifN0hVcOnmLEpSRSOyWBSkHKsYz5LAQyYoUTzTBIhg+lZMxiCAKJ1XRYdgL7+8SrrNhm017PtmrXVdxFFGx+gEnSEbXaAWukVt1EEEZegZvaI348l4Md6Nj0VryShmqugPjM8fUY2TPw==</latexit>

(assuming linear regularity)

E
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dist2C(xk)

⇤
 (1� µ/L⌧ )

k dist2C(x0)
<latexit sha1_base64="PHL1WKX99VOykW9111Xa6+kRgLE="></latexit><latexit sha1_base64="PHL1WKX99VOykW9111Xa6+kRgLE="></latexit><latexit sha1_base64="PHL1WKX99VOykW9111Xa6+kRgLE="></latexit><latexit sha1_base64="PHL1WKX99VOykW9111Xa6+kRgLE="></latexit>

E [f(xk)] 
L

2
(1� µ/L⌧ )

k dist2C(x0)
<latexit sha1_base64="bnIqjBykkdFOMcZJP3lStLuGAOM="></latexit><latexit sha1_base64="bnIqjBykkdFOMcZJP3lStLuGAOM="></latexit><latexit sha1_base64="bnIqjBykkdFOMcZJP3lStLuGAOM="></latexit><latexit sha1_base64="bnIqjBykkdFOMcZJP3lStLuGAOM="></latexit>

Linear regularity parameter

Best current rate of “parallel” projection method for convex feasibility

• Sketch approximations for linear systems (R.-Takáč ‘17) obtained as a special case
• Natural approximations for convex sets &               done in (Nedic ‘11) ⌧ = 1

<latexit sha1_base64="TgP0GRljKj8XnZ+ZuCA++Rh9eQA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTARPIXdXPQiBL14jGAekCxhdjKbDJmdXeYhxJAv8eJBEa9+ijf/xtlkD5pY0FBUddPdFaacKe15305hY3Nre6e4W9rbPzgsu0fHbZUYSWiLJDyR3RArypmgLc00p91UUhyHnHbCyW3mdx6pVCwRD3qa0iDGI8EiRrC20sAtV/sam2u/Wlpi4Fa8mrcAWid+TiqQozlwv/rDhJiYCk04Vqrne6kOZlhqRjidl/pG0RSTCR7RnqUCx1QFs8Xhc3RulSGKEmlLaLRQf0/McKzUNA5tZ4z1WK16mfif1zM6ugpmTKRGU0GWiyLDkU5QlgIaMkmJ5lNLMJHM3orIGEtMtM0qC8FffXmdtOs136v59/VK4yaPowincAYX4MMlNOAOmtACAgae4RXenCfnxXl3PpatBSefOYE/cD5/AMTKj+E=</latexit><latexit sha1_base64="TgP0GRljKj8XnZ+ZuCA++Rh9eQA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTARPIXdXPQiBL14jGAekCxhdjKbDJmdXeYhxJAv8eJBEa9+ijf/xtlkD5pY0FBUddPdFaacKe15305hY3Nre6e4W9rbPzgsu0fHbZUYSWiLJDyR3RArypmgLc00p91UUhyHnHbCyW3mdx6pVCwRD3qa0iDGI8EiRrC20sAtV/sam2u/Wlpi4Fa8mrcAWid+TiqQozlwv/rDhJiYCk04Vqrne6kOZlhqRjidl/pG0RSTCR7RnqUCx1QFs8Xhc3RulSGKEmlLaLRQf0/McKzUNA5tZ4z1WK16mfif1zM6ugpmTKRGU0GWiyLDkU5QlgIaMkmJ5lNLMJHM3orIGEtMtM0qC8FffXmdtOs136v59/VK4yaPowincAYX4MMlNOAOmtACAgae4RXenCfnxXl3PpatBSefOYE/cD5/AMTKj+E=</latexit><latexit sha1_base64="TgP0GRljKj8XnZ+ZuCA++Rh9eQA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTARPIXdXPQiBL14jGAekCxhdjKbDJmdXeYhxJAv8eJBEa9+ijf/xtlkD5pY0FBUddPdFaacKe15305hY3Nre6e4W9rbPzgsu0fHbZUYSWiLJDyR3RArypmgLc00p91UUhyHnHbCyW3mdx6pVCwRD3qa0iDGI8EiRrC20sAtV/sam2u/Wlpi4Fa8mrcAWid+TiqQozlwv/rDhJiYCk04Vqrne6kOZlhqRjidl/pG0RSTCR7RnqUCx1QFs8Xhc3RulSGKEmlLaLRQf0/McKzUNA5tZ4z1WK16mfif1zM6ugpmTKRGU0GWiyLDkU5QlgIaMkmJ5lNLMJHM3orIGEtMtM0qC8FffXmdtOs136v59/VK4yaPowincAYX4MMlNOAOmtACAgae4RXenCfnxXl3PpatBSefOYE/cD5/AMTKj+E=</latexit><latexit sha1_base64="TgP0GRljKj8XnZ+ZuCA++Rh9eQA=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTARPIXdXPQiBL14jGAekCxhdjKbDJmdXeYhxJAv8eJBEa9+ijf/xtlkD5pY0FBUddPdFaacKe15305hY3Nre6e4W9rbPzgsu0fHbZUYSWiLJDyR3RArypmgLc00p91UUhyHnHbCyW3mdx6pVCwRD3qa0iDGI8EiRrC20sAtV/sam2u/Wlpi4Fa8mrcAWid+TiqQozlwv/rDhJiYCk04Vqrne6kOZlhqRjidl/pG0RSTCR7RnqUCx1QFs8Xhc3RulSGKEmlLaLRQf0/McKzUNA5tZ4z1WK16mfif1zM6ugpmTKRGU0GWiyLDkU5QlgIaMkmJ5lNLMJHM3orIGEtMtM0qC8FffXmdtOs136v59/VK4yaPowincAYX4MMlNOAOmtACAgae4RXenCfnxXl3PpatBSefOYE/cD5/AMTKj+E=</latexit>



Extrapolation Rules = 
Approximation of L

L = sup
x/2C

kE [x�⇧S(x)]k2

E
h
kx�⇧S(x)k2

i

<latexit sha1_base64="RCC6CVv4zxhxH+FqUxCcNdCC+sk="></latexit><latexit sha1_base64="RCC6CVv4zxhxH+FqUxCcNdCC+sk="></latexit><latexit sha1_base64="RCC6CVv4zxhxH+FqUxCcNdCC+sk="></latexit><latexit sha1_base64="RCC6CVv4zxhxH+FqUxCcNdCC+sk="></latexit>

\[L = \sup_{x\notin \cal C} \frac{\left\|{\rm E}\left[x-\Pi_{\cal S}(x)\right]\right\|^2}{{\rm E}\left[\left\|x-\Pi_{\cal S}(x)\right\|^2\right]}\]

↵ = 1/L⌧
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L⌧ = 1
⌧ + (1� 1
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Optimal stepsize:

L ⇡
�� 1
⌧

P⌧
i=1 [xk �⇧Ski(xk)]

��2

1
⌧

P⌧
i=1

h
kxk �⇧Ski(xk)k2

i

<latexit sha1_base64="GRrd+M2sSPoyiTw21g8xOoZPpnQ="></latexit><latexit sha1_base64="GRrd+M2sSPoyiTw21g8xOoZPpnQ="></latexit><latexit sha1_base64="GRrd+M2sSPoyiTw21g8xOoZPpnQ="></latexit><latexit sha1_base64="GRrd+M2sSPoyiTw21g8xOoZPpnQ="></latexit>

Online approximation of L:

\[L \approx \frac{\left\|\tfrac{1}{\tau}\sum_{i=1}^\tau \left[x_k-\Pi_{{\cal S}_{ki}}(x_k)\right]\right\|^2}{\tfrac{1}{\tau}\sum_{i=1}^\tau\left[\left\|x_k-\Pi_{{\cal S}_{ki}}(x_k)\right\|^2\right]}\]



Summary
• New approach to convex feasibility via:

– Stochastic approximation of convex sets
– Stochastic reformulations

• Stochastic optimization
• Stochastic fixed point
• Stochastic feasibility

– Natural algorithms for the stochastic reformulations
• First rate of a parallel projection method which is 

better than the rate of the non-parallel version
• Sheds light on the empirical success of extrapolated

parallel projection methods (Censor-Chen-Combettes-Davidi-
Herman ‘11)



The End


