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Nguyen, Liu, Scheinberg & Takáč
ICML 2017

Defazio, Bach & Lacoste-Julien
NIPS 2014

Johnson & Zhang
NIPS 2013 Uniform sampling

Uniform sampling

Uniform sampling

Expected mini-batch size:
b = E|S|
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Contributions

• Analysis of SVRG, SAGA and SARAH in the arbitrary sampling paradigm

• Construction of optimal minibatch sampling

Richtárik & Takáč (OL 2016; arXiv 2013)
Qu, Richtárik & Zhang (NIPS 2015)

Qu & Richtárik (COAP 2016)
Chambolle, Ehrhardt, Richtárik & Schoenlieb (SIOPT 2018)

Hanzely & Richtárik (AISTATS 2019)
Qian, Qu & Richtárik (ICML 2019)

Gower, Loizou, Qian, Sailanbayev, Shulgin & Richtárik (ICML 2019)

First optimal/importance sampling for 
minibatches!



Data Sampling (i.e., Mini-batching) 
Mechanisms
Sampling:  a random subset of {1, 2, … , n}

A sampling is uniquely defined by assigning 
probabilities to all 2n subsets of {1, 2, ... , n}

Pij := Prob({i, j} ✓ S)

pi := Prob({i} ✓ S) = Pii

Probability matrix associated with sampling

Probability vector                   associated with sampling

P 2 Rn⇥n
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Proper sampling: pi > 0
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for all i = 1, 2, . . . , n
<latexit sha1_base64="K2WQjwNQGLGsN/LsJyrmm5k20Us=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFF6Uk3ehGKLpxWcE+oA1lMp20QyeTMHMj1NIvceNCEbd+ijv/xmmbhbYeGDiccw/3zgkSwTW67reV29jc2t7J7xb29g8Oi/bRcUvHqaKsSWMRq05ANBNcsiZyFKyTKEaiQLB2ML6d++1HpjSP5QNOEuZHZCh5yClBI/XtYplfe5VapTeIUVdkuW+X3Kq7gLNOvIyUIEOjb3+ZKE0jJpEKonXXcxP0p0Qhp4LNCr1Us4TQMRmyrqGSREz708XhM+fcKAMnjJV5Ep2F+jsxJZHWkygwkxHBkV715uJ/XjfF8MqfcpmkyCRdLgpT4WDszFtwBlwximJiCKGKm1sdOiKKUDRdFUwJ3uqX10mrVvXcqndfK9VvsjrycApncAEeXEId7qABTaCQwjO8wpv1ZL1Y79bHcjRnZZkT+APr8wdgG5GY</latexit><latexit sha1_base64="K2WQjwNQGLGsN/LsJyrmm5k20Us=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFF6Uk3ehGKLpxWcE+oA1lMp20QyeTMHMj1NIvceNCEbd+ijv/xmmbhbYeGDiccw/3zgkSwTW67reV29jc2t7J7xb29g8Oi/bRcUvHqaKsSWMRq05ANBNcsiZyFKyTKEaiQLB2ML6d++1HpjSP5QNOEuZHZCh5yClBI/XtYplfe5VapTeIUVdkuW+X3Kq7gLNOvIyUIEOjb3+ZKE0jJpEKonXXcxP0p0Qhp4LNCr1Us4TQMRmyrqGSREz708XhM+fcKAMnjJV5Ep2F+jsxJZHWkygwkxHBkV715uJ/XjfF8MqfcpmkyCRdLgpT4WDszFtwBlwximJiCKGKm1sdOiKKUDRdFUwJ3uqX10mrVvXcqndfK9VvsjrycApncAEeXEId7qABTaCQwjO8wpv1ZL1Y79bHcjRnZZkT+APr8wdgG5GY</latexit><latexit sha1_base64="K2WQjwNQGLGsN/LsJyrmm5k20Us=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFF6Uk3ehGKLpxWcE+oA1lMp20QyeTMHMj1NIvceNCEbd+ijv/xmmbhbYeGDiccw/3zgkSwTW67reV29jc2t7J7xb29g8Oi/bRcUvHqaKsSWMRq05ANBNcsiZyFKyTKEaiQLB2ML6d++1HpjSP5QNOEuZHZCh5yClBI/XtYplfe5VapTeIUVdkuW+X3Kq7gLNOvIyUIEOjb3+ZKE0jJpEKonXXcxP0p0Qhp4LNCr1Us4TQMRmyrqGSREz708XhM+fcKAMnjJV5Ep2F+jsxJZHWkygwkxHBkV715uJ/XjfF8MqfcpmkyCRdLgpT4WDszFtwBlwximJiCKGKm1sdOiKKUDRdFUwJ3uqX10mrVvXcqndfK9VvsjrycApncAEeXEId7qABTaCQwjO8wpv1ZL1Y79bHcjRnZZkT+APr8wdgG5GY</latexit><latexit sha1_base64="K2WQjwNQGLGsN/LsJyrmm5k20Us=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFF6Uk3ehGKLpxWcE+oA1lMp20QyeTMHMj1NIvceNCEbd+ijv/xmmbhbYeGDiccw/3zgkSwTW67reV29jc2t7J7xb29g8Oi/bRcUvHqaKsSWMRq05ANBNcsiZyFKyTKEaiQLB2ML6d++1HpjSP5QNOEuZHZCh5yClBI/XtYplfe5VapTeIUVdkuW+X3Kq7gLNOvIyUIEOjb3+ZKE0jJpEKonXXcxP0p0Qhp4LNCr1Us4TQMRmyrqGSREz708XhM+fcKAMnjJV5Ep2F+jsxJZHWkygwkxHBkV715uJ/XjfF8MqfcpmkyCRdLgpT4WDszFtwBlwximJiCKGKm1sdOiKKUDRdFUwJ3uqX10mrVvXcqndfK9VvsjrycApncAEeXEId7qABTaCQwjO8wpv1ZL1Y79bHcjRnZZkT+APr8wdgG5GY</latexit>

S
<latexit sha1_base64="3BcuTsWrhY3Ba7ZEjiDUCBKuXew=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgESeBC9pY52LC3d9ndMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj086Ok4VwzaLRay6AdUouMS24UZgN1FIo0DgYzC5nfuPT6g0j+WDmSboR3QkecgZNVZqVVvVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ516zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gcEInuEV3hzhvDjvzseyteDkM6fwB87nD2UZjTE=</latexit><latexit sha1_base64="3BcuTsWrhY3Ba7ZEjiDUCBKuXew=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgESeBC9pY52LC3d9ndMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj086Ok4VwzaLRay6AdUouMS24UZgN1FIo0DgYzC5nfuPT6g0j+WDmSboR3QkecgZNVZqVVvVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ516zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gcEInuEV3hzhvDjvzseyteDkM6fwB87nD2UZjTE=</latexit><latexit sha1_base64="3BcuTsWrhY3Ba7ZEjiDUCBKuXew=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgESeBC9pY52LC3d9ndMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj086Ok4VwzaLRay6AdUouMS24UZgN1FIo0DgYzC5nfuPT6g0j+WDmSboR3QkecgZNVZqVVvVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ516zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gcEInuEV3hzhvDjvzseyteDkM6fwB87nD2UZjTE=</latexit><latexit sha1_base64="3BcuTsWrhY3Ba7ZEjiDUCBKuXew=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhgESeBC9pY52LC3d9ndMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEsG1cd1vp7CxubW9U9wt7e0fHB6Vj086Ok4VwzaLRay6AdUouMS24UZgN1FIo0DgYzC5nfuPT6g0j+WDmSboR3QkecgZNVZqVVvVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ516zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gcEInuEV3hzhvDjvzseyteDkM6fwB87nD2UZjTE=</latexit>

Arbitrary sampling paradigm = perform iteration complexity analysis for any proper sampling 

Standard sampling:

Examples

S = {i} with probability 1
n for all i = 1, 2, . . . , n

<latexit sha1_base64="wYRUx/pK9Vh5A+mivJphDXvU0v4="></latexit><latexit sha1_base64="wYRUx/pK9Vh5A+mivJphDXvU0v4="></latexit><latexit sha1_base64="wYRUx/pK9Vh5A+mivJphDXvU0v4="></latexit><latexit sha1_base64="wYRUx/pK9Vh5A+mivJphDXvU0v4="></latexit>

S = C with probability 1

(nb)
for all C ⇢ {1, 2, . . . , n}
such that |C| = b

<latexit sha1_base64="AyQ2rK4zKG5Ut1dM9MnPI4d+xRk="></latexit><latexit sha1_base64="AyQ2rK4zKG5Ut1dM9MnPI4d+xRk="></latexit><latexit sha1_base64="AyQ2rK4zKG5Ut1dM9MnPI4d+xRk="></latexit><latexit sha1_base64="AyQ2rK4zKG5Ut1dM9MnPI4d+xRk="></latexit>

Standard mini-batch sampling:



From Standard Sampling to 
Arbitrary Sampling

Unbiased estimator of 
the gradient

SVRG with 
Arbitrary Sampling

x+ = x� ⌘

 
X

i2S

1

npi
(rfi(x)�rfi(x̂)) +rf(x̂)

!

<latexit sha1_base64="forS//lGdcRLu94d3yhmsHgoAnk="></latexit><latexit sha1_base64="forS//lGdcRLu94d3yhmsHgoAnk="></latexit><latexit sha1_base64="forS//lGdcRLu94d3yhmsHgoAnk="></latexit><latexit sha1_base64="forS//lGdcRLu94d3yhmsHgoAnk="></latexit>

Arbitrary 
sampling

pi =
1
n for all i

<latexit sha1_base64="LmnDBt30CO6XQ28Rzf/6r/4U7Hs=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SAxVUkXWJAqWBiLRB9SG0WO67RWHTuyHaQqysjCr7AwgBArn8DG3+CmGaDlTEfn3Kt7zwkTRpV23W9rZXVtfWOzslXd3tnd27cPDjtKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64eRm5ncfiFRU8Hs9TYgfoxGnEcVIGymwT5wkoPAKDiKJcOblGc8dGAkJEWPQoU5g19y6WwAuE68kNVCiFdhfg6HAaUy4xgwp1ffcRPsZkppiRvLqIFUkQXiCRqRvKEcxUX5WBMnhmVGGxflIcA0L9fdGhmKlpnFoJmOkx2rRm4n/ef1UR5d+RnmSasLx/FCUMqgFnLUCh1QSrNnUEIQlNb9CPEamEm26q5oSvMXIy6TTqHtu3btr1JrXZR0VcAxOwTnwwAVoglvQAm2AwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH+Iul/Q=</latexit><latexit sha1_base64="LmnDBt30CO6XQ28Rzf/6r/4U7Hs=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SAxVUkXWJAqWBiLRB9SG0WO67RWHTuyHaQqysjCr7AwgBArn8DG3+CmGaDlTEfn3Kt7zwkTRpV23W9rZXVtfWOzslXd3tnd27cPDjtKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64eRm5ncfiFRU8Hs9TYgfoxGnEcVIGymwT5wkoPAKDiKJcOblGc8dGAkJEWPQoU5g19y6WwAuE68kNVCiFdhfg6HAaUy4xgwp1ffcRPsZkppiRvLqIFUkQXiCRqRvKEcxUX5WBMnhmVGGxflIcA0L9fdGhmKlpnFoJmOkx2rRm4n/ef1UR5d+RnmSasLx/FCUMqgFnLUCh1QSrNnUEIQlNb9CPEamEm26q5oSvMXIy6TTqHtu3btr1JrXZR0VcAxOwTnwwAVoglvQAm2AwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH+Iul/Q=</latexit><latexit sha1_base64="LmnDBt30CO6XQ28Rzf/6r/4U7Hs=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SAxVUkXWJAqWBiLRB9SG0WO67RWHTuyHaQqysjCr7AwgBArn8DG3+CmGaDlTEfn3Kt7zwkTRpV23W9rZXVtfWOzslXd3tnd27cPDjtKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64eRm5ncfiFRU8Hs9TYgfoxGnEcVIGymwT5wkoPAKDiKJcOblGc8dGAkJEWPQoU5g19y6WwAuE68kNVCiFdhfg6HAaUy4xgwp1ffcRPsZkppiRvLqIFUkQXiCRqRvKEcxUX5WBMnhmVGGxflIcA0L9fdGhmKlpnFoJmOkx2rRm4n/ef1UR5d+RnmSasLx/FCUMqgFnLUCh1QSrNnUEIQlNb9CPEamEm26q5oSvMXIy6TTqHtu3btr1JrXZR0VcAxOwTnwwAVoglvQAm2AwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH+Iul/Q=</latexit><latexit sha1_base64="LmnDBt30CO6XQ28Rzf/6r/4U7Hs=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SAxVUkXWJAqWBiLRB9SG0WO67RWHTuyHaQqysjCr7AwgBArn8DG3+CmGaDlTEfn3Kt7zwkTRpV23W9rZXVtfWOzslXd3tnd27cPDjtKpBKTNhZMyF6IFGGUk7ammpFeIgmKQ0a64eRm5ncfiFRU8Hs9TYgfoxGnEcVIGymwT5wkoPAKDiKJcOblGc8dGAkJEWPQoU5g19y6WwAuE68kNVCiFdhfg6HAaUy4xgwp1ffcRPsZkppiRvLqIFUkQXiCRqRvKEcxUX5WBMnhmVGGxflIcA0L9fdGhmKlpnFoJmOkx2rRm4n/ef1UR5d+RnmSasLx/FCUMqgFnLUCh1QSrNnUEIQlNb9CPEamEm26q5oSvMXIy6TTqHtu3btr1JrXZR0VcAxOwTnwwAVoglvQAm2AwSN4Bq/gzXqyXqx362M+umKVO0fgD6zPH+Iul/Q=</latexit>

Standard sampling:



Convergence Rate I

O

✓
n+ ↵

n2/3

✏

◆

<latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Y91LCEnI6UTKSgw/mm5WIwSPmBU="></latexit><latexit sha1_base64="Y91LCEnI6UTKSgw/mm5WIwSPmBU="></latexit><latexit sha1_base64="qK24elSUrYa+kftlV+eYmZ3WCdo="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit><latexit sha1_base64="+hy0iAcgGb4aKCmWh67HzW4ZvW0="></latexit>

# data points

Ekrf(x)k2  ✏
<latexit sha1_base64="Ti37wOSTf5wqbv622wQeJIRgk/M=">AAACEnicbVC7TgJBFJ3FF+ILtbSZCCbQkF0aLYnGxBITeSQsktnhLkyYnV1nZo1k4Rts/BUbC42xtbLzbxwehYInucnJOffm3nu8iDOlbfvbSq2srq1vpDczW9s7u3vZ/YO6CmNJoUZDHsqmRxRwJqCmmebQjCSQwOPQ8AYXE79xD1KxUNzoYQTtgPQE8xkl2kidbDGfuDLAl2PsjlxBPE6wX3gouqPbMnY53GEXIsV4KPKdbM4u2VPgZeLMSQ7NUe1kv9xuSOMAhKacKNVy7Ei3EyI1oxzGGTdWEBE6ID1oGSpIAKqdTF8a4xOjdLEfSlNC46n6eyIhgVLDwDOdAdF9tehNxP+8Vqz9s3bCRBRrEHS2yI851iGe5IO7TALVfGgIoZKZWzHtE0moNilmTAjO4svLpF4uOXbJuS7nKufzONLoCB2jAnLQKaqgK1RFNUTRI3pGr+jNerJerHfrY9aasuYzh+gPrM8f8D2cYA==</latexit><latexit sha1_base64="Ti37wOSTf5wqbv622wQeJIRgk/M=">AAACEnicbVC7TgJBFJ3FF+ILtbSZCCbQkF0aLYnGxBITeSQsktnhLkyYnV1nZo1k4Rts/BUbC42xtbLzbxwehYInucnJOffm3nu8iDOlbfvbSq2srq1vpDczW9s7u3vZ/YO6CmNJoUZDHsqmRxRwJqCmmebQjCSQwOPQ8AYXE79xD1KxUNzoYQTtgPQE8xkl2kidbDGfuDLAl2PsjlxBPE6wX3gouqPbMnY53GEXIsV4KPKdbM4u2VPgZeLMSQ7NUe1kv9xuSOMAhKacKNVy7Ei3EyI1oxzGGTdWEBE6ID1oGSpIAKqdTF8a4xOjdLEfSlNC46n6eyIhgVLDwDOdAdF9tehNxP+8Vqz9s3bCRBRrEHS2yI851iGe5IO7TALVfGgIoZKZWzHtE0moNilmTAjO4svLpF4uOXbJuS7nKufzONLoCB2jAnLQKaqgK1RFNUTRI3pGr+jNerJerHfrY9aasuYzh+gPrM8f8D2cYA==</latexit><latexit sha1_base64="Ti37wOSTf5wqbv622wQeJIRgk/M=">AAACEnicbVC7TgJBFJ3FF+ILtbSZCCbQkF0aLYnGxBITeSQsktnhLkyYnV1nZo1k4Rts/BUbC42xtbLzbxwehYInucnJOffm3nu8iDOlbfvbSq2srq1vpDczW9s7u3vZ/YO6CmNJoUZDHsqmRxRwJqCmmebQjCSQwOPQ8AYXE79xD1KxUNzoYQTtgPQE8xkl2kidbDGfuDLAl2PsjlxBPE6wX3gouqPbMnY53GEXIsV4KPKdbM4u2VPgZeLMSQ7NUe1kv9xuSOMAhKacKNVy7Ei3EyI1oxzGGTdWEBE6ID1oGSpIAKqdTF8a4xOjdLEfSlNC46n6eyIhgVLDwDOdAdF9tehNxP+8Vqz9s3bCRBRrEHS2yI851iGe5IO7TALVfGgIoZKZWzHtE0moNilmTAjO4svLpF4uOXbJuS7nKufzONLoCB2jAnLQKaqgK1RFNUTRI3pGr+jNerJerHfrY9aasuYzh+gPrM8f8D2cYA==</latexit><latexit sha1_base64="Ti37wOSTf5wqbv622wQeJIRgk/M=">AAACEnicbVC7TgJBFJ3FF+ILtbSZCCbQkF0aLYnGxBITeSQsktnhLkyYnV1nZo1k4Rts/BUbC42xtbLzbxwehYInucnJOffm3nu8iDOlbfvbSq2srq1vpDczW9s7u3vZ/YO6CmNJoUZDHsqmRxRwJqCmmebQjCSQwOPQ8AYXE79xD1KxUNzoYQTtgPQE8xkl2kidbDGfuDLAl2PsjlxBPE6wX3gouqPbMnY53GEXIsV4KPKdbM4u2VPgZeLMSQ7NUe1kv9xuSOMAhKacKNVy7Ei3EyI1oxzGGTdWEBE6ID1oGSpIAKqdTF8a4xOjdLEfSlNC46n6eyIhgVLDwDOdAdF9tehNxP+8Vqz9s3bCRBRrEHS2yI851iGe5IO7TALVfGgIoZKZWzHtE0moNilmTAjO4svLpF4uOXbJuS7nKufzONLoCB2jAnLQKaqgK1RFNUTRI3pGr+jNerJerHfrY9aasuYzh+gPrM8f8D2cYA==</latexit>

KEY QUANTITY: DEPENDS 
ON THE SAMPLING



Convergence Rate II

↵ :=
b

L̄n2

nX

i=1

viL2
i

pi

Optimal rate: minimize      over {(vi, pi)}ni=1

Pij := Prob({i, j} ✓ S)

pi := Prob({i} ✓ S) = Pii

P� pp> � Diag(p1v1, p2v2, . . . , pnvn).

Constants satisfying:

Expected mini-batch size:
b = E|S|
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1

n
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The Problem

min
xœRd

f (x) :=
1

n

nX

i=1

fi(x) (1)

• fi is Li-smooth but non-convex

• n is big

Arbitrary Sampling

• Sampling: a random set-valued mapping S with

values being subsets of [n] := {1, 2, . . . , n}. A

sampling is used to generate minibatches in

each iteration.

• Probability matrix associated with sampling S :

Pij
def
= Prob({i, j} ™ S)

• Probability vector associated with sampling S :

p = (p1, . . . , pn), pi
def
= Prob(i œ S)

• Minibatch size: b = E [|S|] (expected size of S)

• Proper sampling: Sampling for which pi > 0 for

all i œ [n]

• “Arbitrary sampling” = any proper sampling

Main Contributions

• We develop arbitrary sampling variants of 3

popular variance-reduced methods for solving

the non-convex problem (1): SVRG [1], SAGA [2],

SARAH [3].

• We are able calculate the optimal sampling out

of all samplings of a given minibatch size. This

is the first time an optimal minibatch sampling

was computed (from the class of all samplings).

• We design importance sampling & approximate

importance sampling for minibatches, which

vastly outperform standard uniform minibatch

strategies in practice.

Key Lemma

Let ’1, ’2, . . . , ’n be vectors in Rd
and let ’̄ def

=
1

n
Pn

i=1
’i be their average. Let S be a proper sam-

pling. Let v = (v1, . . . , vn) > 0 be such that

P ≠ pp€ ∞ Diag(p1v1, p2v2, . . . , pnvn). (2)

Then

E

2

64

������

X

iœS

’i

npi
≠ ’̄

������

2
3

75 Æ 1

n2

nX

i=1

vi

pi
Î’iÎ2.

Whenever (2) holds, it must be the case that

vi Ø 1 ≠ pi.

Optimal Sampling & Superlinear

Speedup

• Under our analysis, the independent sampling

Sú
defined by

pi
def
=

8
>>><

>>>:

(b + k ≠ n)
LiPk

j=1
Lj,

if i Æ k

1, if i > k
,

is optimal, where k is the largest integer

satisfying 0 < b + k ≠ n Æ
Pk

i=1
Li

Lk
.

• All 3 methods enjoy superlinear speed in b up

to the minibatch size

bmax := max{b | bLn Æ Pn
i=1

Li}.

# Stochastic Gradient Evaluations to Achieve E


ÎÒf (x)Î2

�
Æ ‘

Alg Uniform sampling Arbitrary sampling [NEW] Sú
(Best Sampling) [NEW]

SVRG max

(

n, (1+4/3)Lmaxc1n2/3

‘

)

[1] max

(

n, (1+4–/3)L̄c1n2/3

‘

)

max

8
<

:n,
(1+

4(n≠b)
3n )L̄c1n2/3

‘

9
=

;

SAGA n +
2Lmaxc2n2/3

‘ [2] n +
(1+–)L̄c2n2/3

‘ n +
(1+

n≠b
n )L̄c2n2/3

‘

SARAH n +
n≠b
n≠1

L2

max
c3

‘2 [3] n +
–L̄2c3

‘2 n +
n≠b

n L̄2c3

‘2

Constants: Lmax = maxi Li L̄ =
1

n
P

i Li c1, c2, c3 = universal constants – :=
b

L̄2n2

Pn
i=1

viL2

i
pi

Samplings

• Uniform Su
: Every subset of [n] of size b

(minibatch size) is chosen with the same

probability: 1/(
n
b)

• Independent Sú
: For each i œ [n] we

independently flip a coin, and with probability

pi include element i into S.

• Approximate Independent Sa
: Fix some

k œ [n] and let a = Ák maxiÆk piË. We now

sample a single set S Õ
of cardinality a using the

uniform minibatch sampling Su
. Subsequently,

we apply an independent sampling Sú
to select

elements of S Õ
, with selection probabilities

pÕ
i = kpi/a. The resulting random set is Sa

.

SVRG with Arbitrary Sampling

Algorithm 1: SVRG

x̃0
= x0

m = x0
, M = ÁT/mË;

for s = 0 to M ≠ 1 do

xs+1

0
= xs

m; gs+1
=

1

n
Pn

i=1
Òfi(x̃s

)

for t = 0 to m ≠ 1 do

Draw a random subset (minibatch) St ≥ S
vs+1

t =
P

itœSt
1

npit
(Òfit(x

s+1

t ) ≠ Òfit(x̃
s
)) + gs+1

xs+1

t+1
= xs+1

t ≠ ÷vs+1

t

end

x̃s+1
= xs+1

m
end

Output: Iterate xa chosen uniformly

random from {{xs+1

t }m
t=0

}M
s=0

Numerical Results
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