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:;%<9&%=(3>*&1%?%@36.4)6.3'

<9&%=(3>*&1$%A12.(.B)*%5.-C%@.'.1.D)6.3'

'())*+,-)..,/..)01/*23,
41*+,3/*/,5)16*,!

7,*8/16169,3/*/

:/8/(2*28.,
32.081;169,*+2,()32-

min
x ! Rd

f (x) def=
1
n

n!

i =1

f i (x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

f is µÐquasi strongly convex
<latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit>



!"#"$%

#

@36.4)6.3'%:$%%5&134&%!6(3'E%
+--8126.3'-%3'%!63B9)-6.B%"()/.&'6-

E! gk " # f (xk )! 2 $ ! 2
<latexit sha1_base64="ItRIM9w4yMikk1dDCrmRfoY8HfE="></latexit><latexit sha1_base64="ItRIM9w4yMikk1dDCrmRfoY8HfE="></latexit><latexit sha1_base64="ItRIM9w4yMikk1dDCrmRfoY8HfE="></latexit><latexit sha1_base64="ItRIM9w4yMikk1dDCrmRfoY8HfE="></latexit>

E! gk ! 2 " ! 2
<latexit sha1_base64="Wh+PheV7d4x4ThquPpotZSI/Asw="></latexit><latexit sha1_base64="Wh+PheV7d4x4ThquPpotZSI/Asw="></latexit><latexit sha1_base64="Wh+PheV7d4x4ThquPpotZSI/Asw="></latexit><latexit sha1_base64="Wh+PheV7d4x4ThquPpotZSI/Asw="></latexit>

Lan, Nemirovski, Juditsky, Shapiro 2009

@ <2,92*,813,)=,>682/.)6/;-2,/..>(5*1)6., )6,*+2,
&63 ()(26*,",?/81/602,)=,.*)0+/.*10,98/3126*.@

Nguyen et al (arXiv:1811.12403)

'>0+,/..>(5*1)6.,(/A,6)*,+)-3,2?26,
=)8,>60)6.*8/1623,(161(1B/*1)6,)=,
.*8)69-A,0)6?2C,=>60*1)6.,

Nguyen et al (ICML 2018)

@ <2,3),6)*,6223,/6A,/..>(5*1)6.D

Gower, Richt‡rikand Bach (arXiv:1706.01108)
E6.*2/3F,42,>.2,2C520*23,.())*+62.., /..>(5*1)6,
4+10+,=)--)4.,=8)(,0)6?2C1*A,/63,.())*+62..

G18.*,/6/-A.1.,=)8,'HI,16,*+2,/8;1*8/8A,./(5-169,5/8/319(

@36.4)6.3'%F$%%#&4&*32%!"#%G.69%H*&I.>*&%
!)12*.'E%!6()6&E.&-

Moulines& Bach (NIPS 2011) Needell, Srebroand Ward (MAPR 2016) Needell & Ward (2017)

J,2(3/8B6$%
@ G18.*,'HI,/6/-A.1.,*+/*,820)?28.,8/*2,)=,HI,16,/,.5201/-,0/.2
@ G18.*,=)8(>-/,=)8,)5*1(/-,(161;/*0+,.1B2,=)8,'HI
@ E(5)8*/602,./(5-169,=)8,(161;/*0+,'HI

J2C*263.F,.1(5-1=12.,/63,1(58)?2.,>5)6,582?1)>.,82.>-*.K



!"#"$%

L

F;%!63B9)-6.B%5&K3(18*)6.3'
3K%H.'.6&L!81%=(3>*&1-

!63B9)-6.B%5&K3(18*)6.3'

f(x)
def
=

1

n

nX

i=1

fi(x) =
1

n

nX

i=1

E[vi]fi(x) = E

"
1

n

nX

i=1

vifi(x)

#

<latexit sha1_base64="PNeYtjKjVuRdZ+1nXU08LuogzTQ="></latexit><latexit sha1_base64="PNeYtjKjVuRdZ+1nXU08LuogzTQ="></latexit><latexit sha1_base64="PNeYtjKjVuRdZ+1nXU08LuogzTQ="></latexit><latexit sha1_base64="PNeYtjKjVuRdZ+1nXU08LuogzTQ="></latexit>

M/63)(,?/81/;-2,
41*+,(2/6,$

N162/81*A,)=,
2C520*/*1)6

fv (x)
<latexit sha1_base64="hZzjRGTGhkply7cxUkwwx4XJ5uk=">AAACAHicbVC7TsMwFHV4lvIKMDCwWDRIZamSLjBWsDAWiT6kNoocx2mtOk5kOxVVlIVfYWEAIVY+g42/wU0zQMuRrnR0zr2+vsdPGJXKtr+NtfWNza3tyk51d2//4NA8Ou7KOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Iz5/czv3elAhJY/6gZglxIzTiNKQYKS155qllhV42LB7KBAnyaV5/vLQsz6zZDbsAXCVOSWqgRNszv4ZBjNOIcIUZknLg2IlyMyQUxYzk1WEqSYLwBI3IQFOOIiLdrNibwwutBDCMhS6uYKH+nshQJOUs8nVnhNRYLntz8T9vkKrw2s0oT1JFOF4sClMGVQznacCACoIVm2mCsKD6rxCPkUBY6cyqOgRn+eRV0m02HLvh3DdrrZsyjgo4A+egDhxwBVrgDrRBB2CQg2fwCt6MJ+PFeDc+Fq1rRjlzAv7A+PwBq5OVyQ==</latexit><latexit sha1_base64="hZzjRGTGhkply7cxUkwwx4XJ5uk=">AAACAHicbVC7TsMwFHV4lvIKMDCwWDRIZamSLjBWsDAWiT6kNoocx2mtOk5kOxVVlIVfYWEAIVY+g42/wU0zQMuRrnR0zr2+vsdPGJXKtr+NtfWNza3tyk51d2//4NA8Ou7KOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Iz5/czv3elAhJY/6gZglxIzTiNKQYKS155qllhV42LB7KBAnyaV5/vLQsz6zZDbsAXCVOSWqgRNszv4ZBjNOIcIUZknLg2IlyMyQUxYzk1WEqSYLwBI3IQFOOIiLdrNibwwutBDCMhS6uYKH+nshQJOUs8nVnhNRYLntz8T9vkKrw2s0oT1JFOF4sClMGVQznacCACoIVm2mCsKD6rxCPkUBY6cyqOgRn+eRV0m02HLvh3DdrrZsyjgo4A+egDhxwBVrgDrRBB2CQg2fwCt6MJ+PFeDc+Fq1rRjlzAv7A+PwBq5OVyQ==</latexit><latexit sha1_base64="hZzjRGTGhkply7cxUkwwx4XJ5uk=">AAACAHicbVC7TsMwFHV4lvIKMDCwWDRIZamSLjBWsDAWiT6kNoocx2mtOk5kOxVVlIVfYWEAIVY+g42/wU0zQMuRrnR0zr2+vsdPGJXKtr+NtfWNza3tyk51d2//4NA8Ou7KOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Iz5/czv3elAhJY/6gZglxIzTiNKQYKS155qllhV42LB7KBAnyaV5/vLQsz6zZDbsAXCVOSWqgRNszv4ZBjNOIcIUZknLg2IlyMyQUxYzk1WEqSYLwBI3IQFOOIiLdrNibwwutBDCMhS6uYKH+nshQJOUs8nVnhNRYLntz8T9vkKrw2s0oT1JFOF4sClMGVQznacCACoIVm2mCsKD6rxCPkUBY6cyqOgRn+eRV0m02HLvh3DdrrZsyjgo4A+egDhxwBVrgDrRBB2CQg2fwCt6MJ+PFeDc+Fq1rRjlzAv7A+PwBq5OVyQ==</latexit><latexit sha1_base64="hZzjRGTGhkply7cxUkwwx4XJ5uk=">AAACAHicbVC7TsMwFHV4lvIKMDCwWDRIZamSLjBWsDAWiT6kNoocx2mtOk5kOxVVlIVfYWEAIVY+g42/wU0zQMuRrnR0zr2+vsdPGJXKtr+NtfWNza3tyk51d2//4NA8Ou7KOBWYdHDMYtH3kSSMctJRVDHSTwRBkc9Iz5/czv3elAhJY/6gZglxIzTiNKQYKS155qllhV42LB7KBAnyaV5/vLQsz6zZDbsAXCVOSWqgRNszv4ZBjNOIcIUZknLg2IlyMyQUxYzk1WEqSYLwBI3IQFOOIiLdrNibwwutBDCMhS6uYKH+nshQJOUs8nVnhNRYLntz8T9vkKrw2s0oT1JFOF4sClMGVQznacCACoIVm2mCsKD6rxCPkUBY6cyqOgRn+eRV0m02HLvh3DdrrZsyjgo4A+egDhxwBVrgDrRBB2CQg2fwCt6MJ+PFeDc+Fq1rRjlzAv7A+PwBq5OVyQ==</latexit>

min
x ! Rd

1

n

n!

i=1

f i (x)
<latexit sha1_base64="Ap3G2mxU5k+fP0EeULIqqlypWrE="></latexit><latexit sha1_base64="Ap3G2mxU5k+fP0EeULIqqlypWrE="></latexit><latexit sha1_base64="Ap3G2mxU5k+fP0EeULIqqlypWrE="></latexit><latexit sha1_base64="Ap3G2mxU5k+fP0EeULIqqlypWrE="></latexit>

min
x ! Rd

Efv (x)
<latexit sha1_base64="JRpJb8mfx5Tii5VPoiDz/z58zTk="></latexit><latexit sha1_base64="JRpJb8mfx5Tii5VPoiDz/z58zTk="></latexit><latexit sha1_base64="JRpJb8mfx5Tii5VPoiDz/z58zTk="></latexit><latexit sha1_base64="JRpJb8mfx5Tii5VPoiDz/z58zTk="></latexit>

M(.E.')*%H.'.6&L!81%=(3>*&1 !63B9)-6.B%5&K3(18*)6.3'

O161(1B169,*+2,2C520*/*1)6,)?28,()'/31%
*.'&)(%B31>.')6.3'-%)=,*+2,)81916/-,=>60*1)6.

'/(5-169,?20*)8
v = (v1, . . . , vn)

<latexit sha1_base64="Rlq2+MIV+F0OAuZNWCVt7uo3vOg="></latexit><latexit sha1_base64="Rlq2+MIV+F0OAuZNWCVt7uo3vOg="></latexit><latexit sha1_base64="Rlq2+MIV+F0OAuZNWCVt7uo3vOg="></latexit><latexit sha1_base64="Rlq2+MIV+F0OAuZNWCVt7uo3vOg="></latexit>



!"#"$%

P

min
x ! Rd

E

!

f v (x) def=
1
n

n"

i =1

vi f i (x)

#

<latexit sha1_base64="dILb/d77iVjz7tFcyEOEF2NbkiU="></latexit><latexit sha1_base64="dILb/d77iVjz7tFcyEOEF2NbkiU="></latexit><latexit sha1_base64="dILb/d77iVjz7tFcyEOEF2NbkiU="></latexit><latexit sha1_base64="dILb/d77iVjz7tFcyEOEF2NbkiU="></latexit>

!"#%+22*.&/%63%!63B9)-6.B%5&K3(18*)6.3'

xk+1 = xk ! ! k" f vk (xk)
<latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit>

.*25.1B2 ./(5-2 vk ! D
<latexit sha1_base64="ZopQOxcq73QZfPSaJ8VnorHEX0k="></latexit><latexit sha1_base64="ZopQOxcq73QZfPSaJ8VnorHEX0k="></latexit><latexit sha1_base64="ZopQOxcq73QZfPSaJ8VnorHEX0k="></latexit><latexit sha1_base64="ZopQOxcq73QZfPSaJ8VnorHEX0k="></latexit>

By varying D, we obtain di! erent existing and new variants of SGD
<latexit sha1_base64="DEtZzfrCvZyT/tvJHp3xr/+eRSU="></latexit><latexit sha1_base64="DEtZzfrCvZyT/tvJHp3xr/+eRSU="></latexit><latexit sha1_base64="DEtZzfrCvZyT/tvJHp3xr/+eRSU="></latexit><latexit sha1_base64="DEtZzfrCvZyT/tvJHp3xr/+eRSU="></latexit>

We perform a general analysis for any distributionD
<latexit sha1_base64="qmQxkGVeb0oMuzk5UMu4OnU8AbQ="></latexit><latexit sha1_base64="qmQxkGVeb0oMuzk5UMu4OnU8AbQ="></latexit><latexit sha1_base64="qmQxkGVeb0oMuzk5UMu4OnU8AbQ="></latexit><latexit sha1_base64="qmQxkGVeb0oMuzk5UMu4OnU8AbQ="></latexit>

!63B9)-6.B%5&K3(18*)6.3'-%3K%
#&6&(1.'.-6.B%=(3>*&1-$%5&*)6&/%N3(C

Richt‡rikand Tak‡! (arXiv:1706.01108)
Stochastic reformulations of linear systems: algorithms 
and convergence theory

N162/8,.A.*2(.,",0)6?2C,Q>/38/*10,(161(1B/*1)6

Necoara, Patrascuand Richt‡rik(arXiv:1801.04873)
Randomized projection methods for convex feasibility 
problems: conditioning and convergence rates

R)6?2C,=2/.1;1-1*A

S/81/602,823>0*1)6,=)8,=161*2T.>(,58);-2(. Gower, Richt‡rikand Bach (arXiv:1706.01108)
Stochastic quasi-gradient methods: variance reduction 
via Jacobian sketching
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@.'.>)6B9%!"#%N.69386%5&2*)B&1&'6

xk+1 = xk ! ! k" f vk (xk)
<latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit>

M/63)(,.2*

!)12*.'E%N.69386%5&2*)B&1&'6

S ! { 1, 2, . . . , n}
<latexit sha1_base64="qDU7ACQ3wAFKVmyLJibJHCfs+tg="></latexit><latexit sha1_base64="qDU7ACQ3wAFKVmyLJibJHCfs+tg="></latexit><latexit sha1_base64="qDU7ACQ3wAFKVmyLJibJHCfs+tg="></latexit><latexit sha1_base64="qDU7ACQ3wAFKVmyLJibJHCfs+tg="></latexit>

pi
def= Prob( i ! S)

<latexit sha1_base64="BXrsIfOXBL7lqd/85vhoJ7hCMO8="></latexit><latexit sha1_base64="BXrsIfOXBL7lqd/85vhoJ7hCMO8="></latexit><latexit sha1_base64="BXrsIfOXBL7lqd/85vhoJ7hCMO8="></latexit><latexit sha1_base64="BXrsIfOXBL7lqd/85vhoJ7hCMO8="></latexit>

vi =

!
1
pi

i ! S

0 i /! S
<latexit sha1_base64="M1m35eXavHPp1Wsuz9y+uCXwReo="></latexit><latexit sha1_base64="M1m35eXavHPp1Wsuz9y+uCXwReo="></latexit><latexit sha1_base64="M1m35eXavHPp1Wsuz9y+uCXwReo="></latexit><latexit sha1_base64="M1m35eXavHPp1Wsuz9y+uCXwReo="></latexit>

⌧
def= E|S|

<latexit sha1_base64="qhfP18tqZq/UUjK72uhWmR+sBrw="></latexit><latexit sha1_base64="qhfP18tqZq/UUjK72uhWmR+sBrw="></latexit><latexit sha1_base64="qhfP18tqZq/UUjK72uhWmR+sBrw="></latexit><latexit sha1_base64="qhfP18tqZq/UUjK72uhWmR+sBrw="></latexit>

min
x ! Rd

f (x) def=
1
n

n!

i =1

f i (x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

E [! f v (x)] = ! f (x)
<latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit>

! f v (x) =
1

n

!

i ! S

1

pi
! f i (x)

<latexit sha1_base64="9+7ErEAdMxxKRwuIJCD5Yr8BcQY="></latexit><latexit sha1_base64="9+7ErEAdMxxKRwuIJCD5Yr8BcQY="></latexit><latexit sha1_base64="9+7ErEAdMxxKRwuIJCD5Yr8BcQY="></latexit><latexit sha1_base64="9+7ErEAdMxxKRwuIJCD5Yr8BcQY="></latexit>

E [vi ] = 1
<latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit>

'/(5-169,?20*)8

Richt‡rikand Tak‡! (arXiv:1310.3438; OptLetters 2016)

G18.*,*1(2,'HI,1.,58)5).23,/63,/6/-AB23,
16,*+2,)(>.6()(,%-)12*.'E%5/8/319(

AI)12*&$%!.'E*&%A*&1&'6%!)12*.'E

|S| = 1 with probability 1
<latexit sha1_base64="+twOqXueyQnQPojlOpe7xLvPF0s="></latexit><latexit sha1_base64="+twOqXueyQnQPojlOpe7xLvPF0s="></latexit><latexit sha1_base64="+twOqXueyQnQPojlOpe7xLvPF0s="></latexit><latexit sha1_base64="+twOqXueyQnQPojlOpe7xLvPF0s="></latexit>

S =

!
""""#

""""$

{ 1} with probability p1

{ 2} with probability p2
...

{ n} with probability pn
<latexit sha1_base64="KWdhgjzAnZn2xAZtzf97x1RnpVg="></latexit><latexit sha1_base64="KWdhgjzAnZn2xAZtzf97x1RnpVg="></latexit><latexit sha1_base64="KWdhgjzAnZn2xAZtzf97x1RnpVg="></latexit><latexit sha1_base64="KWdhgjzAnZn2xAZtzf97x1RnpVg="></latexit>

!"#

xk+1 = xk � ! k 1
npi k

rf i k (xk )
<latexit sha1_base64="tfvkOz7Zm4/VQW1J2L/iY6xc5ms="></latexit><latexit sha1_base64="tfvkOz7Zm4/VQW1J2L/iY6xc5ms="></latexit><latexit sha1_base64="tfvkOz7Zm4/VQW1J2L/iY6xc5ms="></latexit><latexit sha1_base64="tfvkOz7Zm4/VQW1J2L/iY6xc5ms="></latexit>



!"#"$%

V

s =

8
>>>><

>>>>:

1 with probability q1
2 with probability q2

...

n with probability qn
<latexit sha1_base64="XK/xLPjfl/PizZmZ4VDKxYL9gto="></latexit><latexit sha1_base64="XK/xLPjfl/PizZmZ4VDKxYL9gto="></latexit><latexit sha1_base64="XK/xLPjfl/PizZmZ4VDKxYL9gto="></latexit><latexit sha1_base64="XK/xLPjfl/PizZmZ4VDKxYL9gto="></latexit>

!)12*.'E%N.69%5&2*)B&1&'6

n!

i =1

qi = 1
<latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit><latexit sha1_base64="KJ3o6jpESlU3eYdQvN0CK+9LBN4="></latexit>

s1, s2 . . . , s!
<latexit sha1_base64="MnD2UBnMJ+Nw26e0OPgAnKlwfCc="></latexit><latexit sha1_base64="MnD2UBnMJ+Nw26e0OPgAnKlwfCc="></latexit><latexit sha1_base64="MnD2UBnMJ+Nw26e0OPgAnKlwfCc="></latexit><latexit sha1_base64="MnD2UBnMJ+Nw26e0OPgAnKlwfCc="></latexit>

'/(5-2,.2?28/-,0)512.,1632526326*-A@

vi =
1

! qi

!!

t =1

1(st = i )

<latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="T8pUR/i5X3cQWls7AANaZQbyScg="> BHve+9H71fvwrv04pN/Ol92oPNN59/u1926Yffv1X37wmutbv8/Ifnanw==</latexit><latexit sha1_base64="T8pUR/i5X3cQWls7AANaZQbyScg="> BHve+9H71fvwrv04pN/Ol92oPNN59/u1926Yffv1X37wmutbv8/Ifnanw==</latexit><latexit sha1_base64="9/CJ3fPxjRj4VKpcJ54/BwkS6SU="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit><latexit sha1_base64="bbZG7nrdBlY7Tmbt7c+a+Tk+KzY="></latexit>

1A =

!
1 eventA holds
0 otherwise

<latexit sha1_base64="MZt9FgLIRfBeMmC8oC401F9HeEE="></latexit><latexit sha1_base64="MZt9FgLIRfBeMmC8oC401F9HeEE="></latexit><latexit sha1_base64="MZt9FgLIRfBeMmC8oC401F9HeEE="></latexit><latexit sha1_base64="MZt9FgLIRfBeMmC8oC401F9HeEE="></latexit>

E [vi ] = 1
<latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit><latexit sha1_base64="AuiL+PUz/iN/DJZEqZBSXT8XThQ="></latexit>

E [! f v (x)] = ! f (x)
<latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit><latexit sha1_base64="CTPV+hqFGEQv8LVbhFScq55KB1w="></latexit>

! f v (x) =
1
n

!!

t =1

1
! qst

! f st (x)
<latexit sha1_base64="U9iEVz1AW6ESs3MS3kuIcfRZASY="></latexit><latexit sha1_base64="U9iEVz1AW6ESs3MS3kuIcfRZASY="></latexit><latexit sha1_base64="U9iEVz1AW6ESs3MS3kuIcfRZASY="></latexit><latexit sha1_base64="U9iEVz1AW6ESs3MS3kuIcfRZASY="></latexit>

@.'.>)6B9%!"#%N.69%5&2*)B&1&'6

xk+1 = xk ! ! k" f vk (xk)
<latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit><latexit sha1_base64="TxxsaHkdrkm5iGMysR6arPC4LdE="></latexit>

min
x ! Rd

f (x) def=
1
n

n!

i =1

f i (x)
<latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit><latexit sha1_base64="zX4M47iqt5N7ivcMqKvJumkkCOc="></latexit>

See also Algorithm 3 in Gorbunovet al (arXiv:1905.11261)

'/(5-169,?20*)8

O;%AI2&B6&/%!13369'&--



!"#"$%

!

AI2&B6&/%!13369'&--

E
!
!" f v (x) # " f v (x! )! 2

"
$ 2L (f (x) # f (x! ))

<latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit><latexit sha1_base64="0y9JvRpwMEGleO3av3zdoTrmje4="></latexit>

AI2&B6&/%-13369'&--%B3'-6)'6

I25263.,)6, " /63,#

Richt‡rikand Tak‡! (1706.01108); Equation (30)

See also: Gower, Bach & Richt‡rik(1805.02632); Section 3

R/6,+)-3,/.,/6,1326*1*A,=)8,Q>/38/*10.@
O161(1B28,)=,"! f v (x) =

1
n

n!

i =1

vi ! f i (x)
<latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit><latexit sha1_base64="S8nV0EVDU4h4Hq8N9hjebUNEAbg="></latexit>

(f, D) ! ES(L )
<latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit>

P&11)

<2,41--,481*2@

L = L á! max
!
Evv! "

<latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit><latexit sha1_base64="FFEGpbyrjsfuQPBbZid7VweosPI="></latexit>

W,5))8,;>*,.1(5-2,;)>63
J42X--,91?2,(>0+,;2**28,;)>63.,-/*28K

(f, D) ! ES(L )
<latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit><latexit sha1_base64="wuj8ihbMsWxUMFfPkzbTCEAfrrA="></latexit>

f i convex & L -smooth
<latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit><latexit sha1_base64="GuU3SYmC53hle0VtYIw4OU28D/U="></latexit>

J38'/.'E%69&%F'/ @31&'6
P&11) (f, D) ⇠ ES(L)

<latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit>

E
!
!" f v (x)!

2
"

# 4L (f (x) $ f (x⇤)) + 2�2

<latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit><latexit sha1_base64="BilthZYDAzPCLh4KSK5DNyxXd8s="></latexit>

! 2 def= E
!
!" fv (x⇤)! 2

"

<latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit>

H8/3126*,6)1.2@

! 2 = 0
<latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit><latexit sha1_base64="nITzCioZyR0ZlmrVK3E6trUWYPM="></latexit>

<2/Y,98)4*+,0)631*1)6

Richt‡rikand Tak‡! (1706.01108); Equation (30)

Nguyen et al (ICML 2018)

Vaswani, Bach and Schmidt (AISTATS 2019)

H2628/-1B/*1)6,*),58)C1(/-,0/.2,
J/63,?/81/602,823>0*1)6K@

Gorbunovet al (arXiv:1905.11261); Assumption 4.1

f (x) � f (x! ) � hrf (x! ), x� x! i
<latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit><latexit sha1_base64="ryAREMviHKoOkpFUBqdvlikTb/U="></latexit>

f (x) ! f (x! )
<latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit><latexit sha1_base64="SH+HwfJTjiX+aNrZAwHe2cnUHg8="></latexit>

!" f v (x)! 2
<latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit><latexit sha1_base64="FRab9tT421uHFyMikbsyhED7JPY="></latexit>

!" f v (x) # " f (x! )! 2
<latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit><latexit sha1_base64="1tdJfTj6jTRgpLhp0wJ8xrdmiEo="></latexit>

min
x! Rd

1
n

n!

i=1

f i(x) + ! (x)
<latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit><latexit sha1_base64="toHvvd8MccNl9nvN8flf8vnsvxo="></latexit>



!"#"$%

%

! 2 =
1
n2

n!

i =1

1
pi

! hi !
2

<latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit><latexit sha1_base64="DOiiLOIgWMK6X8o7CZB30bDkfRY="></latexit>

! 2 =
1
n2

n!

i,j =1

P ij

pi pj
!hi , hj "

<latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit><latexit sha1_base64="b5UF+4qlgWh5vLzkEqt201U0uZE="></latexit>

! 2 =
1
n2

n!

i =1

1 ! pi

pi
" hi "

2

<latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit><latexit sha1_base64="pEftChZVIuar7s0pkNjOZnldnV0="></latexit>

! 2 =
1

n"
á

n ! "
n ! 1

n!

i =1

" hi "
2

<latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit>

!.'E*&%A*&1&'6

0'/&2&'/&'6%@.'.>)6B9

L =
n(! ! 1)
! (n ! 1)

L +
n ! !

! (n ! 1)
max

i
L i

<latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit>

L =
1
n

max
i

L i

pi
<latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit><latexit sha1_base64="mKXvvHN6joq98Qj0+TpOlc29ngc="></latexit>

L = cL +
1
n

max
i

(1 ! pi c) L i

pi
<latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit><latexit sha1_base64="8HxYu0DBz8k1k3xYfZnwKqFrV7g="></latexit>

L = L +
1
n

max
i

(1 ! pi )L i

pi
<latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit><latexit sha1_base64="WuTLImhhtSC9Gsth381oaYdmbVM="></latexit>

731286)6.3'%3K%AI2&B6&/%!13369'&--

"&'&()*

AI2&B6&/%!13369'&-- AI2&B6&/%"()/.&'6%Q3.-&

S =
n!

i =1

Si

<latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="></latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="></latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="></latexit><latexit sha1_base64="S4KvTrq4zlYBBNx6OWmeXRjBI7A="></latexit>

Si =

!
{ i } with probability pi

! with probability 1 " pi
<latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit><latexit sha1_base64="bgx6b/gc0selOYXAI9Yn4En6g9U="></latexit>

S chosen uniformly random
from all subsets of size!

<latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit><latexit sha1_base64="Z4KBLJhjab62EoE8aOrYllSTza0="></latexit>

!)12*.'E%RG.69%5&2*)B&1&'6S

T'.K3(1%@.'.>)6B9
f is LÐsmooth

<latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit>

pi = Prob( i ! S)
<latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit><latexit sha1_base64="rQfRv7MnXRlcVbysi1Xj9TtZj24="></latexit>

f is LÐsmooth
<latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit>

! def= E [S] =
!

i pi
<latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit><latexit sha1_base64="45ugL5zBAIo0OdwIywIpGJ8vePk="></latexit>

f i is L i Ðsmooth
<latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit>c ! P ij

pi pj
<latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit><latexit sha1_base64="7LH+QarXhE6dhcxFj0Z3X7WKK0s="></latexit>

hi = ! f i (x! )
<latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit><latexit sha1_base64="ACZ9LowkfCqaLDuer4p7mGxtE00="></latexit>

Pij = Prob( i, j ! S)
<latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit><latexit sha1_base64="wtdiRF8dB7fs8WiKutZMekPqfZc="></latexit>

S = { i} with probability pi
<latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="DxINIeA5rR7fAlKqLgS1BJFtwgc="></latexit><latexit sha1_base64="DxINIeA5rR7fAlKqLgS1BJFtwgc="></latexit><latexit sha1_base64="W16B7FsyszOHg2e87zpxXKz6paQ="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit><latexit sha1_base64="bJwgtZepDWTfA2fEmuChKMLKQC8="></latexit>

Random subsetS ! { 1, 2, . . . , n}
<latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY="></latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY="></latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY="></latexit><latexit sha1_base64="giu+eKvgr2JXh/KLEpHfdKsWztY="></latexit>

i 6= j
<latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit><latexit sha1_base64="f/w4/TLo06Fg6sFNGfEBpd9lxxc="></latexit>

S1, . . . , Sn are independent
<latexit sha1_base64="aLuoeDAcsbJQ9XmoL4wXHtcoyqk="></latexit><latexit sha1_base64="aLuoeDAcsbJQ9XmoL4wXHtcoyqk="></latexit><latexit sha1_base64="aLuoeDAcsbJQ9XmoL4wXHtcoyqk="></latexit><latexit sha1_base64="aLuoeDAcsbJQ9XmoL4wXHtcoyqk="></latexit>

P ij = 0 ! c = 0
<latexit sha1_base64="tgd26IvlyD+nv5IeigE3fNfrM+k="></latexit><latexit sha1_base64="tgd26IvlyD+nv5IeigE3fNfrM+k="></latexit><latexit sha1_base64="tgd26IvlyD+nv5IeigE3fNfrM+k="></latexit><latexit sha1_base64="tgd26IvlyD+nv5IeigE3fNfrM+k="></latexit>

P ij = pi pj ! c = 1
<latexit sha1_base64="KZnZjNpeV/NntfqlgEmOcE33oVw="></latexit><latexit sha1_base64="KZnZjNpeV/NntfqlgEmOcE33oVw="></latexit><latexit sha1_base64="KZnZjNpeV/NntfqlgEmOcE33oVw="></latexit><latexit sha1_base64="KZnZjNpeV/NntfqlgEmOcE33oVw="></latexit>

L =
1
n

n!

i =1

Li

<latexit sha1_base64="Fm0JXQZkKv4miTYZsT4amUIswCo="></latexit><latexit sha1_base64="Fm0JXQZkKv4miTYZsT4amUIswCo="></latexit><latexit sha1_base64="Fm0JXQZkKv4miTYZsT4amUIswCo="></latexit><latexit sha1_base64="Fm0JXQZkKv4miTYZsT4amUIswCo="></latexit>

U;%73'4&(E&'B&%+')*,-.-$
P.'&)(%5)6&



!"#"$%

$Z

<9&3(&1

E
!
! xk ! x!

!
! 2

" (1 ! ! µ)k
!
! x0 ! x!

!
! 2

+
2!" 2

µ
<latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit><latexit sha1_base64="J3A4OTxoKY3XRC/xuwQoU8uaJns="></latexit>

! 2 def= E
!
!" fv (x⇤)! 2

"

<latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit>

H8/3126*,6)1.2@f is µÐquasi strongly convex
<latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit>

f (x! ) ! f (x) + "# f (x), x! $ x%+
µ
2

&x! $ x&2
<latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit>

W..>(5*1)6@

JN162/8,R)6?2892602,*),/,[219+;)8+))3,)=,*+2,')->*1)6K

G1C23,.*25.1B2@ ! k ! ! " 1
2L

<latexit sha1_base64="Zn456nzZZF9Y/B99w2WPZbcotKc="></latexit><latexit sha1_base64="Zn456nzZZF9Y/B99w2WPZbcotKc="></latexit><latexit sha1_base64="Zn456nzZZF9Y/B99w2WPZbcotKc="></latexit><latexit sha1_base64="Zn456nzZZF9Y/B99w2WPZbcotKc="></latexit>

! = 0
<latexit sha1_base64="9Wl9kO2FdgSjQ91jJM2y97m2Xmo="></latexit><latexit sha1_base64="9Wl9kO2FdgSjQ91jJM2y97m2Xmo="></latexit><latexit sha1_base64="9Wl9kO2FdgSjQ91jJM2y97m2Xmo="></latexit><latexit sha1_base64="9Wl9kO2FdgSjQ91jJM2y97m2Xmo="></latexit>

0/6,0+)).2 ! = 1
L

<latexit sha1_base64="ZEfdyK/zSoVFUxoHKE4mwg9ZdGg="></latexit><latexit sha1_base64="ZEfdyK/zSoVFUxoHKE4mwg9ZdGg="></latexit><latexit sha1_base64="ZEfdyK/zSoVFUxoHKE4mwg9ZdGg="></latexit><latexit sha1_base64="ZEfdyK/zSoVFUxoHKE4mwg9ZdGg="></latexit>

k ! max
!

2L
µ

,
4! 2

"µ2

"
log

#
2

$
$x0 " x!

$
$2

"

%

<latexit sha1_base64="sk0t22Lmw5vNQmGLMkW0+JUM7vU="></latexit><latexit sha1_base64="sk0t22Lmw5vNQmGLMkW0+JUM7vU="></latexit><latexit sha1_base64="sk0t22Lmw5vNQmGLMkW0+JUM7vU="></latexit><latexit sha1_base64="sk0t22Lmw5vNQmGLMkW0+JUM7vU="></latexit>

! = min
!

1
2L

,
"µ
4#2

"

<latexit sha1_base64="Qw90YtGHts3fVyz364rtT5kTYPw="></latexit><latexit sha1_base64="Qw90YtGHts3fVyz364rtT5kTYPw="></latexit><latexit sha1_base64="Qw90YtGHts3fVyz364rtT5kTYPw="></latexit><latexit sha1_base64="Qw90YtGHts3fVyz364rtT5kTYPw="></latexit>

E
!
! xk ! x!

!
! 2

" !
<latexit sha1_base64="prsb5fBnj+FmeE6w2IUvuhVumaE="></latexit><latexit sha1_base64="prsb5fBnj+FmeE6w2IUvuhVumaE="></latexit><latexit sha1_base64="prsb5fBnj+FmeE6w2IUvuhVumaE="></latexit><latexit sha1_base64="prsb5fBnj+FmeE6w2IUvuhVumaE="></latexit>

73(3**)(,

@).'%5&-8*6

(f, D) ⇠ ES(L)
<latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit>

M26.1)*%@.'.>)6B9%!.D&

Qu et al (ICML 2016)

Bibi et al (arXiv:1806.05633)

! 2 =
1

n"
á

n ! "
n ! 1

n!

i =1

" hi "
2

<latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit><latexit sha1_base64="Cz3hnUdYZMB0NNtOLoN0ycZfqfc="></latexit>

L =
n(! ! 1)
! (n ! 1)

L +
n ! !

! (n ! 1)
max

i
L i

<latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit><latexit sha1_base64="gfauz/cAImtANFaQs0bCW8ewm/o="></latexit>

min
1! ⌧ ! n

C(! ) def
= max

!
2L
µ

,
4" 2

#µ2

"
! !

<latexit sha1_base64="q6CVD1YVBuL9PjJXPKKRepfoPk0="></latexit><latexit sha1_base64="q6CVD1YVBuL9PjJXPKKRepfoPk0="></latexit><latexit sha1_base64="q6CVD1YVBuL9PjJXPKKRepfoPk0="></latexit><latexit sha1_base64="q6CVD1YVBuL9PjJXPKKRepfoPk0="></latexit>

7,1*28/*1)6.
7,.*)0+/.*10,98/3126*,

2?/->/*1)6.,16,$,1*28/*1)6
! = E|S|

<latexit sha1_base64="njdZcUf6R4UmphTfo+4jERgCaDk="></latexit><latexit sha1_base64="njdZcUf6R4UmphTfo+4jERgCaDk="></latexit><latexit sha1_base64="njdZcUf6R4UmphTfo+4jERgCaDk="></latexit><latexit sha1_base64="njdZcUf6R4UmphTfo+4jERgCaDk="></latexit>

\5*1(/-,(161;/*0+2.,=)8,
31==2826*,(2*+)3.@



!"#"$%

$$

min
1! n

C(⌧ ) def=
2

µ(n ! 1)
max

!
n(⌧ ! 1)L + ( n ! ⌧ ) max

i
L i , (n ! ⌧ )

2�2
⇤

✏µ

"

<latexit sha1_base64="Echuu81CPIF7+bhcGmQ9RPG2Vas="></latexit><latexit sha1_base64="Echuu81CPIF7+bhcGmQ9RPG2Vas="></latexit><latexit sha1_base64="Echuu81CPIF7+bhcGmQ9RPG2Vas="></latexit><latexit sha1_base64="Echuu81CPIF7+bhcGmQ9RPG2Vas="></latexit>

M26.1)*%@.'.>)6B9%!.D&
! 2

! =
1
n

n!

i =1

!" f i (x! )! 2

<latexit sha1_base64="ZKCz21gA8LrLWDI46pN8NSUeBXI="></latexit><latexit sha1_base64="ZKCz21gA8LrLWDI46pN8NSUeBXI="></latexit><latexit sha1_base64="ZKCz21gA8LrLWDI46pN8NSUeBXI="></latexit><latexit sha1_base64="ZKCz21gA8LrLWDI46pN8NSUeBXI="></latexit>

f is LÐsmooth
<latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit><latexit sha1_base64="tkJtqcDiUW6bS8Te7XnPyxG/ywc="></latexit>

f i is L i Ðsmooth
<latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit><latexit sha1_base64="HGqpDkxT3hTCxWTDDxbOnvPVl5I="></latexit>

288)8,
*)-28/602

f is µÐquasi strongly convex
<latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit>

f (x! ) ! f (x) + "# f (x), x! $ x%+
µ
2

&x! $ x&2
<latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit>

(161;/*0+,.1B2 16082/.169,-162/8 32082/.169,-162/8

1<latexit sha1_base64="UL0NIQno41HSL2W3u8G/rQfZIcU="></latexit><latexit sha1_base64="UL0NIQno41HSL2W3u8G/rQfZIcU="></latexit><latexit sha1_base64="UL0NIQno41HSL2W3u8G/rQfZIcU="></latexit><latexit sha1_base64="UL0NIQno41HSL2W3u8G/rQfZIcU="></latexit>

n
<latexit sha1_base64="2540BIHtO/4e4iGEoDz0NHcT/lo="></latexit><latexit sha1_base64="2540BIHtO/4e4iGEoDz0NHcT/lo="></latexit><latexit sha1_base64="2540BIHtO/4e4iGEoDz0NHcT/lo="></latexit><latexit sha1_base64="2540BIHtO/4e4iGEoDz0NHcT/lo="></latexit>

!
<latexit sha1_base64="bA7XjC/h1GeTq3EFdSuAokuNukc="></latexit><latexit sha1_base64="bA7XjC/h1GeTq3EFdSuAokuNukc="></latexit><latexit sha1_base64="bA7XjC/h1GeTq3EFdSuAokuNukc="></latexit><latexit sha1_base64="bA7XjC/h1GeTq3EFdSuAokuNukc="></latexit>

2nL
µ

<latexit sha1_base64="Ao133Mz9fMwNY64E4wQ/3j3jJ80="></latexit><latexit sha1_base64="Ao133Mz9fMwNY64E4wQ/3j3jJ80="></latexit><latexit sha1_base64="Ao133Mz9fMwNY64E4wQ/3j3jJ80="></latexit><latexit sha1_base64="Ao133Mz9fMwNY64E4wQ/3j3jJ80="></latexit>

2nL max

µ
<latexit sha1_base64="OgtS6bZBxAMIx3jzVXkueYvncF0="></latexit><latexit sha1_base64="OgtS6bZBxAMIx3jzVXkueYvncF0="></latexit><latexit sha1_base64="OgtS6bZBxAMIx3jzVXkueYvncF0="></latexit><latexit sha1_base64="OgtS6bZBxAMIx3jzVXkueYvncF0="></latexit>

4! 2
!

"µ2
<latexit sha1_base64="JcH+eI5JWCd1gduE6uetLO/aeKQ="></latexit><latexit sha1_base64="JcH+eI5JWCd1gduE6uetLO/aeKQ="></latexit><latexit sha1_base64="JcH+eI5JWCd1gduE6uetLO/aeKQ="></latexit><latexit sha1_base64="JcH+eI5JWCd1gduE6uetLO/aeKQ="></latexit>

! !
<latexit sha1_base64="o1xVRbAL13XNA1Cny8WRGMS9DsA="></latexit><latexit sha1_base64="o1xVRbAL13XNA1Cny8WRGMS9DsA="></latexit><latexit sha1_base64="o1xVRbAL13XNA1Cny8WRGMS9DsA="></latexit><latexit sha1_base64="o1xVRbAL13XNA1Cny8WRGMS9DsA="></latexit>

C(! )
<latexit sha1_base64="1dITAWvt6g3j/6Z1QEQ34gUDoHs="></latexit><latexit sha1_base64="1dITAWvt6g3j/6Z1QEQ34gUDoHs="></latexit><latexit sha1_base64="1dITAWvt6g3j/6Z1QEQ34gUDoHs="></latexit><latexit sha1_base64="1dITAWvt6g3j/6Z1QEQ34gUDoHs="></latexit>

! ! =
n(" + L ! L max )
" + nL ! L max

<latexit sha1_base64="bF3eW7nJTuMo8MAmbWE6NY5yAmI="></latexit><latexit sha1_base64="bF3eW7nJTuMo8MAmbWE6NY5yAmI="></latexit><latexit sha1_base64="bF3eW7nJTuMo8MAmbWE6NY5yAmI="></latexit><latexit sha1_base64="bF3eW7nJTuMo8MAmbWE6NY5yAmI="></latexit>

! =
2" 2

!

#µ
<latexit sha1_base64="Jn6hQbYTfeMG+cRk8xOs2E1YWWc="></latexit><latexit sha1_base64="Jn6hQbYTfeMG+cRk8xOs2E1YWWc="></latexit><latexit sha1_base64="Jn6hQbYTfeMG+cRk8xOs2E1YWWc="></latexit><latexit sha1_base64="Jn6hQbYTfeMG+cRk8xOs2E1YWWc="></latexit>
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Csibaand Richt‡rik(JMLR 2018)Richt‡rikand Tak‡! (OptLet 2016) Hanzelyand Richt‡rik(AISTATS 2019)Gower, Richt‡rikand Bach (arXiv:1805.02632)
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$#

W;%73'4&(E&'B&%+')*,-.-$
!8>*.'&)(%5)6&

P&)('.'E%!B9&/8*&$%73'-6)'6%?%#&B(&)-.'E

<9&3(&1 (f, D) ⇠ ES(L)
<latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit><latexit sha1_base64="FXCGReVJD3xQIVdWC8PHgGbtf8A="></latexit>

E
!
! xk ! x!

!
! 2

"
8�2

µ2k
+

16#L /µ $2

e2k2

!
! x0 ! x!

!
! 2

<latexit sha1_base64="ywC25S8IDhOzLmNuzP+CGb1yxmU="></latexit><latexit sha1_base64="ywC25S8IDhOzLmNuzP+CGb1yxmU="></latexit><latexit sha1_base64="ywC25S8IDhOzLmNuzP+CGb1yxmU="></latexit><latexit sha1_base64="ywC25S8IDhOzLmNuzP+CGb1yxmU="></latexit>

! k =

!
1
2L for k ! 4"L /µ #
2k+1

(k+1)2µ for k > 4"L /µ #
<latexit sha1_base64="YpklFkroMVaUwBW4WyqiBFRmm9o="></latexit><latexit sha1_base64="YpklFkroMVaUwBW4WyqiBFRmm9o="></latexit><latexit sha1_base64="YpklFkroMVaUwBW4WyqiBFRmm9o="></latexit><latexit sha1_base64="YpklFkroMVaUwBW4WyqiBFRmm9o="></latexit>

k ! 4L
µ

<latexit sha1_base64="55uB7WgCcf05vvl/rZB5dVOmCT4="></latexit><latexit sha1_base64="55uB7WgCcf05vvl/rZB5dVOmCT4="></latexit><latexit sha1_base64="55uB7WgCcf05vvl/rZB5dVOmCT4="></latexit><latexit sha1_base64="55uB7WgCcf05vvl/rZB5dVOmCT4="></latexit>

=)8

f is µÐquasi strongly convex
<latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit><latexit sha1_base64="cwmxqgWz/jZyZYB9UpeJahgBSXw="></latexit>

f (x! ) ! f (x) + "# f (x), x! $ x%+
µ
2

&x! $ x&2
<latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit><latexit sha1_base64="fj4gVmKqmEpm06yXpgPLqTUgdyU="></latexit>

W..>(5*1)6@

! 2 def= E
!
!" fv (x⇤)! 2

"

<latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit><latexit sha1_base64="GRU7FdtIsV0rO3fPVzywz4C7vE4="></latexit>

H8/3126*,6)1.2@
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