LONDON Contre for
MATHEMATICAL NA I S Numerical Algorithms

SOCIETY and Intelligent Software a ma ;on-com

EP MATHEMATICS \\
FOR VAST DIGITAL ,l>

RESOURCES [_

Pioneering research 150 YEARS

Google
EDINBURGH

MATHEMATICAL

SocCIETY

Training Machine Learning Models
via Empirical Risk Minimization
(Lecture 2)

Peter Richtarik

THE ALAN
TURING
INSTITUTE

The 41t Woudschoten Conference - October 5-7, 2016



nsed




Lecture 1

* Empirical Risk Minimization
— Primal Formulation (minimize the average of !" convex”
functions of #'Vvariables)
— Dual Formulation (maximize a concave function of !"
variables)
e 5 Basic Tools
— Gradient Descent (GD)
— Accelerated Gradient Descent (AGD)
— Handling Nonsmoothness: Proximal Gradient Descent:

— Randomized Decomposition
e Stochastic Gradient Descent (SGD)
* Randomized Coordinate Descent (RCD)

— Parallelism / Minibatching



Summary of Complexity Results
from Lecture 1

Method # iterations Cost of 1 iter.
Gradient Descent L
(GD) 12 log(1/¢) n
Accelerated Gradient Descent \/Z log(1/ n
(AGD) p OB
Proximal Gradient Descent I
(PGD) log(1/¢) n + Prox Step
Stochastic Gradient Descent max; Ls
Sein, Loy o ) log(1/e) |
Randomized Coordinate Descent max; Ly 601 /) 1

(RCD)




Deterministic and
mized Gradient-Type Methods)

$%&'()*&+!"-.-/0" 10(6), 1233-1243, 2016 1*/2(3456578696:;

P.R. and Martin Takac
On optimal probabilities in stochastic coordinate descent methods
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The Problem

i 00

Smooth and ! -strongly convex



The Algorithm




i.i.d. with arbitrary

S YNC distribution

St Q{l,Z,,n}

Choose a random set S; of coordinates

For 2 € S; do
gt S ) e
U;
For | E St do Example n = 3
X; 71 X

€1 —







Key Assumption

Parameters vq, . .

., U, satisfy:

xr + Z hzez> ! f(ZU) + sz'" zf(x)hz + szvzhg
: i=1 —

1=




Complexity Theorem




Uniform vs Optimal Sampling

-

Pi = —

S

U;

Pi = Zivi




How to Compute
the Stepsize Parameters?

Zheng Qu and P.R.
Coordinate descent with arbitrary sampling I: algorithms and
complexity

dope  SY&'()*&+!"2-@A+#0"*I1#"B+CD*/31(5), 829-857, 2016 a
1*/2(34595<8:7=7;

Zheng Qu and P.R.
Coordinate descent with arbitrary sampling ll: expected separable

\ overapproximation”
Adobe  $96&'()*&+!"?-@A+#0"*1#"B+CD*/31(5), 858-884, 2016




Zheng Qu, P.R. and Tong Zhang
Quartz: Randomized dual coordinate ascent with arbitrary sampling
Adobe  IN"EH3*IF-0"(V"G-H/*I"JIK+/*&+!"L/+F-00(\M"BNO@802015




Empirical Risk

Minimization




Statistical Nature of Data

Label

(Aj,y;) ! Distribution

A’i c Rde
Data

: m
(e.g., image, text, Y: € R
measurements, ...)



Prediction of Labels from Data

Find w € ]Rd Linear predictor

Such that when (data, label) pair is drawn
from the distribution

(Aj,y;) ! Distribution

Then -

Predicted label True label



Measure of Success

loss(a, b)

data label

We want the expected loss (=risk) to be small:

E [loss(A; w,y;)]

(A;,y;) ~ Distribution



Finding a Linear Predictor via
Empirical Risk Minimization (ERM)

Draw i.i.d. data (samples) from the distribution

(Ab yl)v (A27 y2)7 SRR (An ’ yn) ~ Distribution

Output predictor which minimizes the empirical risk:

min — Zl()ss (A w,y;)

weERE M



ERM: ,,
- Primal & Dual Problems



Primal Problem

min
weRd

Lipschitz constant

P(u) = = 3 61(ATw) + Ag(w)
=1 |




Dual Problem

c R™
D)= —ad L 4 L
g o 18%) n gbz( a’b)
1=1 1=1
| J
1 — smooth '
& convex - R¢ Y - strongly convex
o) = max () Twt o)} i) = max {(@)al o)
max D(«a)
a=(a1,...,an )] RN =RMm
R

c R™ ¢ R™



Fenchel Duality =

> (0 4=m Weak duality = > (

Optimality conditions

w = Vg (&) a; = —V;(A] w)






Quartz: Bird’s Eye View

DiAYM
0 = min; -

STEP 1: PRIMAL UPDATE
WL (17 Ot 4 0% g ()
STEP 2: DUAL UPDATE
Choose a random set S; of dual variables
For ¢ € S; do pi= P! S5)

#
e 1- E ozf+ ﬁ —quz(A th)
Pi Pi

t—l—



Randomized Primal-Dual Methods

additional direct
Algorithm 1-nice | l-optimal | !-nice | arbitrary p-d acceleration
speedup .
analysis
SDCA ¥
mSDCA ¥ ¥ ¥
ASDCA ¥ ¥ ¥
AccProx-SDCA ¥ ¥
DisDCA ¥ ¥
Iprox-SDCA ¥ ¥
APCG ¥ ¥
SPDC ¥ ¥ ¥ ¥ ¥
Quartz ¥ ¥ ¥ ¥ ¥ ¥
SDCA: SS Shwartz & T Zhang, 09/2012
mSDCA M Takac,A Bijal ,PR&N Srebro , 03/2013
ASDCA: SS Shwartz & T Zhang, 05/ 2013

AccProx -SDCA: SS Shwartz & T Zhang, 10/2013
DisDCA: T Yang, 2013

Iprox -SDCA: P Zhao & T Zhang, 01/2014

APCG: Q Lin, Z Lu & L Xiao, 07/2014

SPDC: Y Zhang & L Xiao, 09/2014

Quartz: Z Qu,PR&T Zhang, 11/2014







Assumption 3
(Expected Separable Overapproximation)

Parameters v1, ..., v, satisty:

i
I 11

EI A,,;Oé,,;
| 1 €Sy ] 1=1

Iln




Complexity Theorem (QRZ’14)







Special Case 1:

Serial Sampling =




Complexity

1 n
fll . LZ
Optimal sampling | n + & Zz_l
L; )\’7
p’l, — Zj Lj
i L

Uniform sampling | n A mhax

pi= -+ AY




Data

# Samples # features density
Dataset n d nnz(A)/ (nd)
astro-ph 29,882 99,757 0.08%
CCAT 781,265 47,236 0.16%
522.911
ijcnnl 49,990 22 59.09%
webspam 350,000 254 33.52%




Experiment: Quartz vs SDCA,
Uniform vs Optimal Sampling

Standard primal update “Aggressive” primal update
10° 10°
# Prox-SDCA * Prox-SDCA
-- Quartz-U --Quartz-U (100)
—Iprox-SDCA —Iprox-SDCA
o Quartz-1P o Quartz-IP (106)
2107 g107 |
(@)] (@)]
[ @
=) AN =)
© s ©
E E
£107° \\ 107
-15 ‘ ‘ -15 ‘ ‘
10 0 50 100 150 10 0 50 100
nb of epochs nb of epochs

Data = covl, n=522.911, )\=10'°



Special Case 2:

Minibatching &
Sparsity




Data Sparsity

1! ! n




Complexity of Quartz

Fully sparse data n ., max L;
(w=1) T AYT
Fully dense data n , max; L
(& = n) T Ay
(0—1)(7—1)
Any data n (1 * 1 ) max; L

(1<w <n)

T(r)



Assume the data is normalized: Li! Amax(4; 4;) " 1

' (! 1)(7! 1)
Then: L+ 51 oen
T(r) = (n! 1)1+ Ayn) < T(1)

T

Linear speedup up to a certain data-independent minibatch size:

|1 24 "#n UU!?"UD

Further data-dependent speedup, up to the extreme case:

S

r = O("#n) T()=0 —



Speedup: sparse data
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Speedup: denser data

n:106,w:104,7:1
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Speedup: fully dense data
n=10% & =10% v =1

7007 e A=le-3
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astro ph: | =29,882 density = 0.08%

v A=5.8e-3 in practice
—A=5.8e-3 in theory
-o- A=1e-3 in practice
----- A=1e-3 in theory

-+ A=1e-4 in practice
------ A=1e-4 in theory
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CCAT: ! =781,265 density =0.16%

v h=1.1e-3 in practice
—A=1.1e-3 in theory
- A=1e-4 in practice
----- A=1e-4 in theory

-+ A=1e-5 in practice
------ A=1e-5 in theory
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Primal-Dual Methods with tau-nice Sampling

Algorithm [teration complexity g
SDCA nt — L2
Ay 2

SS-Shwartz & T Zhang ‘13

1 3
ASDCA | 4 xmax{ =, [——) —, —— sl 112
T\ AT AT (M\yT)E

SS-Shwartz & T Zhang ‘13

SPDC —+ .,/ — general

Y Zhang & L Xiao ‘14

o—1)(1T—1 1
Quartz i + 1+ © )T ) general
T n—1 YT




For sufficiently sparse data, Quartz wins even when
compared against accelerated methods

Algorithm | !"n =1!( =) | !"n =1(1)

Accelerated

$=n# $=n
—ASDCA
Quartz




Special Case 3:

Distributed Sampling

N .le . .
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Distributed Quartz: Perform the Dual
Updates in a Distributed Manner

Quartz STEP 2: DUAL UPDATE

Choose a random set S; of dual variables

For 1 € St do

#
Lo 1- 2 ol + 0 —Vi(A] th)

1

Pi Pi T

Data required to compute the update

t-|—



Distribution of Data”




Distributed Sampling”




Distributed Sampling”

Each node independently picks 7 dual variables
from those it owns, uniformly at random

%Cb 77 ‘ I
ol

I TS S
S ={3,7,10} U {11, 15,18} U {25,27,29} U - -

Random set of
dual variables

Also see: CoCoA+ [Ma, Smith, Jaggi et al 15]



Complexity of Distributed Quartz

Key: Get the right stepsize parameters 3/(so that the ESO inequality holds)""

The leading term in the complexity bound then is:

< 1 U; )
max | — +
v Di  DiAYN

n ., Something that looks complicatec

C! "#cl

d (=1 (w;—1) TC T—1 W;'_l T
n )\max (Zj=1 (1 + max{n/c—1,1} + (W o max{n/c—l,l}) w’ wj) AJ’LAJZ)

—+max ’
cT i AyCT



Experiment

Machine: 128 nodes of Hector Supercomputer (4,096 cores)

Problem: LASSO, ! =1 billion, #= 0.5 billion, 3 TB

oy

..
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P.R. and Martin Takac
Distributed coordinate descent for learning with big data!
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LASSO: 3TB data + 128 nodes

+ASL-FP
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1000 1500 2000
Elapsed Time [s]



Experiment (Acceleration)

Machine: 128 nodes of Archer Supercomputer

Problem: LASSO, ! =5 million, # =50 billion, 5 TB
(60,000 nnz per row of A)

o
'E?;FE'F'U
HYDRA?

Olivier Fercoq, Zheng Qu, P.R. and Martin Takac

i Fast distributed coordinate descent for minimizing non-strongly
convex losses

Zhdobe  36500"JI@8"R+/SOA+Y"+"HFEA(L-" */1(IM"K-+/"B(M 12014+ F8




LASSO: 5TB data (# = 50 billion)
128 nodes
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