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Problem and Assumptions

Regularized Optimization

min
x∈Rn

F (x) = f (x) + R(x) (1)

• f : M–smooth & µ–strongly convex convex:
f (x + h) ≤ f (x) + ⟨∇f (x), h⟩ + 1

2⟨Mh, h⟩
f (x) + ⟨∇f (x), h⟩ + µ

2∥h∥2 ≤ f (x + h)
(natural assumptions for ERM with linear predictors)

• R non-smooth, convex & proximable

New Oracle: Gradient Sketch

We do not have direct access to ∇f (x). Instead, we have
access to a random linear transformation of the gradient:

S⊤∇f (x) ∈ Rb, S ∼ D (2)

• S: random n × b matrix (b small)
• D: distribution from which S is drawn

Goal

Design a proximal stochastic gradient-type method for solving
(1) using the gradient sketch oracle (2).

Simple Algorithmic Idea

xk+1 = proxαR(xk − αgk), (3)
α = stepsize; gk = a “nice” estimator of ∇f (xk).

How to design a good gradient estimator gk?
Key Challenges:
• In the case when D is a distribution over standard basis

vectors e1, . . . , en in Rn, i.e., if we have access to random
partial derivatives of f , then we can use

gk = e⊤
i ∇f (xk)ei,

and (3) reduces to proximal randomized coordinate
descent (CD). However, CD does not work with
non-separable regularizers R. So, we have an issue even in
this simple case! How to resolve it?

• How to deal with gradient sketches coming from any
distribution D?

Resolution: The SEGA estimator. We will iteratively learn
an unbiased variance-reduced estimator gk of the gradient
∇f (xk) by incorporating the latest information provided by
the gradient sketch.

Constructing the SEGA Estimator

SEGA Estimator

1 Ask oracle for a gradient sketch at xk: S⊤
k ∇f (xk)

2 Define hk+1 as the closest (in some energy norm
∥h∥2

B
def= h⊤Bh, where B ≻ 0) vector to hk consistent

with the gradient sketch:
hk+1 = arg min

h∈Rn
∥h − hk∥2

B

subject to S⊤
k h = S⊤

k ∇f (xk) (4)
Closed-form solution of (4):

hk+1 = hk + B−1Zk(∇f (xk) − hk); Zk
def= Sk

(
S⊤

k Sk

)†
S⊤

k

3 Define the SEGA estimator:
gk = hk + θkB−1Zk(∇f (xk) − hk) (5)

(θk is a random variable ensuring that gk is unbiased)

Key property: As xk → x∗, we get gk → 0, and hence SEGA
estimator is variance-reduced.
Variants:
• biasSEGA estimator: use hk+1 instead of gk

• subspaceSEGA estimator: If f (x) = φ(Ax) for some
matrix A ∈ Rd×n, we can improve the SEGA estimator by
exploiting the fact that ∇f lies in Range(A⊤). We do this
by adding the constraint h ∈ Range(A⊤) to (4).

SEGA (SkEtched GrAdient descent)

SEGA = Method (3) + SEGA estimator (5)
biasSEGA = Method (3) + biasSEGA estimator (4)
subspaceSEGA = Method (3) + subspaceSEGA estimator

Convergence of SEGA
Let D be the uniform distribution over standard basis vec-
tors e1, . . . , en ∈ Rn, and choose B = I. Then with step-
size α = Ω( 1

nλmax(M)) and some constant σ > 0, we have

E
[
Φk

]
≤ (1 − αµ)kE

[
Φ0

]
,

where Φk def= ∥xk − x∗∥2 + σα∥hk − ∇f (x∗)∥2, x∗ =
arg minx F (x).

• Note that xk → x∗ and hk → ∇f (x∗)
• General convergence result for any B ≻ 0 and any D can

be found in the paper [1].
• subspaceSEGA: If D samples from the columns of A⊤, the

rate can be Ω(n
d) faster than standard SEGA.

• For coordinate sketches, we designed an accelerated SEGA,
and established accelerated rate (read next).

Iterates of SEGA (in 2D)

Iterates evolution of SEGA, CD and biasSEGA (updates made
using hk+1 instead of gk).

Bottom plot: R is the indicator function of the unit ball.
While CD does not converge, SEGA does!

Experiments

1. SEGA vs Random Direct Search (RDS) [2] (coordinate and
Gaussian sketches) for derivative-free optimization

2. SEGA vs subspaceSEGA

3. SEGA vs Coordinate Descent (CD) [3] (left) and ASEGA vs
Accelerated Coordinate Descent (ACD) [4, 5] (right) on ridge
regression with R = 0

SEGA with Coordinate Sketches

Setup:
• S are column submatrices of the identity matrix
• Probability vector p ∈ Rn: pi

def= Prob(ei ∈ S)
• Probability matrix P ∈ Rn×n: Pij

def= Prob(ei ∈ S, ej ∈ S)
• ESO vector v ∈ Rn (for mini-batching) defined by:

P • M ≼ Diag(p • v)
Acceleration: For coordinate sketches we also designed an
accelerated variant of SEGA:
Algorithm Accelerated SEGA (ASEGA)

1: x0 = y0 = z0 ∈ Rn; h0 ∈ Rn; params α, β, τ, µ > 0
2: for k = 1, 2, . . . do
3: xk = (1 − τ )yk−1 + τzk−1

4: Sample Sk ∼ D, and compute gk and hk+1

5: yk = xk − αp−1 • gk

6: zk = 1
1+βµ(zk + βµxk − βgk)

7: end for

Rates: We prove the following iteration complexity bounds
of SEGA and ASEGA with coordinate sketches:

Method Complexity
SEGA

importance sampling 8.55 · Tr(M)
µ log 1

ϵ

SEGA
arbitrary sampling 8.55 ·

(
maxi

vi
piµ

)
log 1

ϵ

ASEGA
importance sampling 9.8 ·

∑
i

√
Mii√
µ log 1

ϵ

ASEGA
arbitrary sampling 9.8 ·

√
maxi

vi
p2

iµ
log 1

ϵ

Up to the constant factors 8.55 and 9.5, these rates are exactly
the same as the rates of coordinate descent [3] and accelerated
coordinate descent [4, 5]. So, we extend the reach of coordi-
nate descent methods to problem (1) with a non-separable
regularizer (e.g., arbitrary convex constraint)
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1. Introduction



The Problem



Composite Minimization

convex & closed
(and not necessarily separable)

min
x2Rn

F (x) := f(x) +R(x)
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Dimension n:
very large

Smoothness:

Strong convexity: f(x) + hrf(x), hi+ 1
2 hµIh, hi  f(x+ h)

<latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit>

f(x+ h)  f(x) + hrf(x), hi+ 1
2 hLh, hi
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New Stochastic 
First-Order Oracle



New Stochastic First Order Oracle

SkEtched GrAdient (SEGA) Oracle

Access to a random linear transformation (i.e., “sketch”) of the gradient:

S>rf(x)
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S ⇠ D
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0

BBB@

hrf(x), s1i
hrf(x), s2i

...
hrf(x), sbi

1

CCCA
2 Rb
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S = [s1, s2, . . . , sb] 2 Rn⇥b
<latexit sha1_base64="+uS44YhkK6Vk9M+6zF2DGBEsdrY=">AAACNXicbVA/TxsxHPUBbdOUlpSOXSwiJIYousvSMlSKxNKhQ1pIiHS+nmzHBxY+38n+HVJk3Zfq0u/RCQYGEOrKV8AXMrQJT7L09H7/nh8rlbQQhtfBxubWi5evWq/bb7bfvtvpvN+d2KIyXIx5oQozZdQKJbUYgwQlpqURNGdKnLKLo6Z+eimMlYU+gXkpkpyeaZlJTsFLaecbiR1ZrHFGzGrsCMvwcY2/4NimUc+mgx6ZFW A9Y0mNidSY5BTOGXM/6p9OE5C5sJjVJGm300437IcL4HUSLUkXLTFKO3/8cl7lQgNX1No4CktIHDUguRJ1m1RWlJRf0DMRe6qpv5W4hd0a73tlhrPC+KcBL9R/JxzNrZ3nzHc2ju1qrRGfq8UVZJ8TJ3VZgdD86VBWKQwFbiLEM2kEBzX3hHIjvVfMz6mhHHzQTQjR6pfXyWTQj8J+9H3QHR4u42ihj2gPHaAIfUJD9BWN0Bhx9AtdoVt0F/wOboL74O9T60awnPmA/kPw8AjPP6rG</latexit><latexit sha1_base64="+uS44YhkK6Vk9M+6zF2DGBEsdrY=">AAACNXicbVA/TxsxHPUBbdOUlpSOXSwiJIYousvSMlSKxNKhQ1pIiHS+nmzHBxY+38n+HVJk3Zfq0u/RCQYGEOrKV8AXMrQJT7L09H7/nh8rlbQQhtfBxubWi5evWq/bb7bfvtvpvN+d2KIyXIx5oQozZdQKJbUYgwQlpqURNGdKnLKLo6Z+eimMlYU+gXkpkpyeaZlJTsFLaecbiR1ZrHFGzGrsCMvwcY2/4NimUc+mgx6ZFW A9Y0mNidSY5BTOGXM/6p9OE5C5sJjVJGm300437IcL4HUSLUkXLTFKO3/8cl7lQgNX1No4CktIHDUguRJ1m1RWlJRf0DMRe6qpv5W4hd0a73tlhrPC+KcBL9R/JxzNrZ3nzHc2ju1qrRGfq8UVZJ8TJ3VZgdD86VBWKQwFbiLEM2kEBzX3hHIjvVfMz6mhHHzQTQjR6pfXyWTQj8J+9H3QHR4u42ihj2gPHaAIfUJD9BWN0Bhx9AtdoVt0F/wOboL74O9T60awnPmA/kPw8AjPP6rG</latexit><latexit sha1_base64="+uS44YhkK6Vk9M+6zF2DGBEsdrY=">AAACNXicbVA/TxsxHPUBbdOUlpSOXSwiJIYousvSMlSKxNKhQ1pIiHS+nmzHBxY+38n+HVJk3Zfq0u/RCQYGEOrKV8AXMrQJT7L09H7/nh8rlbQQhtfBxubWi5evWq/bb7bfvtvpvN+d2KIyXIx5oQozZdQKJbUYgwQlpqURNGdKnLKLo6Z+eimMlYU+gXkpkpyeaZlJTsFLaecbiR1ZrHFGzGrsCMvwcY2/4NimUc+mgx6ZFW A9Y0mNidSY5BTOGXM/6p9OE5C5sJjVJGm300437IcL4HUSLUkXLTFKO3/8cl7lQgNX1No4CktIHDUguRJ1m1RWlJRf0DMRe6qpv5W4hd0a73tlhrPC+KcBL9R/JxzNrZ3nzHc2ju1qrRGfq8UVZJ8TJ3VZgdD86VBWKQwFbiLEM2kEBzX3hHIjvVfMz6mhHHzQTQjR6pfXyWTQj8J+9H3QHR4u42ihj2gPHaAIfUJD9BWN0Bhx9AtdoVt0F/wOboL74O9T60awnPmA/kPw8AjPP6rG</latexit><latexit sha1_base64="+uS44YhkK6Vk9M+6zF2DGBEsdrY=">AAACNXicbVA/TxsxHPUBbdOUlpSOXSwiJIYousvSMlSKxNKhQ1pIiHS+nmzHBxY+38n+HVJk3Zfq0u/RCQYGEOrKV8AXMrQJT7L09H7/nh8rlbQQhtfBxubWi5evWq/bb7bfvtvpvN+d2KIyXIx5oQozZdQKJbUYgwQlpqURNGdKnLKLo6Z+eimMlYU+gXkpkpyeaZlJTsFLaecbiR1ZrHFGzGrsCMvwcY2/4NimUc+mgx6ZFW A9Y0mNidSY5BTOGXM/6p9OE5C5sJjVJGm300437IcL4HUSLUkXLTFKO3/8cl7lQgNX1No4CktIHDUguRJ1m1RWlJRf0DMRe6qpv5W4hd0a73tlhrPC+KcBL9R/JxzNrZ3nzHc2ju1qrRGfq8UVZJ8TJ3VZgdD86VBWKQwFbiLEM2kEBzX3hHIjvVfMz6mhHHzQTQjR6pfXyWTQj8J+9H3QHR4u42ihj2gPHaAIfUJD9BWN0Bhx9AtdoVt0F/wOboL74O9T60awnPmA/kPw8AjPP6rG</latexit>



Examples

2 Coordinate sketch

1 Gaussian sketch

S>rf(x) = hrf(x), si = lim
t!0

f(x+ ts)� f(x)

t
<latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit>

S = ei with probability pi > 0
<latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit>

S = s ⇠ N (0,⌦)
<latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit>

S>rf(x) = hrf(x), eii = (rf(x))i
<latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit>



Why Bother?

• Optimization under a new oracle: worthy of study 
on its own

• Extending coordinate descent (subspace descent) 
methods to non-separable R
– we get the same theory as state-of-the-art RCD 

methods in special case
• Useful for understanding gradient compression in 

distributed training
– first variance reduction strategy in this setup

Konstantin Mishchenko, Eduard Gorbunov, Martin Takáč and P.R.
Distributed learning with compressed gradient differences
arXiv:1901.09269

Samuel Horváth, Dmitry Kovalev, Konstantin Mishchenko, P.R. and Sebastian Stich
Stochastic distributed learning with gradient quantization and variance reduction
arXiv:1904.05115



A “Gutless” Method



Proximal Stochastic Gradient Descent

xk+1 = prox↵R(x
k � ↵gk)

<latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit>

“Good” estimator 
of the gradient

stepsize

Key question:  
How to construct a “good” estimator
using the SkEtched GrAdient (SEGA) 
oracle?

prox↵R(z)
def
= arg min

x2Rn

✓
↵R(x) +

1

2
kx� zk2

◆

<latexit sha1_base64="xJL4+JhJc03Jo81i0Hux4sBXkyQ="></latexit><latexit sha1_base64="xJL4+JhJc03Jo81i0Hux4sBXkyQ="></latexit><latexit sha1_base64="xJL4+JhJc03Jo81i0Hux4sBXkyQ="></latexit><latexit sha1_base64="xJL4+JhJc03Jo81i0Hux4sBXkyQ="></latexit>



2. SEGA: The Estimator



What Do We Want?



What is a “Good” Estimator?

1. Implementable given the information 
provided by the gradient sketch oracle

2. Unbiased

3. Diminishing variance

ESk⇠D
⇥
gk | xk

⇤
= rf(xk)

<latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit>

E
⇥
kgk �rf(xk)k2

⇤
! 0

<latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit>



Sketch & Project



Sketch & Project

Sketched Gradient

Previous estimator of the gradientNew estimator of the gradient

Closed-form solution:

Zk
def
= Sk

�
S>
k Sk

�†
S>
k

<latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit>

hk+1 = arg min
h2Rn

kh� hkk2

subject to S>
k h = S>

k rf(xk)
<latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit>

hk+1 = hk + Zk(rf(xk)� hk)
<latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit>



Sketch & Project: Visualization

Lk
<latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit>

rf(xk)
<latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit>

hk
<latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit>

hk+1
<latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit>

Lk
def
=

n
h 2 Rn | S>

k h = S>
k rf(xk)

o
= rf(xk) + Null(S>

k )
<latexit sha1_base64="99x3/xNvw1/TcBNPkp+f0fRuzjI="></latexit><latexit sha1_base64="99x3/xNvw1/TcBNPkp+f0fRuzjI="></latexit><latexit sha1_base64="99x3/xNvw1/TcBNPkp+f0fRuzjI="></latexit><latexit sha1_base64="99x3/xNvw1/TcBNPkp+f0fRuzjI="></latexit>

hk+1 = arg min
h2Rn

kh� hkk2

subject to S>
k h = S>

k rf(xk)
<latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit>



Error Decomposition 
Lemma

Lemma

ED
⇥
khk+1 � vk2I

⇤
= khk � vk2I�ED[Z] + krf(xk)� vk2ED[Z]

<latexit sha1_base64="hoN3wko95grFMQ/WkpspsaZmCa0="></latexit><latexit sha1_base64="hoN3wko95grFMQ/WkpspsaZmCa0="></latexit><latexit sha1_base64="hoN3wko95grFMQ/WkpspsaZmCa0="></latexit><latexit sha1_base64="hoN3wko95grFMQ/WkpspsaZmCa0="></latexit>

For any v 2 Rn
<latexit sha1_base64="n5D4SrevJyR7LjsjnMdbRSBAcps=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6wFiBhBgLog+pCZXjOq1Vx45sp1IVdWThV1gYQIiVT2Djb3DaDNBypqNz7tU99wQxo0o7zrdVWFldW98obpa2tnd29+z9g5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2MLrK/PaYSEUFv9eTmPgRGnAaUoy0kXr28bWQEPEJrIw9yqEXIT0MgvRu+sArJYOeXXaqzgxwmbg5KYMcjZ795fUFTiLCNWZIqa7rxNpPkdQUMzIteYkiMcIjNCBdQzmKiPLT2SNTeGqUPgxNpFBwDWfq740URUpNosBMZkHVopeJ/3ndRIcXfkp5nGjC8fxQmDCoBcxagX0qCdZsYgjCkpqsEA+RRFib7rIS3MWXl0mrVnWdqntbK9cv8zqK4AicgDPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1sd8tGDlO4fgD6zPH3SHl6c=</latexit><latexit sha1_base64="n5D4SrevJyR7LjsjnMdbRSBAcps=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6wFiBhBgLog+pCZXjOq1Vx45sp1IVdWThV1gYQIiVT2Djb3DaDNBypqNz7tU99wQxo0o7zrdVWFldW98obpa2tnd29+z9g5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2MLrK/PaYSEUFv9eTmPgRGnAaUoy0kXr28bWQEPEJrIw9yqEXIT0MgvRu+sArJYOeXXaqzgxwmbg5KYMcjZ795fUFTiLCNWZIqa7rxNpPkdQUMzIteYkiMcIjNCBdQzmKiPLT2SNTeGqUPgxNpFBwDWfq740URUpNosBMZkHVopeJ/3ndRIcXfkp5nGjC8fxQmDCoBcxagX0qCdZsYgjCkpqsEA+RRFib7rIS3MWXl0mrVnWdqntbK9cv8zqK4AicgDPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1sd8tGDlO4fgD6zPH3SHl6c=</latexit><latexit sha1_base64="n5D4SrevJyR7LjsjnMdbRSBAcps=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6wFiBhBgLog+pCZXjOq1Vx45sp1IVdWThV1gYQIiVT2Djb3DaDNBypqNz7tU99wQxo0o7zrdVWFldW98obpa2tnd29+z9g5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2MLrK/PaYSEUFv9eTmPgRGnAaUoy0kXr28bWQEPEJrIw9yqEXIT0MgvRu+sArJYOeXXaqzgxwmbg5KYMcjZ795fUFTiLCNWZIqa7rxNpPkdQUMzIteYkiMcIjNCBdQzmKiPLT2SNTeGqUPgxNpFBwDWfq740URUpNosBMZkHVopeJ/3ndRIcXfkp5nGjC8fxQmDCoBcxagX0qCdZsYgjCkpqsEA+RRFib7rIS3MWXl0mrVnWdqntbK9cv8zqK4AicgDPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1sd8tGDlO4fgD6zPH3SHl6c=</latexit><latexit sha1_base64="n5D4SrevJyR7LjsjnMdbRSBAcps=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6wFiBhBgLog+pCZXjOq1Vx45sp1IVdWThV1gYQIiVT2Djb3DaDNBypqNz7tU99wQxo0o7zrdVWFldW98obpa2tnd29+z9g5YSicSkiQUTshMgRRjlpKmpZqQTS4KigJF2MLrK/PaYSEUFv9eTmPgRGnAaUoy0kXr28bWQEPEJrIw9yqEXIT0MgvRu+sArJYOeXXaqzgxwmbg5KYMcjZ795fUFTiLCNWZIqa7rxNpPkdQUMzIteYkiMcIjNCBdQzmKiPLT2SNTeGqUPgxNpFBwDWfq740URUpNosBMZkHVopeJ/3ndRIcXfkp5nGjC8fxQmDCoBcxagX0qCdZsYgjCkpqsEA+RRFib7rIS3MWXl0mrVnWdqntbK9cv8zqK4AicgDPggnNQBzegAZoAg0fwDF7Bm/VkvVjv1sd8tGDlO4fgD6zPH3SHl6c=</latexit>

Lk
<latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit>

rf(xk)
<latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit>

hk
<latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit>

hk+1
<latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit><latexit sha1_base64="mYh3WPvKoFnhgRm0/+2vhwKNJFI=">AAAB+HicbVBNS8NAEJ3Urxo/GvXoZbEIglCSXtRbwYvHCrYVklg22227dLMJuxuhhv4SLx4U8epP8ea/cdPmoK0PBh7vzTAzL0o5U9p1v63K2vrG5lZ1297Z3duvOQeHXZVkktAOSXgi7yOsKGeCdjTTnN6nkuI44rQXTa4Lv/dIpWKJuNPTlIYxHgk2ZARrI/WdGkJ24I8f8sm5NwtCu+/U3YY7B1olXknqUKLdd76CQUKymApNOFbK99xUhzmWmhFOZ3aQKZpiMsEj6hsqcExVmM8Pn6FTowzQMJGmhEZz9fdEjmOlpnFkOmOsx2rZK8T/PD/Tw8swZyLNNBVksWiYcaQTVKSABkxSovnUEEwkM7ciMsYSE22yKkLwll9eJd1mw3Mb3m2z3roq46jCMZzAGXhwAS24gTZ0gEAGz/AKb9aT9WK9Wx+L1opVzhzBH1ifP0UKkX8=</latexit>

v
<latexit sha1_base64="bRkyPQVv4g0jmBP23PA4I7e/5Zo=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0l6UW8FLx4r2A9IQtlsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcaZ0q77bdW2tnd29+r79sHh0fGJc3rWU2kuCe2SlKdyEGFFORO0q5nmdJBJipOI0340vS/9/oxKxVLxpOcZDRM8FixmBGsjDR0n8GdBaNs2slcYOg236S6BNolXkQZU6Aydr2CUkjyhQhOOlfI9N9NhgaVmhNOFHeSKZphM8Zj6hgqcUBUWy8sX6MooIxSn0pTQaKn+nihwotQ8iUxngvVErXul+J/n5zq+DQsmslxTQVaL4pwjnaIyBjRikhLN54ZgIpm5FZEJlphoE1YZgrf+8ibptZqe2/QeW432XRVHHS7gEq7BgxtowwN0oAsEZvAMr/BmFdaL9W59rFprVjVzDn9gff4Ak3OPqg==</latexit><latexit sha1_base64="bRkyPQVv4g0jmBP23PA4I7e/5Zo=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0l6UW8FLx4r2A9IQtlsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcaZ0q77bdW2tnd29+r79sHh0fGJc3rWU2kuCe2SlKdyEGFFORO0q5nmdJBJipOI0340vS/9/oxKxVLxpOcZDRM8FixmBGsjDR0n8GdBaNs2slcYOg236S6BNolXkQZU6Aydr2CUkjyhQhOOlfI9N9NhgaVmhNOFHeSKZphM8Zj6hgqcUBUWy8sX6MooIxSn0pTQaKn+nihwotQ8iUxngvVErXul+J/n5zq+DQsmslxTQVaL4pwjnaIyBjRikhLN54ZgIpm5FZEJlphoE1YZgrf+8ibptZqe2/QeW432XRVHHS7gEq7BgxtowwN0oAsEZvAMr/BmFdaL9W59rFprVjVzDn9gff4Ak3OPqg==</latexit><latexit sha1_base64="bRkyPQVv4g0jmBP23PA4I7e/5Zo=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0l6UW8FLx4r2A9IQtlsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcaZ0q77bdW2tnd29+r79sHh0fGJc3rWU2kuCe2SlKdyEGFFORO0q5nmdJBJipOI0340vS/9/oxKxVLxpOcZDRM8FixmBGsjDR0n8GdBaNs2slcYOg236S6BNolXkQZU6Aydr2CUkjyhQhOOlfI9N9NhgaVmhNOFHeSKZphM8Zj6hgqcUBUWy8sX6MooIxSn0pTQaKn+nihwotQ8iUxngvVErXul+J/n5zq+DQsmslxTQVaL4pwjnaIyBjRikhLN54ZgIpm5FZEJlphoE1YZgrf+8ibptZqe2/QeW432XRVHHS7gEq7BgxtowwN0oAsEZvAMr/BmFdaL9W59rFprVjVzDn9gff4Ak3OPqg==</latexit><latexit sha1_base64="bRkyPQVv4g0jmBP23PA4I7e/5Zo=">AAAB+XicbVBNS8NAEJ3Urxq/oh69LBbBU0l6UW8FLx4r2A9IQtlsN+3SzSbsbgol9J948aCIV/+JN/+NmzYHbX0w8Hhvhpl5UcaZ0q77bdW2tnd29+r79sHh0fGJc3rWU2kuCe2SlKdyEGFFORO0q5nmdJBJipOI0340vS/9/oxKxVLxpOcZDRM8FixmBGsjDR0n8GdBaNs2slcYOg236S6BNolXkQZU6Aydr2CUkjyhQhOOlfI9N9NhgaVmhNOFHeSKZphM8Zj6hgqcUBUWy8sX6MooIxSn0pTQaKn+nihwotQ8iUxngvVErXul+J/n5zq+DQsmslxTQVaL4pwjnaIyBjRikhLN54ZgIpm5FZEJlphoE1YZgrf+8ibptZqe2/QeW432XRVHHS7gEq7BgxtowwN0oAsEZvAMr/BmFdaL9W59rFprVjVzDn9gff4Ak3OPqg==</latexit>



Sketch and Project I
Robert Mansel Gower and P.R.
Randomized Iterative Methods for Linear Systems
SIAM J. Matrix Analysis and Applications 36(4):1660-1690, 2015

Robert Mansel Gower and P.R.
Stochastic Dual Ascent for Solving Linear Systems
arXiv:1512.06890, 2015

• 2017 IMA Fox Prize (2nd Prize) in Numerical 
Analysis

• Most downloaded SIMAX paper (2017)

Robert Mansel Gower and P.R.
Randomized Quasi-Newton Methods are Linearly Convergent Matrix Inversion Algorithms
SIAM J. on Matrix Analysis and Applications 38(4), 1380-1409, 2017

Robert Mansel Gower, Donald Goldfarb and P.R.
Stochastic Block BFGS: Squeezing More Curvature out of Data
ICML 2016

Original sketch and project

Removal of full rank assumption + duality

Inverting matrices & connection to quasi-Newton updates

Computing the pseudoinverse
Robert Mansel Gower and P.R.
Linearly Convergent Randomized Iterative Methods for Computing the Pseudoinverse 
arXiv:1612.06255, 2016

Application to machine learning

P.R. and Martin Takáč
Stochastic Reformulations of Linear Systems: Algorithms and Convergence Theory
arXiv:1706.01108, 2017

Sketch and project revisited: stochastic reformulations of linear systems

New understanding 
of Quasi-Newton 

Rules

My course from 
last week



Sketch and Project II
Nicolas Loizou and P.R.
Momentum and Stochastic Momentum for Stochastic Gradient, Newton, Proximal Point and Subspace Descent Methods 
arXiv:1712.09677, 2017

Ion Necoara, Andrei Patrascu and P.R.
Randomized Projection Methods for Convex Feasibility Problems: Conditioning and Convergence Rates 
arXiv:1801.04873, 2018

Dmitry Kovalev, Eduard Gorbunov, Elnur Gasanov and P.R.
Stochastic Spectral and Conjugate Descent Methods 
NeurIPS 2018

Adel Bibi, Alibek Sailanbayev, Bernard Ghanem, Robert Mansel Gower and P.R.
Improving SAGA via a Probabilistic Interpolation with Gradient Descent
arXiv:1806.05633, 2018

Linear convergence of the stochastic heavy ball method

Stochastic projection methods for convex feasibility

Stochastic spectral & conjugate descent

Accelerated stochastic matrix inversion
Robert Mansel Gower, Filip Hanzely, P.R. and Sebastian Stich 
Accelerated Stochastic Matrix Inversion: General Theory and Speeding up BFGS Rules for Faster Second-Order Optimization 
NeurIPS 2018

SAGD: a “strange” special case of JacSketch

Extension to 
Convex 

Feasibility

Acceleration



Unbiasedness: SEGA for 
Coordinate Sketches



2D Example
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8
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>>>>:
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!
with probability p1 2 (0, 1)

e2 =

 
0

1

!
with probability p2 = 1� p1

<latexit sha1_base64="2Me5yTm6TFyx8lmYyEl7znvGK/I="></latexit><latexit sha1_base64="2Me5yTm6TFyx8lmYyEl7znvGK/I="></latexit><latexit sha1_base64="2Me5yTm6TFyx8lmYyEl7znvGK/I="></latexit><latexit sha1_base64="2Me5yTm6TFyx8lmYyEl7znvGK/I="></latexit>

n = 2
<latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit>

Sk = e1 =

✓
1

0

◆
=) Lk = {h 2 R2 | h1 = (rf(xk))1}

<latexit sha1_base64="mfAvLoCv9rKfTH8EjdUEeyeIGMg="></latexit><latexit sha1_base64="mfAvLoCv9rKfTH8EjdUEeyeIGMg="></latexit><latexit sha1_base64="mfAvLoCv9rKfTH8EjdUEeyeIGMg="></latexit><latexit sha1_base64="mfAvLoCv9rKfTH8EjdUEeyeIGMg="></latexit>

Sk = e2 =

✓
0

1

◆
=) Lk = {h 2 R2 | h2 = (rf(xk))2}

<latexit sha1_base64="Yz/6VtOxy/pietIGg4owWOEorJc="></latexit><latexit sha1_base64="Yz/6VtOxy/pietIGg4owWOEorJc="></latexit><latexit sha1_base64="Yz/6VtOxy/pietIGg4owWOEorJc="></latexit><latexit sha1_base64="Yz/6VtOxy/pietIGg4owWOEorJc="></latexit>



Case 1

p1 =
1

2
p2 =

1

2
<latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit>



SEGA Estimator

rf(xk)
<latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit>

hk
<latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

gk = hk + 2(hk+1 � hk)
<latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuE ysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuE ysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuE ysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuE ysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit>

gk = hk + 2(hk+1 � hk)
<latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit>

Lk = {h 2 R2 | h2 = (rf(xk))2}
<latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit>

Lk = {h 2 R2 | h1 = (rf(xk))1}
<latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit>

p1 =
1

2
p2 =

1

2
<latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit>

n = 2
<latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit>



p1 =
2

3
p2 =

1

3
<latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit>

Case 2



p1 =
2

3
p2 =

1

3
<latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit>

SEGA Estimator

rf(xk)
<latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit>

hk
<latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

n = 2
<latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit><latexit sha1_base64="V+nbklHe4l23wF5MbZEjzhLmQ0I=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJJe1INQ8OKxgv2ANpTNdtMu3ezG3Y1QQv+EFw+KePXvePPfuGlz0NYHA4/3ZpiZFyacaeN5387a+sbm1nZpx93d2z84LB8dt7VMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyW3ud56o0kyKBzNNaBDjkWARI9hYqVsVN/Wq67qDcsWreXOgVeIXpAIFmoPyV38oSRpTYQjHWvd8LzFBhpVhhNOZ2081TTCZ4BHtWSpwTHWQze+doXOrDFEklS1h0Fz9PZHhWOtpHNrOGJuxXvZy8T+vl5roKsiYSFJDBVksilKOjET582jIFCWGTy3BRDF7KyJjrDAxNqI8BH/55VXSrtd8r+bf1yuN6yKOEpzCGVyAD5fQgDtoQgsIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHzaOAg==</latexit>

Lk = {h 2 R2 | h2 = (rf(xk))2}
<latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit>

Lk = {h 2 R2 | h1 = (rf(xk))1}
<latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit>

gk = hk + 3(hk+1 � hk)
<latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit>

gk = hk +
3

2
(hk+1 � hk)

<latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQ UM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQ UM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQ UM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQ UM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit>



SEGA for 
General Sketches



SEGA Estimator
SEGA estimator

ED
⇥
gk

⇤
= rf(xk)

<latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit>

gk
def
= hk + ✓k(h

k+1 � hk)

= hk + ✓kZk(rf(xk)� hk)
<latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit>

Bias correcting random variable

E [✓kZk] = I
<latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit>



3. SEGA: The Algorithm



The Algorithm



The SEGA Algorithm

xk+1 = prox↵R(x
k � ↵gk)

<latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit>

3

1

0 Choose x0, h0 2 domF
<latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit>

min
x2Rn

F (x) := f(x) +R(x)
<latexit sha1_base64="zEbuwY33UYks1t7zpni+XXFAqUY=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCCXpRhGEoiAua7EPaGKZTCft0MkkzEykJeQ73Pgrblwo4k7c+DdO2i609cBwD+fcy9x7vIhRqSzr28gtLa+sruXXCxubW9s75u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryOzWOiBugPqc+xUhpqWvaTscJKO8mI+hQDp0AqYHnJfX0nqfwujQ6hucX0M/qCazr4rhds2iVrQngIrFnpAhmqHXNT6cX4jggXGGGpOzYVqTcBAlFMSNpwYkliRAeoj7paMpRQKSbTE5L4ZFWetAPhX5cwYn6eyJBgZTjwNOd2epy3svE/7xOrPwzN6E8ihXhePqRHzOoQpjlBHtUEKzYWBOEBdW7QjxAAmGl0yzoEOz5kxdJs1K2rbJ9WylWL2dx5MEBOAQlYINTUAU3oAYaAINH8AxewZvxZLwY78bHtDVnzGb2wR8YXz8zWZ5g</latexit><latexit sha1_base64="zEbuwY33UYks1t7zpni+XXFAqUY=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCCXpRhGEoiAua7EPaGKZTCft0MkkzEykJeQ73Pgrblwo4k7c+DdO2i609cBwD+fcy9x7vIhRqSzr28gtLa+sruXXCxubW9s75u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryOzWOiBugPqc+xUhpqWvaTscJKO8mI+hQDp0AqYHnJfX0nqfwujQ6hucX0M/qCazr4rhds2iVrQngIrFnpAhmqHXNT6cX4jggXGGGpOzYVqTcBAlFMSNpwYkliRAeoj7paMpRQKSbTE5L4ZFWetAPhX5cwYn6eyJBgZTjwNOd2epy3svE/7xOrPwzN6E8ihXhePqRHzOoQpjlBHtUEKzYWBOEBdW7QjxAAmGl0yzoEOz5kxdJs1K2rbJ9WylWL2dx5MEBOAQlYINTUAU3oAYaAINH8AxewZvxZLwY78bHtDVnzGb2wR8YXz8zWZ5g</latexit><latexit sha1_base64="zEbuwY33UYks1t7zpni+XXFAqUY=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCCXpRhGEoiAua7EPaGKZTCft0MkkzEykJeQ73Pgrblwo4k7c+DdO2i609cBwD+fcy9x7vIhRqSzr28gtLa+sruXXCxubW9s75u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryOzWOiBugPqc+xUhpqWvaTscJKO8mI+hQDp0AqYHnJfX0nqfwujQ6hucX0M/qCazr4rhds2iVrQngIrFnpAhmqHXNT6cX4jggXGGGpOzYVqTcBAlFMSNpwYkliRAeoj7paMpRQKSbTE5L4ZFWetAPhX5cwYn6eyJBgZTjwNOd2epy3svE/7xOrPwzN6E8ihXhePqRHzOoQpjlBHtUEKzYWBOEBdW7QjxAAmGl0yzoEOz5kxdJs1K2rbJ9WylWL2dx5MEBOAQlYINTUAU3oAYaAINH8AxewZvxZLwY78bHtDVnzGb2wR8YXz8zWZ5g</latexit><latexit sha1_base64="zEbuwY33UYks1t7zpni+XXFAqUY=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCCXpRhGEoiAua7EPaGKZTCft0MkkzEykJeQ73Pgrblwo4k7c+DdO2i609cBwD+fcy9x7vIhRqSzr28gtLa+sruXXCxubW9s75u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8CrzWw9ESBryOzWOiBugPqc+xUhpqWvaTscJKO8mI+hQDp0AqYHnJfX0nqfwujQ6hucX0M/qCazr4rhds2iVrQngIrFnpAhmqHXNT6cX4jggXGGGpOzYVqTcBAlFMSNpwYkliRAeoj7paMpRQKSbTE5L4ZFWetAPhX5cwYn6eyJBgZTjwNOd2epy3svE/7xOrPwzN6E8ihXhePqRHzOoQpjlBHtUEKzYWBOEBdW7QjxAAmGl0yzoEOz5kxdJs1K2rbJ9WylWL2dx5MEBOAQlYINTUAU3oAYaAINH8AxewZvxZLwY78bHtDVnzGb2wR8YXz8zWZ5g</latexit>

hk+1 = arg min
h2Rn

kh� hkk2

subject to S>
k h = S>

k rf(xk)
<latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit><latexit sha1_base64="u4f5X5ooraEuPbiQKqtjEgBpeGU="></latexit>

Sketched 
Gradient

Perform Sketch & Project
<latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit>
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For k � 0 REPEAT
<latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit>

Compute the SEGA Estimator
<latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit>

gk = hk + ✓k(h
k+1 � hk)

<latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit>

Ask SEGA Oracle for S>
k rf(xk)

<latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit>

Perform Proximal SGD step
<latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit>



Variants of SEGA

1. SEGA

2. Biased SEGA

3. Subspace SEGA

4. Accelerated SEGA

gk = hk + ✓k(h
k+1 � hk)

<latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit>

Use ✓k ⌘ 1
<latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit>

f(x) = �(Ax)
<latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit>

xk+1 = prox↵R(x
k � ↵gk)

<latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit><latexit sha1_base64="ZgQ9Fz/HWWr5ZOQBqrtOT6QcmdQ="></latexit>

gk = hk+1
<latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit>

rf(x) 2 Range(A>)
<latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit>

hk+1 = arg min
h2Rn

kh� hkk2

subject to S>
k h = S>

k rf(xk)

h 2 Range(A>)
<latexit sha1_base64="LATkj7j9l7qYJrynXBL382zoLMo="></latexit><latexit sha1_base64="LATkj7j9l7qYJrynXBL382zoLMo="></latexit><latexit sha1_base64="LATkj7j9l7qYJrynXBL382zoLMo="></latexit><latexit sha1_base64="LATkj7j9l7qYJrynXBL382zoLMo="></latexit>

ED [✓kZk] = I
<latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit>



Complexity: 
General Sketch



Complexity for General Sketches

Theorem

x0, h0 2 domF
<latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit>

Strong convexity:

Stepsize can’t be too large:

2↵C+ �ES⇠D [Z]  L�1
<latexit sha1_base64="j8+kNhLxLt2jvDAPHQepA555ykU="></latexit><latexit sha1_base64="j8+kNhLxLt2jvDAPHQepA555ykU="></latexit><latexit sha1_base64="j8+kNhLxLt2jvDAPHQepA555ykU="></latexit><latexit sha1_base64="j8+kNhLxLt2jvDAPHQepA555ykU="></latexit>

↵(2(C� I) + �µI)  �ES⇠D [Z]
<latexit sha1_base64="BWjOjSdfNIGG5pdhXNkQD19ttXY="></latexit><latexit sha1_base64="BWjOjSdfNIGG5pdhXNkQD19ttXY="></latexit><latexit sha1_base64="BWjOjSdfNIGG5pdhXNkQD19ttXY="></latexit><latexit sha1_base64="BWjOjSdfNIGG5pdhXNkQD19ttXY="></latexit>

�k def
= kxk � x⇤k2 + �↵khk �rf(x⇤)k2

<latexit sha1_base64="fiLqedpE5H4kbk+FTDk88geAFAw="></latexit><latexit sha1_base64="fiLqedpE5H4kbk+FTDk88geAFAw="></latexit><latexit sha1_base64="fiLqedpE5H4kbk+FTDk88geAFAw="></latexit><latexit sha1_base64="fiLqedpE5H4kbk+FTDk88geAFAw="></latexit>

C
def
= ES⇠D

⇥
✓2Z

⇤
<latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit>

Lyapunov function:

E
⇥
�k

⇤
 (1� ↵µ)k�0

<latexit sha1_base64="YNGH6M6TmdIPI278o6BP1KesqIM="></latexit><latexit sha1_base64="YNGH6M6TmdIPI278o6BP1KesqIM="></latexit><latexit sha1_base64="YNGH6M6TmdIPI278o6BP1KesqIM="></latexit><latexit sha1_base64="YNGH6M6TmdIPI278o6BP1KesqIM="></latexit>

f(x) + hrf(x), hi+ µ

2
khk2  f(x+ h)

<latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit>



Complexity: 
Coordinate Sketch



Coordinate Sketch: 
Arbitrary Sampling Setup

• S = I:C (random column submatrix of the identity matrix)

• Probability vector p 2 Rn
: pi

def
= Prob(i 2 C)

• Probability matrix P 2 Rn⇥n
: Pij

def
= Prob(i 2 C & j 2 C)

• ESO vector v 2 Rn
(for mini-batching) defined by:

<latexit sha1_base64="DLJ8A8R7tMpzk8l5lM75FJkV6z0=">AAADx3icnVJNbxMxEN0kfJTw0RSOXEY0oORAlfQCBFWqVJDoiUDphxSHyPZ6E6e79sr2Rg2WD/xFbhz4L9ibFbRNxQEfVrPvzfi9mTHJU65Nr/ezVm/cun3n7sa95v0HDx9ttrYen2hZKMqOqUylOiNYs5QLdmy4SdlZrhjOSMpOyflB4E8XTGkuxRezzNk4w1PBE06x8dBkq/ariQibcmG5YRn/xlwThQjaFpEEUKlgFYsdHD nYgxI9dBM7sJe4A+fa0FFYxDIDDxeZAF2QDBvFL0AmYGYMeMyEd7iEFdythIZKEkx4GpgFo0YqaOeAuADkE2eE2M/uq2gPPDrhgGTohhmLVAYxS5zdc1D+hHtch5eVV711oX2DVmVu1efQXRO0AhmeMQ3CBekqaWL53P2XB0BvAb0I3/m/DL4/+vhnCIu1GUAn8UTGBX9JsKEzLqbdYMDvPgayHEATMRH/3WSzOWlt93Z65YH1oF8F21F1hpPWDxRLWmR+VTTFWo/6vdyMLVaG0zQ8jkKzHNNzPGUjHwrsZzS2ZTMOnnskhuAxkcJAiV6usDjTepkRnxna0te5AN7EjQqTvB5bLvLCMEFXQkmRgpEQHjXEXPmhpUsfYKq49wp0hhWmxi8qDKF/veX14GR3p9/b6X/a3d5/U41jI3oaPYs6UT96Fe1HH6JhdBzR+rv6vK7rpnHYkI1F42KVWq9VNU+iK6fx/TeH+Tgy</latexit><latexit sha1_base64="DLJ8A8R7tMpzk8l5lM75FJkV6z0=">AAADx3icnVJNbxMxEN0kfJTw0RSOXEY0oORAlfQCBFWqVJDoiUDphxSHyPZ6E6e79sr2Rg2WD/xFbhz4L9ibFbRNxQEfVrPvzfi9mTHJU65Nr/ezVm/cun3n7sa95v0HDx9ttrYen2hZKMqOqUylOiNYs5QLdmy4SdlZrhjOSMpOyflB4E8XTGkuxRezzNk4w1PBE06x8dBkq/ariQibcmG5YRn/xlwThQjaFpEEUKlgFYsdHD nYgxI9dBM7sJe4A+fa0FFYxDIDDxeZAF2QDBvFL0AmYGYMeMyEd7iEFdythIZKEkx4GpgFo0YqaOeAuADkE2eE2M/uq2gPPDrhgGTohhmLVAYxS5zdc1D+hHtch5eVV711oX2DVmVu1efQXRO0AhmeMQ3CBekqaWL53P2XB0BvAb0I3/m/DL4/+vhnCIu1GUAn8UTGBX9JsKEzLqbdYMDvPgayHEATMRH/3WSzOWlt93Z65YH1oF8F21F1hpPWDxRLWmR+VTTFWo/6vdyMLVaG0zQ8jkKzHNNzPGUjHwrsZzS2ZTMOnnskhuAxkcJAiV6usDjTepkRnxna0te5AN7EjQqTvB5bLvLCMEFXQkmRgpEQHjXEXPmhpUsfYKq49wp0hhWmxi8qDKF/veX14GR3p9/b6X/a3d5/U41jI3oaPYs6UT96Fe1HH6JhdBzR+rv6vK7rpnHYkI1F42KVWq9VNU+iK6fx/TeH+Tgy</latexit><latexit sha1_base64="DLJ8A8R7tMpzk8l5lM75FJkV6z0=">AAADx3icnVJNbxMxEN0kfJTw0RSOXEY0oORAlfQCBFWqVJDoiUDphxSHyPZ6E6e79sr2Rg2WD/xFbhz4L9ibFbRNxQEfVrPvzfi9mTHJU65Nr/ezVm/cun3n7sa95v0HDx9ttrYen2hZKMqOqUylOiNYs5QLdmy4SdlZrhjOSMpOyflB4E8XTGkuxRezzNk4w1PBE06x8dBkq/ariQibcmG5YRn/xlwThQjaFpEEUKlgFYsdHD nYgxI9dBM7sJe4A+fa0FFYxDIDDxeZAF2QDBvFL0AmYGYMeMyEd7iEFdythIZKEkx4GpgFo0YqaOeAuADkE2eE2M/uq2gPPDrhgGTohhmLVAYxS5zdc1D+hHtch5eVV711oX2DVmVu1efQXRO0AhmeMQ3CBekqaWL53P2XB0BvAb0I3/m/DL4/+vhnCIu1GUAn8UTGBX9JsKEzLqbdYMDvPgayHEATMRH/3WSzOWlt93Z65YH1oF8F21F1hpPWDxRLWmR+VTTFWo/6vdyMLVaG0zQ8jkKzHNNzPGUjHwrsZzS2ZTMOnnskhuAxkcJAiV6usDjTepkRnxna0te5AN7EjQqTvB5bLvLCMEFXQkmRgpEQHjXEXPmhpUsfYKq49wp0hhWmxi8qDKF/veX14GR3p9/b6X/a3d5/U41jI3oaPYs6UT96Fe1HH6JhdBzR+rv6vK7rpnHYkI1F42KVWq9VNU+iK6fx/TeH+Tgy</latexit><latexit sha1_base64="DLJ8A8R7tMpzk8l5lM75FJkV6z0=">AAADx3icnVJNbxMxEN0kfJTw0RSOXEY0oORAlfQCBFWqVJDoiUDphxSHyPZ6E6e79sr2Rg2WD/xFbhz4L9ibFbRNxQEfVrPvzfi9mTHJU65Nr/ezVm/cun3n7sa95v0HDx9ttrYen2hZKMqOqUylOiNYs5QLdmy4SdlZrhjOSMpOyflB4E8XTGkuxRezzNk4w1PBE06x8dBkq/ariQibcmG5YRn/xlwThQjaFpEEUKlgFYsdHD nYgxI9dBM7sJe4A+fa0FFYxDIDDxeZAF2QDBvFL0AmYGYMeMyEd7iEFdythIZKEkx4GpgFo0YqaOeAuADkE2eE2M/uq2gPPDrhgGTohhmLVAYxS5zdc1D+hHtch5eVV711oX2DVmVu1efQXRO0AhmeMQ3CBekqaWL53P2XB0BvAb0I3/m/DL4/+vhnCIu1GUAn8UTGBX9JsKEzLqbdYMDvPgayHEATMRH/3WSzOWlt93Z65YH1oF8F21F1hpPWDxRLWmR+VTTFWo/6vdyMLVaG0zQ8jkKzHNNzPGUjHwrsZzS2ZTMOnnskhuAxkcJAiV6usDjTepkRnxna0te5AN7EjQqTvB5bLvLCMEFXQkmRgpEQHjXEXPmhpUsfYKq49wp0hhWmxi8qDKF/veX14GR3p9/b6X/a3d5/U41jI3oaPYs6UT96Fe1HH6JhdBzR+rv6vK7rpnHYkI1F42KVWq9VNU+iK6fx/TeH+Tgy</latexit>

P •M � Diag(p • v)
<latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit>

Hadamard product

Random subset of {1, … , n}



Complexity Results

Up to the constant factors 8.55 and 9.5, these rates are exactly the same as the rates 
of CD [R. & Takáč ‘16] and accelerated CD [Allen-Zhu et al ‘16, Hanzely & R. ‘19].

f(x) + hrf(x), hi+ 1
2 hµIh, hi  f(x+ h)

<latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit>

f(x+ h)  f(x) + hrf(x), hi+ 1
2 hLh, hi

<latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit>

Method Complexity

SEGA
importance sampling

8.55 · Tr(L)
µ log 1

✏

SEGA
arbitrary sampling

8.55 ·
⇣
maxi

vi
piµ

⌘
log 1

✏

ASEGA
importance sampling

9.8 ·
P

i

p
Liip
µ log 1

✏

ASEGA
arbitrary sampling

9.8 ·
q

maxi
vi
p2
iµ

log 1
✏

<latexit sha1_base64="x8UUpELkmUHTdG1vaDjRR29WIps="></latexit><latexit sha1_base64="x8UUpELkmUHTdG1vaDjRR29WIps="></latexit><latexit sha1_base64="x8UUpELkmUHTdG1vaDjRR29WIps="></latexit><latexit sha1_base64="x8UUpELkmUHTdG1vaDjRR29WIps="></latexit>

R ⌘ 0
<latexit sha1_base64="WB7hDZ0fHlHnGJwSCNqV/+b+ky4=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6AFslFsaC6ENqo8pxb1qrjhNsp1JVdWThV1gYQIiVT2Djb3DaSEDLka7u0Tn3yr7HjzlT2nG+rNzK6tr6Rn6zsLW9s7tn7x80VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+8Sv3mCKRikbjT4xi8kPQFCxgl2khd+7h0iztwn7ARdkqFH+Csd+2iU3ZmwMvEzUgRZah17c9OL6JJCEJTTpRqu06svQmRmlEO00InURATOiR9aBsqSAjKm8wOmeJTo/RwEElTQuOZ+ntjQkKlxqFvJkOiB2rRS8X/vHaigwtvwkScaBB0/lCQcKwjnKaCe0wC1XxsCKGSmb9iOiCSUG2yS0NwF09eJo1K2XXK7k2lWL3M4sijI3SCzpCLzlEVXaMaqiOKHtATekGv1qP1bL1Z7/PRnJXtHKI/sD6+AQPrkjo=</latexit><latexit sha1_base64="WB7hDZ0fHlHnGJwSCNqV/+b+ky4=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6AFslFsaC6ENqo8pxb1qrjhNsp1JVdWThV1gYQIiVT2Djb3DaSEDLka7u0Tn3yr7HjzlT2nG+rNzK6tr6Rn6zsLW9s7tn7x80VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+8Sv3mCKRikbjT4xi8kPQFCxgl2khd+7h0iztwn7ARdkqFH+Csd+2iU3ZmwMvEzUgRZah17c9OL6JJCEJTTpRqu06svQmRmlEO00InURATOiR9aBsqSAjKm8wOmeJTo/RwEElTQuOZ+ntjQkKlxqFvJkOiB2rRS8X/vHaigwtvwkScaBB0/lCQcKwjnKaCe0wC1XxsCKGSmb9iOiCSUG2yS0NwF09eJo1K2XXK7k2lWL3M4sijI3SCzpCLzlEVXaMaqiOKHtATekGv1qP1bL1Z7/PRnJXtHKI/sD6+AQPrkjo=</latexit><latexit sha1_base64="WB7hDZ0fHlHnGJwSCNqV/+b+ky4=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6AFslFsaC6ENqo8pxb1qrjhNsp1JVdWThV1gYQIiVT2Djb3DaSEDLka7u0Tn3yr7HjzlT2nG+rNzK6tr6Rn6zsLW9s7tn7x80VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+8Sv3mCKRikbjT4xi8kPQFCxgl2khd+7h0iztwn7ARdkqFH+Csd+2iU3ZmwMvEzUgRZah17c9OL6JJCEJTTpRqu06svQmRmlEO00InURATOiR9aBsqSAjKm8wOmeJTo/RwEElTQuOZ+ntjQkKlxqFvJkOiB2rRS8X/vHaigwtvwkScaBB0/lCQcKwjnKaCe0wC1XxsCKGSmb9iOiCSUG2yS0NwF09eJo1K2XXK7k2lWL3M4sijI3SCzpCLzlEVXaMaqiOKHtATekGv1qP1bL1Z7/PRnJXtHKI/sD6+AQPrkjo=</latexit><latexit sha1_base64="WB7hDZ0fHlHnGJwSCNqV/+b+ky4=">AAACCHicbVC7TsMwFHXKq5RXgJEBixaJqUq6AFslFsaC6ENqo8pxb1qrjhNsp1JVdWThV1gYQIiVT2Djb3DaSEDLka7u0Tn3yr7HjzlT2nG+rNzK6tr6Rn6zsLW9s7tn7x80VJRICnUa8Ui2fKKAMwF1zTSHViyBhD6Hpj+8Sv3mCKRikbjT4xi8kPQFCxgl2khd+7h0iztwn7ARdkqFH+Csd+2iU3ZmwMvEzUgRZah17c9OL6JJCEJTTpRqu06svQmRmlEO00InURATOiR9aBsqSAjKm8wOmeJTo/RwEElTQuOZ+ntjQkKlxqFvJkOiB2rRS8X/vHaigwtvwkScaBB0/lCQcKwjnKaCe0wC1XxsCKGSmb9iOiCSUG2yS0NwF09eJo1K2XXK7k2lWL3M4sijI3SCzpCLzlEVXaMaqiOKHtATekGv1qP1bL1Z7/PRnJXtHKI/sD6+AQPrkjo=</latexit>



Coordinate Descent

P.R. and Martin Takáč
On optimal probabilities in stochastic coordinate descent methods
Optimization Letters 10(6), 1223-1243, 2016 

Zeyuan Allen-Zhu, Zheng Qu, P.R. and Yang Yuan 
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ICML 2016
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4. Experiments



Illustration in 2D









SEGA vs 
Projected Gradient 

Descent



Gaussian Sketch, Ball Constraint

n = 500

S = Gaussian vector
<latexit sha1_base64="p/cLJ9CpB6/hYX0n8fF3vbECXF4=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxVUkXWJAqGGAsgj6kNqoc12mtOnZkO5WqqDMLv8LCAEKsfAEbf4OTZoCWI1k6OudeXZ/jR4wq7TjfVmFldW19o7hZ2tre2d2z9w9aSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74OvXbEyIVFfxBTyPihWjIaUAx0kbq28eVpOcH8H4GLyvwBsVKUcThhGAtZClD3y47VScDXCZuTsogR6Nvf/UGAsch4RozpFTXdSLtJUhqihmZlXqxIhHCYzQkXUM5ConykizKDJ4aZQADIc3jGmbq740EhUpNQ99MhkiP1KKXiv953VgHF15CeRRrwvH8UBAzqAVMe4EDKk1oNjUEYUnNXyEeIYmwNu2lJbiLkZdJq1Z1nap7VyvXr/I6iuAInIAz4IJzUAe3oAGaAINH8AxewZv1ZL1Y79bHfLRg5TuH4A+szx9Vhpdx</latexit><latexit sha1_base64="p/cLJ9CpB6/hYX0n8fF3vbECXF4=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxVUkXWJAqGGAsgj6kNqoc12mtOnZkO5WqqDMLv8LCAEKsfAEbf4OTZoCWI1k6OudeXZ/jR4wq7TjfVmFldW19o7hZ2tre2d2z9w9aSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74OvXbEyIVFfxBTyPihWjIaUAx0kbq28eVpOcH8H4GLyvwBsVKUcThhGAtZClD3y47VScDXCZuTsogR6Nvf/UGAsch4RozpFTXdSLtJUhqihmZlXqxIhHCYzQkXUM5ConykizKDJ4aZQADIc3jGmbq740EhUpNQ99MhkiP1KKXiv953VgHF15CeRRrwvH8UBAzqAVMe4EDKk1oNjUEYUnNXyEeIYmwNu2lJbiLkZdJq1Z1nap7VyvXr/I6iuAInIAz4IJzUAe3oAGaAINH8AxewZv1ZL1Y79bHfLRg5TuH4A+szx9Vhpdx</latexit><latexit sha1_base64="p/cLJ9CpB6/hYX0n8fF3vbECXF4=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxVUkXWJAqGGAsgj6kNqoc12mtOnZkO5WqqDMLv8LCAEKsfAEbf4OTZoCWI1k6OudeXZ/jR4wq7TjfVmFldW19o7hZ2tre2d2z9w9aSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74OvXbEyIVFfxBTyPihWjIaUAx0kbq28eVpOcH8H4GLyvwBsVKUcThhGAtZClD3y47VScDXCZuTsogR6Nvf/UGAsch4RozpFTXdSLtJUhqihmZlXqxIhHCYzQkXUM5ConykizKDJ4aZQADIc3jGmbq740EhUpNQ99MhkiP1KKXiv953VgHF15CeRRrwvH8UBAzqAVMe4EDKk1oNjUEYUnNXyEeIYmwNu2lJbiLkZdJq1Z1nap7VyvXr/I6iuAInIAz4IJzUAe3oAGaAINH8AxewZv1ZL1Y79bHfLRg5TuH4A+szx9Vhpdx</latexit><latexit sha1_base64="p/cLJ9CpB6/hYX0n8fF3vbECXF4=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIxVUkXWJAqGGAsgj6kNqoc12mtOnZkO5WqqDMLv8LCAEKsfAEbf4OTZoCWI1k6OudeXZ/jR4wq7TjfVmFldW19o7hZ2tre2d2z9w9aSsQSkyYWTMiOjxRhlJOmppqRTiQJCn1G2v74OvXbEyIVFfxBTyPihWjIaUAx0kbq28eVpOcH8H4GLyvwBsVKUcThhGAtZClD3y47VScDXCZuTsogR6Nvf/UGAsch4RozpFTXdSLtJUhqihmZlXqxIhHCYzQkXUM5ConykizKDJ4aZQADIc3jGmbq740EhUpNQ99MhkiP1KKXiv953VgHF15CeRRrwvH8UBAzqAVMe4EDKk1oNjUEYUnNXyEeIYmwNu2lJbiLkZdJq1Z1nap7VyvXr/I6iuAInIAz4IJzUAe3oAGaAINH8AxewZv1ZL1Y79bHfLRg5TuH4A+szx9Vhpdx</latexit> R(x) = 1B(0,1)(x)

<latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit>



SEGA vs 
Subspace SEGA



SEGA vs Subspace SEGA

n = 1,000

f(x) = �(Ax)
<latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit>

rf(x) 2 Range(A>)
<latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit>



SEGA vs Random Direct Search

El Houcine Bergou, Eduard Gorbunov and P.R.
Stochastic three points method for unconstrained smooth minimization
arXiv:1902.03591, 2019



SEGA vs 
Coordinate Descent



SEGA vs CD

SEGA
CD



Accelerated SEGA vs Accelerated CD

ASEGA

ACD



5. Summary



Summary
• New Stochastic First-Order Oracle: 

SkEtched GrAdient (SEGA)
• New Stochastic Proximal SGD method. 

Comes in several variants:
– SEGA (based on the SEGA Estimator)
– Biased SEGA
– Subspace SEGA
– Accelerated SEGA

• Coordinate sketches: 
– Same complexity as state-of-the art CD 

methods
– Can handle non-separable regularizer R



The End


