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1. The Problem & Motivation



The Problem: Empirical Risk Minimization

Smooth loss associated 
with data point i

# training data

Parameters 
describing the model

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
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f is µ–quasi strongly convex
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Motivation 1:  Remove Strong 
Assumptions on Stochastic Gradients

Ekgk �rf(xk)k2  �2
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Ekgkk2  �2
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Lan, Nemirovski, Juditsky, Shapiro 2009

• We get rid of unreasonable assumptions on the 
2nd moment / variance of stochastic gradients:

Nguyen et al (arXiv:1811.12403)

Such assumptions may not hold even 
for unconstrained minimization of 
strongly convex functions 

Nguyen et al (ICML 2018)

• We do not need any assumptions!

Gower, Richtárik and Bach (arXiv:1706.01108)
Instead, we use expected smoothness assumption 
which follows from convexity and smoothness



First analysis for SGD in the arbitrary sampling paradigm

Motivation 2:  Develop SGD with Flexible 
Sampling Strategies

Moulines & Bach (NIPS 2011) Needell, Srebro and Ward (MAPR 2016) Needell & Ward (2017)

Byproduct: 
• First SGD analysis that recovers rate of GD in a special case
• First formula for optimal minibatch size for SGD
• Importance sampling for minibatch SGD

(extends, simplifies and improves upon previous results)



2. Stochastic Reformulation
of Finite-Sum Problems



Stochastic Reformulation

f(x)
def
=

1
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nX

i=1

fi(x) =
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nX

i=1

E[vi]fi(x) = E
"
1
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vifi(x)
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Random variable 
with mean 1

Linearity of 
expectation

fv(x)
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min
x2Rd

Efv(x)
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Original Finite-Sum Problem Stochastic Reformulation

Minimizing the expectation over random 
linear combinations of the original functions

Sampling vector
v = (v1, . . . , vn)
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SGD Applied to Stochastic Reformulation

xk+1 = xk � �krfvk(xk)
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stepsize sample vk ⇠ D
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By varying D, we obtain di↵erent existing and new variants of SGD
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We perform a general analysis for any distribution D
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Stochastic Reformulations of 
Deterministic Problems: Related Work

Richtárik and Takáč (arXiv:1706.01108)
Stochastic reformulations of  linear systems: algorithms 
and convergence theory

Linear systems / convex quadratic minimization

Necoara, Patrascu and Richtárik (arXiv:1801.04873)
Randomized projection methods for convex feasibility 
problems: conditioning and convergence rates

Convex feasibility

Variance reduction for finite-sum problems Gower, Richtárik and Bach (arXiv:1706.01108)
Stochastic quasi-gradient methods: variance reduction 
via Jacobian sketching



Minibatch SGD Without Replacement

xk+1 = xk � �krfvk(xk)
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Random set

Sampling Without Replacement

S ✓ {1, 2, . . . , n}
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pi
def
= Prob(i 2 S)
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0 i /2 S
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⌧
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= E|S|
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E [rfv(x)] = rf(x)
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E [vi] = 1
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Sampling vector

Richtárik and Takáč (arXiv:1310.3438; Opt Letters 2016)

First time SGD is proposed and analyzed 
in the arbitrary sampling paradigm



Example: Single Element Sampling

|S| = 1 with probability 1
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S =

8
>>>><

>>>>:

{1} with probability p1
{2} with probability p2

...

{n} with probability pn
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SGD

xk+1 = xk � �k 1

npik
rfik(x

k)
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s =

8
>>>><

>>>>:

1 with probability q1
2 with probability q2

...

n with probability qn
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Sampling With Replacement

nX

i=1

qi = 1
<latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit>

s1, s2 . . . , s⌧
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Sample several copies independently:

vi =
1

⌧qi

⌧X

t=1

1(st=i)
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1A =

(
1 event A holds

0 otherwise
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E [vi] = 1
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E [rfv(x)] = rf(x)
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rfv(x) =
1

n

⌧X

t=1

1

⌧qst
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Minibatch SGD With Replacement

xk+1 = xk � �krfvk(xk)
<latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit>

min
x2Rd

f(x)
def
=

1

n

nX

i=1

fi(x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

See also Algorithm 3 in Gorbunov et al (arXiv:1905.11261)

Sampling vector



3. Expected Smoothness



Expected Smoothness

E
h
krfv(x)�rfv (x

⇤)k2
i
 2L (f(x)� f (x⇤))

<latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit>

Expected smoothness constant

Depends on f and v

Richtárik and Takáč (1706.01108); Equation (30)

See also: Gower, Bach & Richtárik (1805.02632); Section 3

Can hold as an identity for quadratics:
Minimizer of frfv(x) =

1

n

nX

i=1

virfi(x)
<latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit>

(f,D) ⇠ ES(L)
<latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit>

Lemma

We will write:

L = L · �max

�
Evv>

�
<latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit>

A poor but simple bound
(we’ll give much better bounds later)

(f,D) ⇠ ES(L)
<latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit>

fi convex & L-smooth
<latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit>



Bounding the 2nd Moment
Lemma (f,D) ⇠ ES(L)

<latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit>

E
h
krfv(x)k2

i
 4L (f(x)� f (x⇤)) + 2�2

<latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit>

�2 def
= E

h
krfv (x

⇤)k2
i

<latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit>

Gradient noise:

�2 = 0
<latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit>

Weak growth condition

Richtárik and Takáč (1706.01108); Equation (30)

Nguyen et al (ICML 2018)

Vaswani, Bach and Schmidt (AISTATS 2019)

Generalization to proximal case 
(and variance reduction):

Gorbunov et al (arXiv:1905.11261); Assumption 4.1

f(x)� f(x⇤)� hrf(x⇤), x� x⇤i
<latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit>

f(x)� f(x⇤)
<latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit>

krfv(x)k2
<latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit>

krfv(x)�rf(x⇤)k2
<latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit>

min
x2Rd

1

n

nX

i=1

fi(x) +  (x)
<latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit>



�2 =
1

n2

nX

i=1

1

pi
khik2

<latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit>

�2 =
1

n2

nX

i,j=1

Pij

pipj
hhi, hji

<latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit>

�2 =
1

n2

nX

i=1

1� pi
pi

khik2

<latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit>

�2 =
1

n⌧
· n� ⌧

n� 1

nX

i=1

khik2

<latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit>

Single Element

Independent Minibatch

L =
n(⌧ � 1)

⌧(n� 1)
L+

n� ⌧

⌧(n� 1)
max

i
Li

<latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit>

L =
1

n
max

i

Li

pi
<latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit>

L = cL+
1

n
max

i

(1� pic)Li

pi
<latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit>

L = L+
1

n
max

i

(1� pi)Li

pi
<latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit>

Computation of Expected Smoothness

General

Expected Smoothness Expected Gradient Noise

S =
n[

i=1

Si

<latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="> </latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="> </latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="> </latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="> </latexit>

Si =

(
{i} with probability pi
; with probability 1� pi

<latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit>

S chosen uniformly random
from all subsets of size ⌧

<latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit>

Sampling (with Replacement)

Uniform Minibatch
f is L–smooth

<latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit>

pi = Prob(i 2 S)
<latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit>

f is L–smooth
<latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit>

⌧
def
= E [S] =

P
i pi

<latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit>

fi is Li–smooth
<latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit>c ⌘ Pij

pipj
<latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit>

hi = rfi(x⇤)
<latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit>

Pij = Prob(i, j 2 S)
<latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit>

S = {i} with probability pi
<latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="DxINIeA5rR7fAlKqLgS1BJFtwgc="></latexit><latexit sha1_base64="DxINIeA5rR7fAlKqLgS1BJFtwgc="></latexit><latexit sha1_base64="W16B7FsyszOHg2e87zpxXKz6paQ="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit>

Random subset S ✓ {1, 2, . . . , n}
<latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY=">AAAgrHiczRnbbuPGVUlvqXvbtI8FugddbiCtpa0oLNoghYpsnUVbwEW3cTa7hccWKGokjc2LTFJaqfT8XD+hb/2bnrmQmqFISW7yUD/Y0sy53894vAhYmvX7//ngw+9893vf/8FHPzz50Y9/8tOfPfr451+n8TLx6Rs/DuLk3dhLacAi+iZjWUDfLRLqheOAvh3fnon7tyuapCyOvso2C3oVerOITZnvZXg0+vhX/3oKjkNCFo </latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY=">AAAgrHiczRnbbuPGVUlvqXvbtI8FugddbiCtpa0oLNoghYpsnUVbwEW3cTa7hccWKGokjc2LTFJaqfT8XD+hb/2bnrmQmqFISW7yUD/Y0sy53894vAhYmvX7//ngw+9893vf/8FHPzz50Y9/8tOfPfr451+n8TLx6Rs/DuLk3dhLacAi+iZjWUDfLRLqheOAvh3fnon7tyuapCyOvso2C3oVerOITZnvZXg0+vhX/3oKjkNCFo </latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY=">AAAgrHiczRnbbuPGVUlvqXvbtI8FugddbiCtpa0oLNoghYpsnUVbwEW3cTa7hccWKGokjc2LTFJaqfT8XD+hb/2bnrmQmqFISW7yUD/Y0sy53894vAhYmvX7//ngw+9893vf/8FHPzz50Y9/8tOfPfr451+n8TLx6Rs/DuLk3dhLacAi+iZjWUDfLRLqheOAvh3fnon7tyuapCyOvso2C3oVerOITZnvZXg0+vhX/3oKjkNCFo </latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY=">AAAgrHiczRnbbuPGVUlvqXvbtI8FugddbiCtpa0oLNoghYpsnUVbwEW3cTa7hccWKGokjc2LTFJaqfT8XD+hb/2bnrmQmqFISW7yUD/Y0sy53894vAhYmvX7//ngw+9893vf/8FHPzz50Y9/8tOfPfr451+n8TLx6Rs/DuLk3dhLacAi+iZjWUDfLRLqheOAvh3fnon7tyuapCyOvso2C3oVerOITZnvZXg0+vhX/3oKjkNCFo </latexit>

i 6= j
<latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit>

S1, . . . , Sn are independent
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4. Convergence Analysis:
Linear Rate



Theorem

E
��xk � x⇤��2  (1� �µ)k

��x0 � x⇤��2 + 2��2

µ
<latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit>

�2 def
= E

h
krfv (x

⇤)k2
i

<latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit>

Gradient noise:f is µ–quasi strongly convex
<latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit>
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Corollary

Main Result

(f,D) ⇠ ES(L)
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Optimal Minibatch Size

Qu et al (ICML 2016)

Bibi et al (arXiv:1806.05633)
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Optimal minibatches for 
different methods:
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Optimal Minibatch Size: LIBSVM data
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Optimal Minibatch Size: Synthetic Data
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Importance Sampling for Minibatches

Csiba and Richtárik (JMLR 2018)Richtárik and Takáč (Opt Let 2016) Hanzely and Richtárik (AISTATS 2019)Gower, Richtárik and Bach (arXiv:1805.02632)

Details in: Paper



5. Convergence Analysis:
Sublinear Rate



Learning Schedule: Constant & Decreasing
Theorem (f,D) ⇠ ES(L)
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6. Summary of Contributions



1. New conceptual tool: stochastic reformulation of finite-sum problems
2. First SGD analysis in the arbitrary sampling paradigm
3. Linear rate for smooth quasi-strongly functions to a neighborhood of the 

solution without the need for any noise assumptions!
4. First SGD analysis which recovers the rate for GD as a special case
5. First formulas for optimal minibatch size for SGD
6. First importance sampling for minibatches for SGD
7. A powerful learning schedule switching strategy with a sublinear rate
8. Tight extensions of previous results (Richárik-Takáč 2017, Viswani-Bach-

Schmidt 2018)

Summary of Contributions
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The End



Extra Material:
Brief History of Arbitrary Sampling



# Paper Algorithm Comment

1 R. & Takáč (OL 2016; arXiv 2013)
On optimal probabilities in stochastic coordinate descent methods

NSync Arbitrary sampling (AS) first introduced
Analysis of coordinate descent under strong convexity

2 Qu, R. & Zhang (NeurIPS 2015)
Quartz: Randomized dual coordinate ascent with arbitrary sampling

QUARTZ First AS SGD method for min P
Primal-dual stochastic fixed point method; variance reduced

3 Csiba & R. (arXiv 2015)
Primal method for ERM with flexible mini-batching schemes and non-convex losses

Dual-free SDCA First primal-only AS SGD method for min P
Variance-reduced

4 Qu & R. (OMS 2016)
Coordinate descent with arbitrary sampling I: algorithms and complexity

ALPHA First accelerated coordinate descent method with AS
Analysis for smooth convex functions

5 Qu & R. (OMS 2016)
Coordinate descent with arbitrary sampling II: expected separable overapproximation

First dedicated study of ESO inequalities 
needed for analysis of AS methods

6 Chambolle, Ehrhardt, R. & Schoenlieb (SIOPT 2018)
Stochastic primal-dual hybrid gradient algorithm with arbitrary sampling and imaging applications

SPDHGM Chambolle-Pock method with AS

7 Hanzely, Mishchenko & R. (NeurIPS 2018)
SEGA: Variance reduction via gradient sketching 

SEGA Variance-reduce coordinate descent with AS

8 Hanzely & R. (AISTATS 2019)
Accelerated coordinate descent with arbitrary sampling and best rates for minibatches

ACD
First accelerated coordinate descent method with AS
Analysis for smooth strongly convex functions
Importance sampling for minibatches

9 Horváth & R. (ICML 2019)
Nonconvex variance reduced optimization with arbitrary sampling

SARAH, SVRG, 
SAGA

First non-convex analysis of an AS method
First optimal mini-batch sampling

10 Gower, Loizou, Qian, Sailanbayev, Shulgin & R. (ICML 2019)
SGD: general analysis and improved rates

SGD-AS First AS variant of SGD (without variance reduction)
Optimal minibatch size

11 Qian, Qu & R. (ICML 2019)
SAGA with arbitrary sampling

SAGA-AS First AS variant of SAGA

ES

2

4
�����
X

i2S

Aihi

�����

2
3

5 
nX

i=1

pivi khik2

<latexit sha1_base64="hXupG68k2q0lkAL2E5NNQnjYLM4="></latexit><latexit sha1_base64="hXupG68k2q0lkAL2E5NNQnjYLM4="></latexit><latexit sha1_base64="hXupG68k2q0lkAL2E5NNQnjYLM4="></latexit><latexit sha1_base64="hXupG68k2q0lkAL2E5NNQnjYLM4="></latexit>


